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RESEARCHES OF THE BOUNDEDNESS AND STABILITY 
OF THE SOLUTIONS OF NON-LINEAR DIFFERENTIAL 
EQUATIONS 


By 
I. BIHARI (Budapest) 
(Presented by P. Turan) 


Introduction 


The purpose of this paper—arisen by a strong influence of a book 
of R. BELLMAN' — is the investigation indicated in the title, considering 
different types of equations. The results attained in this topic by LIAPUNOV, 


POINCARE and PERRON? relate to equations of the form® fe —A(z+ 9(z, bt) 


and involve, concerning the term g(z,/f), the requirement FED 
(t+ ©, ||z|| +0) without detailing the dependence on ¢. In linear domain 
there are theorems’ prescribing less restrictive conditions. These theorems, 


assuming (z, 7) in the form B(¢)z, postulate | \|B(d)||at < oo or ||B(A|| <8, 
bounding in this manner the value of |B|. 

The present paper will give for non-linear equations analogous, less 
restrictive conditions relative to the dependence on ¢ and z, moreover also 
conditions connecting the growth of g(z,¢) by ¢ with that by z. On the other 
hand, »(z, t) will be assumed in the form B(d¢(z). 

In our discussion the following lemma’ will play an important role: 

LEMMA. Let the functions Y(x) and F(x) be continuous, F(x) =O in 
x, = x= X, and k>O. Suppose the function m(u) to be continuous, non- 


Ue 


decreasing and m(w)>O for uw >0O. Denote the integral me (7, > 0, 22.0) 


Ui 


1 R. Bettman, Stability theory of differential equations (New York, 1953). 

2 O. Perron, Uber Stabilitat und asymptotisches Verhalten der Integrale von Differential- 
gleichungssystemen, Math. Zeitschrift, 29 (1929), pp. 129—160. 

3 See the notations in paragraph 1. 

4 R. Bettman, The stability of solutions of linear differential equations, Duke Math. 
Journal, 10 (1943), pp. 643—647. 

5 |, Bruart, A generalization of a lemma of Bellman and its application to uniqueness 
problems of differential equations, Acta Math. Acad. Sci. Hung., 7 (1956), pp. 83—94. 
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by £2(u) and its inverse by £2 ' (1) defined for 22(0) = u = Q(x). This inter- 
val may be infinite from one or both sides, accordingly as integrals 


1 ice) 
fwh gy) "at ( a 
Jot)’ J a(t) 


converge or not. 


Fad su 
The lemma states that the inequality 


re ey k-+ | Fi)eo(VOpat (x, = Xp 


u implies the other inequality 


Y(x) = Q"'Q()+ |rw@ad 


(~=x=X =X) 
where X{ is determined by the requirement 
Xo 


Q(k) + | Fat =2(~). 


If «(u)=u, then the second inequality 
has the form 


| Fithdt 


Y(x) = ke" 
and our lemma reduces itself to a lemma of 
Bellman." 
§ 1 


Let us first consider the following vector-matrix equation (properly speak- 

ing: system of equations): 
az 

(1) G7,  AZ+ Be) ~~ (20) =e) 
where A means a constant (square) matrix, the vector z is a function of ¢, 
the vector g(z) is a function of the components of z and the elements of 
the (square) matrix B(¢) are functions of f. We investigate the equation for 
t = O taking as initial value z(0)—c where c is a constant vector. 

Consider simultaneously the vector-matrix equation 


if 
(2) Se =Ay — (y)=z0)=0) 
6 R. Bettman, loc. cit., p. 643. 
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and the matrix-matrix equation 
(3) patie (Y(0)=1) 


where the parantheses indicate the corresponding initial values of the solu- 
tions and I is the identity matrix. As known, y— Ye. 


ry, 
The norm of the column vector y-| | is defined by ly |= > [yl 
Vu 
and the norm of the matrix A—(aj,) is defined by ||Aj) => Jay). These 
! i,k 


norms satisfy known inequalities. 
The first fact we shall prove is expressed by 


THEOREM 1. Jf 

1. g(z) is defined and continuous for |\z\| = K (K>0) where K will be 
determined later ; 

2. all the solutions of the equation (2) are bounded for t=0, e.g. the 
real parts of the characteristic roots of A are negative or zero, and in this 
last case they are simple ; 


oO fee} 


1 
3. B(t) is continuous for t=O and | |\|B(t), dt< ~ 


0 0 


where 


dt 
o(t) 
c:=sup||Y)) and w(u) is determined ty m(u) = pets 9) 


toa) 


then all the solutions of (1) exist and are peiied i t=0, provided that 
|e|| is sufficiently small. The bound will be given explicitly. 
1 


If m(0)=0 (i.e. y(O) 9) and | a is divergent, the solution z=0O 


J w(t) 
0 
is stable, provided that \\c is sufficiently small. 


; diet. 
Of course, if at least one of the integrals ie 08 ob) is divergent, 
the second part of the condition 3 may be Baked in 
| |B@)\|dt<~. 


7 If »(u) vanishes in some region of u —O, then were quire | ||B(t)|| df'< x. Assum- 


0 . . eye 
ing « (u) = max \|v(Q)||, the function o(u) is non-decreasing and satisfies the condition. 
Hou 


of the lemma. Taking ae en |p ()||, we must suppose this explicitly. 
s|= 


1* 
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If — is divergent, then the restriction ”|/c|| sufficiently small“ 


(ty 
may be somitied here and in the following theorems too. If A has different 


characteristic roots, we can give explicitly a bound for c,, viz. c. =||T_ ‘||-||T || 
where T is the matrix of the characteristic vectors. 


Proor. As known, the solution of the /inear inhomogeneous equation 


: 


(4) be aa Aut+w) (Asc —c) 
can be written in the form 
(5) u—y+|Y¥(t—t)w(t)dt,, 


where y and Y are the solutions of (2) and (3), respectively. 
Identifying the term B(¢)p(z) of the equation (1) with w/(?) we get 
that every solution z—z(f) of (1) satisfies the non-linear integral equation 


t 


(6) z—y+|Y¥(t—t) Bit) 9(z(t,))dt, 


and conversely. We make use of the inequalities satisfied by the norms 


t 


Iz <llyl+/I¥@—A BED eZ@)lldf (f= 0). 


Being y=Yec, we have |ly||=|/Y|||/¢||S¢,|/c}|, further ||p(z)|| = @(|\z 
Therefore 


). 


t 


(6’) [Z|] Saljelt+a | B@)o(izipat, (¢ = 0). 


Hence by the lemma 
t 


(7) |z|| = 2 (Qellel)+a}|BE\ldt)  G¢=o.% 


0 


By virtue of the second part of the condition 3 the argument of 2 ' in 
(7) is, for every positive ¢, within its definition domain, provided that |{c|| 


* If #(u)—=0 for Oud, then assuming || ¢||<4, ¢,|/¢||< 6 and supposing that 
||Z|| attains the value 3 for t=t,>0 we get from (6’) 


63¢,|/¢||-+0<4d 
what is a contradiction. Therefore |\z|/ <6 for t=0. 
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ice) 


ee Ot aay, 

is sufficiently small. If | eG is divergent, ||c|| need not be small at this 
1 

end. By (7) the boundedness of |/z|| for t= 0 is obvious. 

In order to prove the stability of the solution z—0O we argue as 
follows: choosing ||c|| small enough ©(c,|/¢||) will be as small as wanted (it will 
approach —oe arbitrarily) and so the right-hand member of (7) will be for 
f= 0 less than an arbitrary positive number, what is equivalent to the stated 
stability. 

If e.g.” w(u)=u" (@>1), then inequality (7) yields 


1 


(7) Iz] = |Gllel)"* +0—2)c. [IBEDiat |“ 


If |e | 0, (c,||e||)) “++ ce, and so the right-hand member of (7) tends uni- 

formly to O for t=O. In order that the expression in (7’) may have a 
* | l-a@ 

meaning for every f= O and arbitrary ¢ > 1 we need | || B(4)||dt,< a 

: CO | ey 


17] 
lee} 


This may be attained by assuming ||c|) sufficiently small and | |B@llat< oo, 
1 0 


@ 


In the present case a8 is divergent and | = is convergent. 
i 


J w(t) y(t) 


ieee then the bound given by (7’) is valid but we cannot assert 
1 


the stability of z— 0 since | au is convergent. The boundedness of 


o(t) 
||z|| does not require ||c|| to be small. 


REMARK 1. If we take the definition domain of g(z) a little wider than 
‘the bound K furnished by (7), then the existence of the solution of (1) for 
t=O will be assured since the solution exists certainly in a region of z—O 
and can be continued up to the boundary of the domain |/z|)= K-+e« 
(0=t<-+ oo) where « is small enough. 


REMARK 2. Similar results may be obtained for the equation 
az 
di. = 
(g(t) >0) where w(u) is a non-decreasing function and (0) = 0. 


Az-+f(z, f) assuming |/Y|| = L, ||f(z, || So((|z||) g@and | gdt< 


® The function »(z)—u" is playing a part e.g. in the scalar equation z'-|-z—6(t)z". 
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§ 2 


THEOREM 2. /f we add to the hypotheses of Theorem I also the condition: 

4. every solution of (2) tends to zero as t—-+-~ (i.e. A has charac- 
teristic roots with negative real parts), 

then every solution of (1) tends to zero as t+, provided that 
\¢|| = ||z(0)|| is sufficiently small.” 


Proof. We can conclude from the explicit form of the solution of (2) 
that — provided ||Y||—0O as t—-~ — there exist positive constants a and 
c, such that | 

||Y||=ce™, consequently |ly||=alicjie”. 
Then we get from (6) 


t 


(8) \|z| Saljelje“+e, | ee” || BA) ||| p(Z@))|\at. 
We know by Theorem 1 that |/z| is bounded — say |z) = kK — for 
sufficiently small |/c||, e.g. for ||¢|| <0. (Here K depends only on 0.) From (8) 


t/2 d 


|z\|Sallele"+a) er BE) ods +e fen) |B()|\o(K)dt, = 


tf) 
t 


¢ te A 
<c,\lelle"+eo(Kje *| ||B(t)\\dt, +¢e,0(K)|\|BQ)||dt, (lel < 4). 
t2 


0 
@ 


Being | |B(t)\|\dt< oo, the right-hand member of the last formula 
tends to O as f-+-+-~. Consequently, ||z'|} +0 as t>+-ox~., 
In linear case (y(z) =z) we can obtain more. From (8) 
t 
|zlle"* = a,|le|| Lc} || B(t, lew" || z|| ae, 
and by the lemma 1 
t t 
of || BOI) at | | Bupiidty—at 
|z\|e =c|lelle ° and —||z||=allelje — 


> 


respectively, i.e. we can conclude, without any restriction on |\¢), that the 
t 


solution z is bounded or tends to 0, if the exponent c,| ||B(t,)) dt,—at re- 


je-e} 


mains bounded or tends to —-x (e.g. | |B(Odt< wx), respectively. 


uO 


” Originally more was assumed. J. Czipszer simplified the theorem and the proof too. 
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If, differently from the above assumption, we suppose ||B(t)|| to be 
bounded — say ||B(t)||< 6 — then we get 


|z|| Salleljess-o 
deen 
and so, provided 6 < = lll +0 as t-+-++o and, of course, the solution 


z= 0 is stable too.” 


§ 3 


Consider now the equation 


(9) FZ _ az 4 BOY) 


where the matrix A(é) is also a function of t=. Concerning this equation we 
shall prove the following 
THEOREM 3. /f 


t 


1. A(t) is continuous for t= 0 and lim |tr(A)dt>— x or, in particu- 
t>o 0 


lar, tr(A)=0 (tr(A) means the trace of A(t)); 
2. every solution of the equation (2) (taking A(t) variable) is bounded ; 


pale 
@ J a(t) 
3. Bt) is continuous for t=O and | || B(t)\\dt< Sanna | 
| sup ||Y||-sup ||¥ “| 


4. g(z) and m(u) are as in Theorem 1; 
then every solution of (9) is bounded, provided that \\c\| is sufficiently small. 


uw 


if | an —o (u>0), then the solution z=0 is stable for sufficiently 


0 
small ||c||. 
Proor. We make use of the fact that all the solutions of the linear 
inhomogeneous equation 


(10) tL autwit) — (u@)=e) 


11 Compare to Bettman’s book, p. 36. 
12 As we shall see immediately the boundedness of || Y ‘(t)\| ought not to be sup- 
posed. It is a consequence of the boundedness of '|Y (|| and the condition 1. The function 


Y‘(#) satisfies the adjoint equation 47 ——Z A(?) 
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may be written in the form 


(11) u—y+|Y@Y (t)wit)dt, 

where y and Y are the Res tees of the equations 

(2' Y_ainy — (y)=e) 
and 

(3! SY ay (YO=D, 


respectively. As before, we have y— Yc. 
Applying (11) we get, similarly as in paragraph 1, 


(12) z—y+|YOY “(t) BO) eat, 
where z(0)=y(0)—c. Hence 


zl <lly + JIYOUWY GI |BO|l\e@lae. 


if) 


The determinant of Y(¢) is given by the formula 
{ trcayat 


Yl=e 


Therefore, on account of 1, ||Y ‘(fi is bounded. Let c,—sup|/¥||, 
= sup ||Y ||, then |/y|| = c,||¢|| and denoting c,c. by c,; we get 


[2 Salle|+e |B odizilds (t= 0) 


whence for sufficiently small |/¢) 
t 


Iz] S2*(Elle||) +e] |B@)d4)  — (¢=0) 
O 
and the further conclusion is obvious. Concerning the stability of z=0O we 
can argue as proving Theorem 1. 


An application. Let Theorem 3 apply to the scalar non-linear second 
order equation 


(13) v’ + a(t)v= b()eg(r,v’). 
Let us consider simultaneously the linear homogeneous equation 
(14) u” + a(fhu=0 


too. Now we can prove the following 
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THEOREM 4. Jf 
1. a(t) and b(t) are continuous for t = 0; 
2. every solution of (14) is bounded together with its derivative ; 
3. (x, y) is continuous in some region about x —y—O0 and w(u) is 
like formerly, i.e. o(u) = max |@(6,, )|; 
[Si|+[So| =u 
| at 
z J a(t) 
i Gh eee —_ 31 
} sup ||Y||-||sup || ¥- "| 
1=0 t=0 


then the same holds for every solution of (13), provided that \v(O)|-+-\1' (0) ts 
1 

sufficiently small. If | oe =o, the solution «=O ts stable, provided that 

\7(O)| + |v’ (O)| is sufficiently small. 


Proor. By the denotations u=y,, uw'—y., v—2Z,, 1 = 2, the equations 
(13) and (14) will have the forms 
aes, 


(3) 42 Az + Bove) 
(14) T= Alby, 
where 
01) we ie (oy | Pe 2) 
Bei A (rA=0), B= eyo ry — (0% } 


If we take into account that m(u))= Hane |p(Z,, 2>)| septa |(z)||, we see 
[24|+|2o|Sw 


that the hypotheses of Theorem 3 are all satisfied relative to (13°) and (14’). 
Thus the theorem is proved. 


§ 4 
We regard the equation 
(15) “2 A(z +BOY@) — @O)=9) 
and simultaneously 
6) Yay  (yO=o). 


1 \atswe 33 Vl g Ya, where y, and y, are the solutions of (14) with y,@)—1, 


1 2 
yO) =0, y2(0)=0, y3(0) = 1. 
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THEOREM 5. /f 
1. A(t), B(t) are continuous for t= 0 and A(t) is periodic ; 


murs 
© ) w(t) 
2. | (B()| dt< SS (k>0 is a constant;) 


3. 9(z) is as previously; 
4. every solution of (16) is bounded ; 
then the same is true for every solution of (15), provided that |\c) is sufficiently 


small and k sufficiently large. If is divergent, z==O is stable sup- 


ant 
o(t) 
posed that |\c|| is small enough. 

Assuming condition 4 of Theorem 2, all the solutions of (15) tend to 
zero aS t+, provided that the same is true for the solutions of (16). 

In order to prove this theorem we employ the known result that the 
solution of the equation 

dY 


(M7) dt 
has the form Y= P(t)e“, where P(f) is a periodic matrix with the period 
of A(t) and C is a constant matrix. 

If every solution of (16) is bounded, |e} must be bounded as t— ~. 
If every solution of (16) tends to zero, then |e!) tends exponentially to 0, 
{eel = Ce (GC, = Om), 

Since 


A()Y  (¥(0)—1) 


z—y+|YY '(4)BUA)@(z(t))dt, — y + [PH P(t) BUA) p(z(t)) dt, 


(where y is the solution of (16)), we have 
|z|| <exlle|| +4] |B) Jo(\ziat 


(c, means an upper bound for || ¥||), whence the boundedness follows as before 
(e.g. in the proof of Theorem 1). The stability of z=O will be proved 
similarly as in the previous cases, finally the second part of the theorem 
may be proved as in Theorem 2. 

These results may be applied to the Mathieu and Hill equations. 
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§ 5 
THEOREM 6. /f in the non-linear equation 
I 
(18) Ge A+ BO)Z+ C(O 9@) 


1. A is a constant matrix all of whose characteristic roots have non- 
positive real parts, while those with zero real parts are simple; 


"|| | 
2. B(t)—-0 as t+ ~ and | [2B | ar O° 5 


o 


3. | |C@lidt< ~; 


4. the characteristic roots of A+ B(t) have non-positive real parts for 
£11); 

5. | p(T z)|| S@(\|\z |), where T is a matrix figuring below, m(u) is as 
formerly and z is arbitrary ; 

6. p(z) is as above; 
then all the solutions of (18) are bounded. 

This is a generalization of a theorem of L. Cesari.'* The proof follows 
the same lines with slight changes. Great parts of CESARI’s proof will be 
here simply reproduced. 


Proor. Let the simple characteristic roots of A which possess zero 
real parts be denoted by 4,, 4.,...,4;, then, as known, there exists a matrix 
T such that 


ie O Ay pews + Din | 
hs 
(19) TCAT= die Aisresae++ Gin 
Ant 
| tae 


The notation signifies that the initial kk submatrix is diagonal and that 
all the elements beneath the main diagonal are zero. The elements of T may 
be chosen to be polynomials in the elements and characteristic roots of A. 

We denote the characteristic roots of A+ B(t) by 2,(d), 4.(0), ..-, An(0)- 
Let 4,(f), 2:(0),..., 4c(t) be the characteristic roots of A-+ B(t) which approach 


14 L. Cesart, Sulla stabilita delle soluzioni delle equazioni differenziali lineari, Annali 
R. Scuola Norm. Sup. Pisa, Ser. 2, 8 (1939), pp. 131—148. 


272 I. BIHARI 


d,,4s,..-,4, and which, as known, are simple for all sufficiently large ¢ 
values. The remaining characteristic roots A:::(¢),.-.,4,(t) have negative real 
parts for large ¢. 

Let T(t) be the matrix corresponding to T above, formed so that 
T ‘(t)(A-++ B(t))T(f) has a form similar to (19) with 4,(t)—>4;. In this way 
we have T(f)—T as to and ee T ‘(t) is uniformly bounded as 


tf» ~. Furthermore the assumption | p| 8 Ries yields the result that 
foe) . . | 
dT | 
bere |, gee 
| art 
Substituting z—T(t)w in (18) we obtain 
(20) a (ASB@Q)T wT aT ys | T” Co(Tw). 


dt 
By virtue of 3 and the above establishments concerning T(¢) we get for the 


eT =R(), T'C=S() 


matrices —T 
(oe) 


JIIRiidt<co, ||Sldt<« 
Writing equation (20) out in terms of its components, we have 


dw: “ i Sh er 
(21 a) dt = hi (t) Wit a d;(t) Wi a rij(t) Wj _- — Sij (t) g (Tw) 


(i=) 2 eee 
dw; > 
omy Gram > dOw+ S rOw+ YOnTw) 
(i pa pees: n), 
where a(t) +d, const as t—+oo and [ |rilae < by, | |suldt < oo. 
The difference between (21a) and (21b) is manifested in the summation 
over the terms d;;w;, a difference which is a consequence of the form (19) 
Let us discuss the solution of (21b). Taking the case in first we find 
t t 


+ ees 
| A(t yaty . ( Ay@ras 


{f 


Wy = Cre? + Je" > ri(twj(t) Jat, + 
j=l j 


ae |e’ [Ssutatwy]an, 
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(We have made use of the form of the solution of a linear inhomogeneous 
equation.) 


Since the real parts of the 4;(f) for i=k+1,...,n are negative for 
large ¢, we have, for some positive constant a, 


t t 
jw] lenlee+ fee RI what + few ]S Jo(lwi)a ts. 
0 0 


Let max (||R), |S|)) be denoted by U(#), then 
1=0 


(22) lw,| = 


Cy 


ett fet U)(|w| + o(|wl))at,. 


Take now the case i—n—1, then we get 


Ay Eat, t | An—1 (s)as 
6 net 
Wn-1 = Cn-1€ +| e nag n(t,) Wn(t,) at, +. 
0 
a Cen Oy ae t fap i@as 
; ee “a a 
a | e pa I n- 1, ;(4) w(t) —— | e \> Sn-4,9(,) ¢ (Tw) dt, 5 
5 j=1 / = == / 
Hence 


t 


t 
Wnt] S [ensfe + [ee fat, 1.n(6)|| u(t) idts + feat? |[R]| || w |dt, + 
0 0 


+ few" |S |o(\w\)dt. 


Making use of (22) we obtain (d,-1,,(¢) being bounded: |di-1,,(4| < ¢n+1) 


a] Slealet+ few U(A)(|| wi] +o (\w|))at + 


t nir fem]jeylerm + fete U(E)((lw/ + (| w|)) delat, 
0 0 


The first term in the second integral yields c,1:\c,|te’. The second term is 
$b 


cure |( |e” U(b) (lw) + o(\w)))) at}dt,. 


0 0 
Integrated by parts, this becomes 


cues | Eten UE)(| wl) + o() wl) db. 
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Since te‘ =b,e' for t=O if a,<a and if 0, is suitable chosen, we 


obtain 
t 


Ws |S bye" + b Jem 9U(E) (|| w|| + (|| wl) dt. 
Since a, <a, we obtain the same inequality for |w,| by increasing the values 
of 6, and 6, if necessary. 
Continuing in this way step by step, we find that constants },, 6; and 


a, exist such that 
A 


(23) |w;| = dye-t + b; Jee UE) (|| w | +o(jw))dt, (A+1 Sin). 


Turning to the equation where 1 =i=k we obtain 


t t 
friar t ( Ai (ts)ity 
0 EATS ~e 1 
Ww; =cie =} | e 2; dij(t,)w;|dt; + 
: j=k+1 
i i) ; 
s | A; (to) dts : : t , aj (ts)dty ; 
f ue ‘a i 
ae — Muth) wijdt + |e > sii(t) 9; (Tw) | dt. 
r = , . \7=1 ‘ 
0 0 


Since the real parts of 4,(/),...,4.(t) are non-positive, we have for 
[a 2 ee 


t t t 
(24) bw] <ci-bet|| » jwi\ldt,-+ | Rill lat+ | |Sjodiwipads,. 
J \j=k+1 ; : . id 


From (23) : Wiha: , 


t 


> |wj) Schemes | en“ Y(E) (|| wl] + (|| w |p) dt. 
j=k+1 ‘ 
0 
Since 
t : ty ! t 


. ~ e 1 na . 1 . 
| {| € i(t;—t F(t)dt,\dt, = on | e sah YF(t)dt, -{ oa F(t,)dt, ’ 
0) 0 


4) a] 


we get from (24) 
wi} S cite; | U(t)(||w | + o( w)))dt, (ls=i=k). 
0 


Combining this with (23) we derive 


t 


(25) |w|| Sc +e | UE) w+ o(|w))dt, 
(@) 
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whence 

t 
(26) lw = 2 (2@)+a| uC) at) 
where ; 


£2(az) = Irth ; aap (uw >0, u=0). 


(Viz. o(u) =u+o(u) is an increasing ney. But 


(u@pat, = = FRiae as f \|Siid¢,. 


0 if) 
@ 


Thus | vat < ov, therefore by virtue of (26) w is bounded and z— T(f)w too. 


0 


REMARK. It is easy to present cases where the condition 5 is satisfied. 


§ 6 


Theorems 7, 8, 9 involve assertions concerning boundedness and limit 
of solutions and its derivatives of certain non-linear differential equations of 
second order. These theorems are generalizations of similar theorems relative 
to linear second order equations." 


THEOREM 7. /f in the equation’ 


(27) u’ + (t)f(uyh(u’) =0 

1. h(z) is a positive continuous function defined for every real z; 

2. f(u) is a continuous function and | f(ujdu=+ ~, further sgf(u) = 
= Sg ul & ) 


a. Gl) 2 OS Oefor f=0 and liv’ @lat< 00 ; 


then every solution of (27) is bounded for t = 0. 
Proor. From (27) we have 
wie 


hi’) 


15 See Bettman’s book, pp. 112—115. At these equations the degree of non-linearity 


is so great that a discussion by matrices is impossible. 
16 In connection with the same equation (27) and analogous types oscillation and 


monotonity problems will be discussed in a forthcoming paper of the author. 


+ g(f(u)u =O. 
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Introducing the denotations oka efi (2), be ea (H(z)=0 for 
all z and lim F(z) = + aay we get 
fe, dH(u' dF(u 
i) “ 9 “A 20 
Hence 
t 
H(u') + (t)F(u)— |g’ ()Fu)dt—c,, 
further ; 


0] F(u)| S@+ - fly (t) F(u)\ at (C= |¢1)), 


whence by our lemma (m(u)=u) 
t 


al Pp’ (t)| at 
) Cy S 0 
IF@)| Se 
i.e. F(u) is bounded what is only possible when w is too. Of course, it 


may be here A(z) =1, f(u)=—u. 
Given F(w) we have an explicit bound for w) at least in principle. 


THEOREM 8. /f in the equation 
(7) u’ + (t)f(uyh(u’) =0 
1. sgf(u) = sgu and h(z)>0 for arbitrary z; 
2. y(t) > 0, non-decreasing and bounded for t = 0; 


3. H(+20)=co where H(z)= mae 
then \u'| is bounded for t = 0. : 
PROOF. From (28) of the previous paragraph 
Lea ye ora) 
g(t). dt. at 


where F(u) - | f(dt. Hence 


=0 


Au’), (¢'(t) 


oye J git) A(u')dt, + F(u)=c, 


A(u') _ 


therefore Gy =c¢, whence H(u’) = c,g(t) and our assertion is proved. 
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E. g. in linear case [Fw =u, HEA 2 Ve awd (2 ge a |u’| = alo. 
THEOREM 9. /f in the equation 
(30) wu’ +-a(t)g(u) =0 


o 


| tla(t)\dt < 00; 
9 (u)| = {ul 
2: ee c— (+ 


; for all u and t=1 |where ow(u) is as in the 
Introduction and fee == + oo ) 
Jo) 


then lim w’ exists. 
t>+0 


PRooF. Two times integrating (29) from 1 to t we get 


(31) u=¢,+et— |(t—t)a(t)g(u(t))dt,. 


From this we obtain for f= 1 


‘| = ((¢,|-+ leal)t-+# | |a(t)|| p(w) |e 
or 


re = |e,|+|e|+ | Bes ay 
2 1 


and applying 2 
a 


Sp. Se Cee Jaiadyio(! a, 
|u| | 


»whence by our lemma and 1, wes k=const for ?21. But 


: 
"== C,— | a(t, g(u)dt, 
1 


u 
and 
t t t 
| a(t) || pu)idt, = | ta(t)\o [Aan = 26 wot la(t,)|dty, 
1 i 
therefore Jatt) y(u(t,))dt, exists and lim wu’ too. 


t>+0 


2 Acta Mathematica VIII/3—4 
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(E. g. if o(u) =@(a)== (a, then 2 is satisfied for t = 1.) 


We assert that there exists a solution w with the property lim w’ + 0. 
I t>-o 


Take 7, so large that m/(k) | tla(t)|dt < ; what is possible regarding 1 and 


3; t 

consider the solution of (30) with w’(t,) = 1, then w’(t) = 1 — | a(t,)g(u(t))dt,. 
From this 

t 


ee | la(t) |ip(u)|dt, > 


f 
t t 


| n\act)|o (Jar, Sta (ey | Alera > =e) 


ty 5 to 
That is to say, there exists a solution of the form u~ct for t+ ~ where 
c + 0. Obviously, the theorem holds when |g(u)| = |u!. 
bACUES 
u 


An pane where lim 


u—+0 


* oe and 2 is fulfilled, is g (wu) =(\u|) = 


= |u| 4 Val. 
(Received 18 March 1957 ) 


ON LIMITING DISTRIBUTIONS 
CONCERNING A SOJOURN TIME PROBLEM 


By 
L. TAKACS (Budapest) 
(Presented by A. Rényr) 


Introduction 


In an earlier paper [8] the author dealt with the following problem: Con- 
sider a stochastic process {&(f),0 =t< oo} whose random variables take on 
values in X where X is an arbitrary abstract space. Let X—A-+B where 
A and B are fixed disjoint sets. Define a new stochastic process 
{7 (t),O =t< o} as follows: 

Pe ietec i) ey, 
(1) BM re MeO PhE(h EA. 
Suppose §(0)€ A. Then the process assumes the states A,B, A,B, A,... 
alternatingly. Denote by §,, 7,, &, m2, &,... the times spent in states A and B, 
respectively. We suppose that &, 7),, &, 7, &,... are non-negative independent 
random variables with the distribution functions P{&,<x}—G(x) and 
oi, == X) I(x) (n =—1, 2, 3,...). Let us introduce the following random 


variable: 
t 


(2) PO) = | x (u) du 
and pat P4{f(t) = x}—s2 (ft x). | 
We have proved in [8] that 
(3) QiLx= pai Hy (0) [Gn €—x) — Gras (— 2) 


where H,,(x) and G, (x) denote the n-times iterated convolution of the dis- 
tribution function H(x) and G(x), respectively, with itself (H)(x)—1 if 
x = 0, H, (x) = 0 if x <0 and G, (x) = 1). Further we have proved the following 

THEOREM 1. /f D{&,}—o. and D{n,}—o; exist, then putting 
M {&,} = a, M {nn} = 8 we have 


y= x 
t 3B ] 23 
elt Poste, |. Vea 2 
(a + 6)? 
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In what follows we shall determine the asymptotic distribution of the 
random variable @(t) in other cases.* 


§ 1. The asymptotic distribution of (7) 


We expect that ?(t) has an asymptotic distribution if the random 
variables &,4+&-+---+-&, and 7,+7.-+-----+7, have asymptotic distributions 
as n— ce. According to the central limit theorem these sums have an asym- 
ptotic normal distribution if o. and og are finite, respectively. If the disper- 
sion is infinite, then for the existence of an asymptotic distribution a necessary 
and sufficient condition was given by W. DOEBLIN [3] (cf. W. FELLER [4}). 
According to this theorem, the following conditions are needed: 

1— G(x) =x hh, (x) 
and 
1— H (x) = x-¥ hy (x), 


where y, (0< y¥,< 2) and 7, (O< y:< 2) are constants and 
lim —4—* —] (i=1, 2) 


for every positive constant c. 
In the following we shall make a restriction supposing that 


(5) lim [1—G(x)]x" =A 
and mae 
(6) lim [1—A (x)] x= B, 


where 0< 7,<2,0<y.< 2, A and B are positive constants. We remark that 
the expectation @ exists if l<y,<2 and e=co if 0< y= 15 Forum 
expectation @ similar statements hold. 
Finally, we mention that according to the central limit theorem 

° 1 
(7) lim G,(n@+ xn? 0¢)— P(x) 
if da< oo and 

i 

(8) lim H,, (ng+xn2 0%) — D(x) 
if Og < o, uniformly in x (~~ <x< ~). M(x) denotes the normal distrib- 
ution function with mean 0 and dispersion 1. Further if G(x) and H (x) 
satisfy the conditions (5) and (6), respectively (cf. W. DOEBLIN [3], W. FELLER 


* Cf. also L. TakAcs, On a sojourn time problem, Teopunsa Beposatuocreit 
nee [Ipumeheuuasa (under press). 
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[4]), then 
if 
(9) lim G,(n@ +x (nA)’) = F,, (x) 


if 1<y7, <2, uniformly in x (—o%o <x< ow), and 


1 
(10) lim G,.(x(nA)”) = F,, (x) 


if O<7%4<1, uniformly in x (0<x< ce). Similarly, 


1 


(11) lim H,,(n 3+ x(n B)”) = Fy, (x) 


1L—> 


if 1<y.<2 and 
| 1 
(12) him a, (7 By) = Fe, (x) 


it QO<y< 1. 
Here F,(x)(0<x< oe) denotes the stable distribution function whose 
characteristic function is given by 


parte cory es | on orny 
(13) py (2) = exp j —[2|" cos —+ —/ sin 


we, 2 
Ve ae oe 
In the sequel we suppose that G(x) satisfies 0.< ~ or (5) and A(x) 
satisfies Gg < co or (6) and we shall investigate the possible limiting distrib- 
utions. The following scheme shows the domain of each theorem: 


G (x) | | 
se | ha cannes 2 Oo Ze hl 
H (x) ee oS r : 


sign z| /7U—y) 


og < cx ‘Bhs! AMG WE We 
| Th. Ty > Ye 
lee 2 Th. 6 | Th. 234% = Yo | ‘Was 8} 
iw Oey ee 95 


Th. 8:7; > vs 
Vy | Th. 4 Th 4 Th. 3:9, => 
Th. 9:4, < 7% 


THEOREM 2. Suppose that the distribution functions G(x) and H (x) 
satisfy (5) and (6), respectively, with the same y=jyi— where 1<y<2. 
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Then the expectations « and 8 are finite and we have for every x 


\eo-aas _ 


(14) ny) i mi al ta ed = Ja P| Sr it 
a+), y .- 


The distribution function on the right-hand side can be expressed as follows: 


PS | 
S| 


(15) P| 


where £ and » are independent random variables with the same stabie distrib- 
ution function Fy, (Xx). 


REMARK 1. It is easy to see that (15) is also a stable distribution func- 
tion whose characteristic function is 
\} (BA+e’ 2 ze 


1s ara, Bolg: | 5 gece ited 
SNe ae [cos 5 +1 FALe"B sin “5 sign 2) P( i: 


Hf, particularly, on then (15) is a symmetric stable distribution func- 
tion whose characteristic function is 


exp 


BY 


riz | 
fe p)” \; 


THEOREM 3. Suppose that the distribution functions G(x) and H (x) 
satisfy (5) and (6), respectively, with the same y=%7,==7. where O<y<1. 
Then we have for 0<x<1 


|1—x 
A‘y 


d, Fy [e 


(16) lim P{3(t) Eee a 


The distribution function on the right-hand side can be expressed as follows: 


(17) PB 


where & and » are independent random variables with the same stable distrib- 
ution function Fy, (x). 


An important particular case is the following 


1 
Py 


COROLLARY. Suppose that lim [1— G (x)] x = A and lim [1—H (x)]x2*=B 
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with positive constants A and B, then 


0 if x <0, 
; 2 (a eS ae 
18 me PER (1) <5 fares pera 
(18) Sie (p(t) = ix) je are sin PxtPU=» iP Or eee 
] a X=} 


To prove (18) we remark that 


F(x) 12] 1-|| Ea) if x=0, 

‘ A700 ier, 0, 
Consequently, the random variables £ and 7 in Theorem 2 may be replaced 
by §= 207/25" and 7 = 1/27", respectively, where £* and 7;* are independent 
normally distributed random variables with mean O and dispersion 1. Hence 


. 1 jg 
in case y—=- >, we have by Theorem 2 


2 
Va er xe] a = 4] Ney 
J —— a= ‘ East eee Ni ae a a WE Vane "See cen Hf ts 
lim Pie St) Pie (5) 3\—P ile =e | ox 
It is well known that the random variable 7*/&° has a Cauchy distribution, 
ive P es =x —t+ 2 arc tg x. Consequently, 
p! 2 ea lel arc tg | Ee arc ih ee ee 
fer BV lseine | orr SAVyals=a 0) BE A*x-+ B? (1—x) 
what proves (18). 
REMARK 2. If, particularly, A= 8 in the Corollary, then 
(0 hese ee (); 
(19) lim P{é(@) =tx} = s. ares x cit Cox < 1, 
t+ J 
| 1 fe 
' This result contains as a particular case the following theorem proved 


eater py PF. Livy [6] (cf. W. Fetter [5], p. 252): Let 0), 02,...,0,;---be 
' 1 : 
independent random variables with P{d, — 1} — P{0, = —lj ane Pui € (2) = 


=0,+0,+-++-- dj where 0,=0 and [¢] denotes the function “entier ?”. The 
stochastic process §(t) defines a random walk. We speak about the state B 
if &(f)>0 and the state A if €(f) =O. In this case P{&, = 27} = Plip=2sj = 


al 
(as j— 0), ie. I-G@)=1-H@)~| 4 


aa (2 eee. 
F 2j—1\ j ) 27 ae 
J of 22 Pp? 
(as x» oc). Thus (19) holds. 
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THEOREM 4. Let us suppose that for the distribution function G(x) we 
have a) 0a< ~~ or b) (5) holds with 1<y,<2 and H(x) satisfies (6) with 
0<y.<1. In this case @< ~ and B=-c and we have 

lava Iya 
° ig ee 2) ees aat ‘ | 
(20) lim Pie) =t—x0y—F,,(( a] 
WO <a XxX <0; 

By changing the role of the states A and B in the above theorem we 

obtain 


THEOREM 5. Let us suppose that for the distribution function H (x) we 
have a) 6g< c or b) (6) holds with 1<y.<2 and G(x) satisfies (5) with 
O0<¥,< 1. In this case B< ~ and @a—-co and we have 


( 3 V1 
(21) lim P(a() = xt") —1—F,,( (4 | } 


REMARK 3. If, particularly, 7, = >in Theorem 4 and « (t) —t—(0),i.e- 


«(t) denotes the time spent in state A during the time interval (0, ¢), then 


1 ieee 
(22) lim P{a(t) =xt?}—2 || 20 to bs 


t+ ATT eal 
oO = Xicioc. 

This result contains as a particular case the following theorem 
proved by R.L. DOBRUSHIN [2] (cf. K.L. CHUNG and M. Kac [1]): Let us 
consider the stochastic process {§(t),0 =t< ~} defined in Remark 2. Now 
suppose that the process is in state A if §(f)—0O,1,...,c—1 where c is a 
positive integer and in state B if €(t) takes on some other value. In this case 


‘ 1 2) le [2s 
M es) ——= == c 4 —— \ = a: | . | enone . ae ie: | mere ie. 
{Sn} = @—=c and P {7 2i\ yen he ay he 1— H (x) | a 
Now, using (22), we obtain 
; = 
(23) lim Pfe(t) = t?xt= OD | am 
to « € 


i) = Xoo. 


THEOREM 6. Suppose that the distribution function G(x) satisfies a) 
Oa <— ~ or b) (5) with 1 <y,<2 and H(x) satisfies (6) with 1 < vy < 2 where 
%1 >. Then for —~ <x< co we have 


(24) in PO EF (op, (etO2) 
bese / aes \ VO br 
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By changing the role of the states A and B in the above theorem we 
obtain the following 


THEOREM 7. Suppose that the distribution function G(x) satisfies (5) 
with 1<y,<2 and H(x) satisfies a) og < ~ or b) (6) with 1 < y, <2 where 
¥i< Yo. Then for 0<x< « we have 


bas 


LD) 
(25) o ee ey aay oe See.) 


ae. i 


THEOREM 8. Suppose that the distribution function G(x) satisfies (5) 
with O<7,<1 and H(x) satisfies (6) with O0<i7.<1 wherey, > y.. Then for 
O<x< co we have 


26) tim Pig) St—xims — — | F, Are 
t>a < 


0 


ent 


The distribution function on the right-hand side can be expressed as 


\ & e xy B| 


ee ace a 


where § and 7 are independent random variables with the stable distribution 
functions Fy, (x) and F,, (x), respectively. 


We conclude easily from Theorem 8 the following 


THEOREM 9. Suppose that the distribution function G(x) satisfies (5) 
with 0<7¥,<1 and H(x) satisfies (6) with O<yo<1 where y, <2. Then for 
O0<x< oo we have 


oO 


. (Qa 2 | ? 
(28) in P4 P(t) = xi" j ce —| Py, sa y" B! Ye | dy Fy, (year ; 


0 


The distribution function on the right-hand side can be expressed as 


i A 


== S 
aon ae 


(29) | P| 


where & and » are independent random variables with the stable distribution 
functions F,,(x) and Fy, (x), respectively. 

Concerning the asymptotic behaviour of the expectation of the random 
-variable @(t) we shall prove the following 
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THEOREM 10. Suppose that the distribution function G (x) satisfies (5) 
with O<y,<1 and H(x) satisfies (6) with O< 7. <1. Then 


fates he 


ee) t>o t ae A 1 B if Vay 5, 
MO Bl as 
te sti fi +Y1-Yo A ru—yn) axis ihe A— 2) if ii > 2 
an : 
_ MAO} ALU) eee 
(32) BR Spree Bilis) Cen if yi ee 


THEOREM 11. Suppose that G(x) satisfies (5) with O<7,<1 and H(x) 
satisfies 8 < co, then 
_ M{P@}  Ssinaey,. 
G3) es aoc ae 
and similarly if G(x) satisfies @¢< ~ and H(x) satisfies (6) with 0<y72.< 1, 
then 
{4 3(f) 
(34) lim Ete elu); 


t>o t 


__ @esinwy, 


tte SE, ; 


REMARK 4. In case @-+-< ~, we have proved in [7] that 
i 2(p) 3 
lim Mie My; soles 


to t e+p- 


§ 2. Proof of the theorems 


We need the following 
LEMMA. Let 


(35) 2a HAG Gee 
and 
(36) Q= D> Hi(Gi— Gin), 


where {Hn}, {Gn}, {Hn}, {G.} are sequences of non-increasing non-negative 
numbers for which H, —G,.--1,H}=1 and Gi=1. Suppose that for all 
#¢>0O there are integers N and M for which 


(37) 1— Gy <6, 
(38) Gy <8, 
(39) iH. — Hee eNobenas a 
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and 
(40) — |Gn—Gil<e if N—-1Sn=M+1. 
Then we have 
(41) |Q2—2"\<10¢ 
and 
ar 
(42) = > F(Gt- Gig Be. 
AV 


The proof is very easy and will be omitted (cf. [7]). 


PROOF OF THEOREM 2. Put in the Lemma 
1 


; at 


A, =H. 
) n at+s 


t \y 
ah ) 
{ 


Gu= G, (5 x(2 s | ) 


| 


1 


2 f \¥ 
a -x| E —ngs 
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* e+e a+), 
A; =F, \1/y 
tB | 
a+, 
and 
at = t ere 
yo i z a 
ass Py C | [ ak C ae 
| tA 
a+6 
ee Baath 
In this case we obtain 2-9, s+x| | ; Further _put N= N= 
a+ 6 Cp), 
’ t a 


6 


may 
@+6 0 \e+s 
0<d<(y—I)/. 


t ty a ks 
#2 — . and M=sMy= 
a+s faa 


Now for any «>0 the inequalities (37), (38), (39), (40) are satisfied if f 


is sufficiently large. Namely, 


eae | Sie ae ere 


1—Gr=— 1 Vis Ally 


and similariy 
—x—e? 
Aly 


Gr=F,| |o if ~-f— co. 
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Further, by virtue of (9) we have 
| Lt fee een 
| (- at pt } [es ea ee | SB 
"a+ pe a+ ? (n A) ieee 
if n is large enough and clearly 
| at er ee as: de a as | "ne 
Ir a+, a+ sp. ls a+p a +P by 
Ledeen cr der 8 a 
| . a+. 


if M—1=n=M,-+1 and ¢ is large enough. Consequently, |G, —G%|<e if 
Ni—l1=n=M-+1 and ¢ is large enough. Similarly, by virtue of (11) 
|H,— Hn} <é if N—1=n=M_-+1 and ¢ is large enough. Hence, by (39), 


we have for any «>0 , 


1 pt Nae E 
Qt es et | BSN) e+e" ‘lave ay 
Gap at+p we iB Ve 
a+) 
at t i. : cat my beeg iP 
PE omen Sae.3 Peel ate —3|— tas 
ie . i -|—F,} —— = < 108 
tA ) | tA | : 
a : e+. 
if ¢ is sufficiently large. Replacing 
t ae: fe 
poe Yn > 
a+p a+? 
we obtain 
é et Lt \°] 
lim Q(t, 2 +x(—t | r 
ee beara oi a+, 
\ ee) [a=] EYuri—X | 
ae nt =r | iy Aly J ae \ Ally j 
ae 
Be; Ciao 
eIng Yr—Yn41= ary, +0 ast—+oco and yo—=— oc, y— 00 as f—roo, 


we obtain easily that 


@ 


| ml 
. pt t y ™, a ae 

4 lim Qlt, : | | (22 
as) imal a tsleeal K | Par 
OFerd, 


u aie 
d,F, Ge } 


ON LIMITING DISTRIBUTIONS CONCERNING A SOJOURN TIME PROBLEM 289 


PROOF OF THEOREM 3. Put in the Lemma 
A, =H, (tx), Gr=G, (t(i—x)), 


- ete. t(1—x) 
foeaee ec (| 
Aa By ss (nA)y 
i 

Then we obtain 2—Q(f,tx). Further put N—=N—?" ° (where 
O<d<y/(1+y)) and M=M,= ~~ 

Now for any ¢>0O the inequalities (37), (38), (39), (40) are satisfied if 
t is sufficiently large. Namely, 


-_s 7 
(2 Gye | suis )--0 a fesse 
and Gi;—0. By virtue of (11) and (12) we have 
|G, — Gr = & 
and 
|H,—Ai|<s« 


if n is large enough, i. e. if N—1l =n and ¢ is large enough. 
Hence, by (42), we obtain for any «>0 


260-3 Flare) lear) Olea l] <8 


if ¢ is ae anes Writing 


n=(ty,)” 
we have 7” 
vote Smell lta)“ 
Le Oe ae <a ee fa BF YrAVy 25 Pre Ay | 
As Le <p, it holds _— Joi n> WN, and t— ov. Further 
Vn Vn yn aorme Vn Ynst 


Yo— oo and lim yy,—0O. Consequently, it is easy to see that 
t>o 


(44) lim Q(t, maf, (sa Jar, [ee 2 


t+>o yAy 
my, e..d. 
PROOF OF THEOREM 4. Put in our Lemma 


AA, Se A, ¢=x7"); G,, = Ge (era) lek =F, (LS) : | 


« xt™—na- xt ne ) 
Gt=®@® | ane or Gi=F, leone 


i) 


and 
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in case a) and b), respectively. Now we obtain 2—22(¢,t—xf). Further 
put N=N,= a eet dh * and M@—=M,.= = fiipge? ~ where “Osde 


Ae 


The inequalities (37), (38), (39), (40) are satisfied if ¢ is sufficiently 
large. Namely, it is easy to see that I—G\—>0 and Gi—0 if t> x. Fur- 
ther, by virtue of (12) we have 


mite! 


re 


F,( f—2xf* -| 


WH (t— xt”) — (nB)'% 


if n is large enough and clearly 


fat 
P| ae |- ie Nee “ye le 3. 
if N.—1 =n=M,;-+1 and ¢ is large enough. Consequently, H,—H),| <« if 
N,—1=n=M,-+1 and ¢ is large enough. Similarly, by (8) or (11) we 
obtain |G,—Gi|<« if M—l=n=M;-+1 and ¢ is large enough. Being 
Hy, constant we obtain by the aid of (41) that 


(45) lim Q (t, t—xt”) = 
t>a 
what was to be proved. 
Theorem 5 can be proved similarly as Theorem 4. 
PROOF OF THEOREM 6. Put in our Lemma 


1 


G,=G 


~(tet(ig)"). 0 ea)") 
Wet Cals + 3 Som ate ’ n a er y - Stiles , 
o (e4 + 8)x 
Hy = Fy, —@ Buy 
and 
a 
E at x| t | Le " | vat (oe ap 
‘ e+e e+? se +6 * a+ d 
—= 48) z ee i — . ee 
hon 0a ni BRS sgt (n A)! : 
5 
in cé 1b), respectively. 2 olf, z x(— \" ). 
in case a) and b), respectively. Now : ae a mae Further put 


1 


: — Cie 
N= N=- t sea t eer a 
e+ Pp, 
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and 


M=M,=- | a 2 ie 
(4 (44 | 


t=— 6 @\a 


where 0< 0 <-“_@ 
NY2 

The inequalities (37), (38), (39), (40) are satisfied if ¢ is sufficiently 

large. Namely, it can easily be seen that 1—G\,—0 and G%,—0 if t>~. 


Further, by virtue of (11) we have 


and 7,2 in case a). 


| \1 ae Ex| ) né\| 
t ee faz: 7 2 al Ae: 
leet lees Ae (nB) ae) 
if n is large enough and clearly 
pt , t bak 2 
z [erat * lees) Be) (en23) 
| Nia (1B) ie pts I< 


if N—1=n=M,-+1 and ¢ is large enough. Consequently, one if 
N.—1=n=M,-+1 and ¢ is large enough. Similarly, by (10) we obtain 
|G,— Gr|<« if nis large enough, i.e. |G,—G;|<« if M—lS2=M,+1 
and f¢ is large enough. Being H* constant we obtain by the aid of (41) that 


1 
mec aer en (@-6) x 
@) : | | |= i . 
goes E a+ me ees Fr eB 


+ 


q). e. d. 


Theorem 7 may be proved similarly. 


PROOF OF THEOREM 8. Put in the Lemma 


Ny 


H,=H,(t—xt"), Gi=Gn(xt) 


and 
: dot Nae gee teee 
= Flame) Gua Fy, (nA)! see 
Now we obtain aha t—xt). Further put N= N; = »° where 0 is 


positive and M—M;= er 
Now for any ¢>0O tie inequalities (37), (38), (39), (40) are satisfied if 


t is sufficiently large. Namely, 


Lee 
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and G#,—0. By virtue of (10) we have 
|G, — Gi <a é 
if n is large enough, i.e. if N—1=n and ¢ is large enough. Further, by 


virtue of (12) we have 


PAG F,, | 


if n is large enough and clearly 
tox) | eat \< : 
(nB)' *\(n By} haz 


if n = N.—1 and f is large Pry Consequently, by (42) we obtain 


alee 


Qt, Lest Ss Fao | eee |-F F,(. ((a-+ a ¥ ‘veel _ 


nN=Ni} 
if ¢ is sufficiently large. Writing 
Nes t” yor 


we obtain 

naga) am Se spoe ledges el seer] 
6 —xtv1) = We hors yg 7 — Fy), alee 

ee (t,t x ) aes — Y2 Mcgee Y2 ‘ pe 2 Al Yt at yoy 1 

: : : po a yy, it holds Ae ete if 2 > N; and t— oo.Furs 
Van ev eel ae ee Vans 


ther lim yy,==0O and yq = oe. Consequently, it is easy to see that 
t>o 


(ee) 


(46) lim 22 (¢, {—xt) =— | F. | d, Fy, Pt 
t>o . ; . pre 
0 


1 ein 
yt Bir J; iy | 


Al 
Oe ead; 

Theorem 9 may be proved similarly as above or can be deduced 
immediately from Theorem 8. 

PROOF OF THEOREMS 9 AND 10. Denote by B(¢) and A(é) the expect- 
ations of 6(/) and «(t)—=t— (0), respectively. Clearly B(f)+A(f)—t BM 
and A(¢) are non-decreasing functions of ¢ According to [7], we have 


1 v(s) 1—a (: . 
e*' dB(t) rE. 2 : (s) ne (if It (s) > 0) 
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and consequently 

ee Je end ES Og 

es dA aye “ OREO) (ita (Sy 0): 
where y(s) and w(s) denote the Laplace—Stieltjes transforms of G(x) and 
H(x), respectively. Now let us suppose that s is a positive real number. If 
G(x) satisfies «<~, then y(s)—1—«s+o(s), and if G(x) satisfies (5) 
with O<y,< 1, then y(s)= 1—A P'U—7)s"+0(s%). Similarly, if A(x) 
Satisfies @< ow, then w(s)—1—s-+o(s), and if H(x) satisfies (6) with 
O<y2.<1, then w(s)=1—BI(1—y.) s+ 0(s”) as s—0. Now, in case 
0< 2 res 1, we have 


mM 


ait ieee aa at nig san’ 


(A+ B)s 
and 
Br(i—y) 
—st ~w Of =e Vs 
| fut eB a (t) Ar(h 7) sity ae it PLES, Ihe 


0 
and in case 8< 0,0<y,< 1, we have 


@ 


JewaBn~ 


as s—0O. Similarly, 


7) 
? 


AT (—y) 


Ar(i—) 
Br (ys 


JetdA(Q~ 
if O<%<%1< 1 and 
(a4 


| Jett O~arpaaye 


if.¢< coo and O0<y<!1. 

Here B(t) and A(t) are non-decreasing functions of f and their Laplace— 
Stieltjes transforms are asymptotically equal to C/s" if sO where C is a 
positive constant and « = 1. We conclude by a theorem of O. SzAsz [7] that 
B(t) and A(t) are asymptotically equal to Ct '/I(u) if f+. Thus we 
obtain (30), (31), (33) for B(t) and (32), (34) for A(t), what was to be proved. 
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SUITES FAIBLEMENT CONVERGENTES 
DE TRANSFORMATIONS NORMALES DE L’ESPACE 
HILBERTIEN 


Par 
BELA SZ.-NAGY (Szeged), membre de l’Académie 


1. Introduction. Soit § un espace hilbertien et soit 8—%() l’en- 
semble des transformations linéaires bornées de . Pour © Cc désignons 
par © ladhérence de © dans la topologie faible de %, définie par le systeéme 
des voisinages : 
Mee a yin ie; 21, -oSns 2) 42 6 -O2\((1 —1o) fi, 2) (<2 (= 1,..«,n)}. 
Soit © Vensemble des limites des suites faiblement convergentes tirées de ©. 
On a évidemment © CG, mais ces deux ensembles ne coincident en général ° 
que si l’espace est 4 un nombre fini de dimensions (cf. [3], p. 383). Dans 
ce qui suit, nous supposerons toujours que 9 est ad une infinité de dimensions, 
cest-a-dire que 

d= dim 

est un nombre cardinal infini, dénombrable ou non. 

Envisageons en particulier les ensembles 

Cr, Gr, Ca, Ex 

constitués, selon les cas, de toutes les contractions 7 de  (||7||=1), de 
toutes les transformations unitaires U, de toutes les transformations auto- 
adjointes A telles que O= A =/, et de toutes les projections orthogonales E. 

On a évidemment ©rpDC;, Gr DC4DC~. HALMOS [2] a démontré les 
relations assez surprenantes: 


Dans cette Note, nous allons voir qu’on a méme 
(2) Cr= Er, Crc= Ge. 


Comme les inclusions " ; 

Cy cr, Src, 
sont manifestes, ce qu’il faut montrer c’est que pour tout 7€ ©, on peut 
trouver des U, €G, (k=1,2,...), et que pour tout A€ Ca. on peut trouver 
HesabeCo Us, (k= 1; 2,222), deisorte: que 
(3) | U;, = ZT; Ey. =_ A (k— oo), 
le signe — désignant la convergence faible. 


3* 
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La premiére de ces relations n’entraine pas que le carré de U, tende 
vers le carré de 7, etc., mais nous verrons qu’on peut choisir les U; de 
sorte que toutes les puissances de U;, tendent simultanement vers les puis- 
sances correspondantes de 7, et cela méme d’une maniére uniforme par rap- 
port aux exposants. On démontrera une proposition analogue pour les semi- 
groupes a un paramétre de contractions. La deuxieme proposition (3) sera 
généralisée, a4 son tour, a une transformation A(A), fonction non-décroissante 
du parametre 4. 

Convenons de la définition suivante. Pour des transformations S(t), 
Si() (k= 1, 2,...) dépendant d’un paramétre abstrait <7, on dira que S,(:7) 
converge faiblement vers S(7), uniformément en <7, lorsqu’on peut attacher 
a tout «>0O et tout couple d’éléments f,@¢€ un indice k,—A,(e;f, 2) ne- 
dépendant pas de :t, tel que pour k=, on ait 


\(Si() fF —(S(2)F, B)| < 


Précisons les propositions que nous venons d’indiquer: 


I. Pour toute contraction T de % on peut trouver une suite {U;,\ de 
transformations unitaires de , telle qu’on ait 


Ui: ag Tes (k= ~) : 
et cela uniformément en n (n=1,2,...). De plus les transformations U;, 
(k= 1,2,...) peuvent étre choisies unitairement équivalentes. 


Il. Pour tout semi-groupe a un parameétre, faiblement continu, de-con- 
tractions T(s) (s =0) de , on peut trouver une suite {U,(s)} de semi- 
groupes a un parametre, fortement continus, de transformations unitaires de 
%, felle que 

Ur(s) = T(s) (kK &) 
uniformément en s. De plus les semi-groupes {U;,(s)} (k= 1, 2,...) peuvent 
étre choisis unitairement équivalents. 


Il. Soit A(A) une transformation autoadjointe bornée de %, fonction non- 
deécroissante et continue de droite du paramétre 4 (~~ ==), et telle 
que A(— ~)= lim AA) =O, A(+~)—limA(A)=—I. Il existe alors une 


A->- © A> 
suite {E;.(4)} de familles spectrales de , c’est-a-dire des projections jouissant, 
comme fonctions de 4, des mémes propriétés que A(A), telles que 
E\.(A) = A(A) (k— ov) 

uniformément en 2. De plus les E,(2) (k= 1,2,...) peuvent étre choisies 
unitairement équivalentes. 

On en obtient la deuxigme des propositions (3) en choisissant en_parti- 
culier A(4) = O pour 4<c,, A(A)=A pour c, S4<c,, A(A)=/ pour Sd. 
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Diaprés les propositions (3) il existe en particulier des suites {O}} 
{E;,} telles que 
: 1 
Ux >a, E, — I, 
On a alors 
heed alos see i ee ere eo ees 
Uy =U; +5 I+ ey i ee ee zie| 5 i 
ce qui montre que ni l’opération de prendre le carré ni l’opération de prendre 
inverse ne sont pas continues par rapport a la convergence faible des suites. 
Que celles-ci ne sont pas continues dans la topologie faible de &, a été indi- 
qué déja: par HaLmos [2]. 


2. Démonstration des propositions I—III. aaa par la 


“demonstration de I. Soit donc T une contraction de . Il existe alors, dans 
un certain espace ‘>, une transformation orice ay telle que 
(4) fDi gene ke O hied d OS Oy (Ae Gan ater A Fe 


P’ désigne la projection (orthogonale) dans {’ sur le sous-espace . De 
plus, on peut exiger que ’ soit sous-tendu par les éléments de la forme 
eerie. 0, ta 2) 9.) 7 dalls: "ce éas: la structures {$"; U", B} est 
déterminée a isomorphie prés (cf. [4]), et on a évidemment 
(5) dim) =N- din f= Ny. d—=d 
puisque d est un nombre cardinal infini. 

Soit Q un sous-espace de ) tel que 
(6) dim(®OD)=d 
et désignons par Q et Q’, selon les cas, la projection sur Q dans et dans 
5. Comme DC Heh’, on-a QP’ =—Q, donc il découle de (4)-que 
(7) OT aa Oy (felon =O, 4; mt): 
De (5) et (6) il s’ensuit que 
dim ($’ 9 0) = dim (8G 4). 
Par conséquent on peut appliquer ‘’ sur par une transformation isometrique 
+ de facon que les éléments du sous-espace commun Q restent invariants et 
que $ OQ soit appliqué sur 5OQ. On a alors évidemment 

Ui) Tere) (dans ‘). 

Posons 
(8) Ch Cael) (dans 4), 


c’est une transformation unitaire de . 
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De (7) il résulte, pour g € §, 
sit +) yi vie 1 ” ; vt 
QT Qg=QVU"Qg=t QU tQg=—QU Qe, 
parce que les éléments de © sont invariants par rapport a + et r-'. Donec 
on a 
(9) OT Q= OU. (ne OAl yen): 

Cela étant, faisons une décomposition de l’espace en somme _ vecto- 
rielle d’une suite de sous-espaces 8; ({—=1, 2,...), orthogonaux deux-a-deux, 
et chacun au méme nombre cardinal d de dimensions que  lui-méme. Cela 
est bien possible puisque N,-d—d. Soit 


Dea, — =i oeee 
on a alors 
dim (9 - Ox) == dim Ck: L] — Bieve a one -) =e Np == Ue 


Il existe donc, pour tout A, une transformation unitaire U;, de , unitairement 
équivalente a la transformation U’ et telle que 


(10) Oct Qe=e CG Gt (hae lo 2) 2 pe ee 
Q, est la projection (dans )) sur Q,. En posant 

Si(n) = T" — U; 
(10) s’écrit aussi sous la forme 


Q:.Si:(n) Q; = O, 


d’ou il résulte que 
Si (2) = [Qi + U— Qi)] Si (2) [Qi + U— Qi] = 
= Qi Si (2) U— Qu) + U— Qi) Si (2) Qe + I— Q,) Si.(n) I= Q:) 
ou, pour deux éléments arbitraires f, 2 € %, 
(SiC f, Z) = (Qc Si (2) U— QW) F, £) + (Si (2) Qf, I Q.)g)-+ 
+ (Si(2) U— Qi) f, U— Q)g). 


| Se(a) |] ST" +l] Ge || S 2 


Puisque 


il en dérive que 
(SiC) F, £)| S 2{||7— Q.) fll lel + Fl — Que] + 
+ |]U— Qu fl|-|| 7 — Qi) || }- 


Or on a 


jee) 


ICQ) FIP = || 2 Pf =D \|PiflP+0 lorsque ke, 


et de meme pour g au lieu de f, d’ou il résulte que, pour ¢«>0O donné, ona 
(Si(m)f, g)| <é | 


des que & dépasse un rang dépendant de ¢,f,¢, mais indépendant de n. 
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i) 
ice) 
© 


Cela achéve la démonstration de I. 

La démonstration de II est analogue. On fait usage du théoreme de 
Yauteur (cf. [4]) que le semi-groupe 7(s) peut étre représenté sous la forme 
ING) fear LK (is) if CheG..5 = 0) 
moyennant un groupe a un paramétre, fortement continu, de transformations 
unitaires U’(s) d’un espace 54); on peut exiger que ’ soit sous-tendu 
par les éléments de la forme U’(s)f (f€ 9, —~<s< oo), ou grace a la 
continuité de U’(s) en fonction de s, sous-tendu par éléments U’(s)f avec s 
rationnels. I] résulte alors que dim $’—,-d—d. Puis on raisonne comme 
plus haut, avec U;(s) et S.(s) = 7T(s)—U,(s) au lieu de U;’ et S,(n), on 

fait usage en particulier de l’inégalité évidente ||S).(s)|| = 2. 

La démonstration de III est fondée sur un théoreme de NEUMARK (cf. [4]) 
suivant lequel la famille {A(A)} peut étre représentée sous la forme 

ACA) J ==P EMA)T (] GB; or < 1. < co) 

moyennant une famille spectrale {£’(A)} de projections dans un certain espace 
%’D 9; on peut exiger que ’ soit sous-tendu par les éléments de la forme 
E’(’)f (f€9,— co <4< ce), ou, grace a la continuité de droite de E’(d), 
par les éléments de méme forme mais avec 4 rationnels. On aura alors de 
nouveau dim {’ —d. Pour les transformations S,(2) = A(A)—E).(A) qui inter- 
viennent au cours de la démonstration on a évidemment |S;,(4)| = 2, et la 
démonstration s’acheve comme plus haut. 


3. Transformations sous-normales. Une conséquence immédiate de 
I est que, pour toute transformation linéaire bornée S de ), il existe une 
suite {N,} de transformations linéaires bornées de  telle. que, pour tout 
nombre naturel fixé n, on ait 
(11) Wie Se tk ea c)s 
il suffit de poser N,—||S||U, ol {U;} est une suite de transformations uni- 
taires correspondant au sens de la proposition I a la contraction |S) S. De 
(11) il s’ensuit que 

Fy) ¥y 

’ Ni; = S (k— co), 
mais en général il ne s’ensuit pas que 


* 


(12) NN,” =o" 5S" — (k= 00), 
la convergence faible ne jouissant pas de la propriété multiplicative. Pour 
que la représentation (12) soit possible, S doit vérifier une condition addi- 
tionnelle: 

IV. Pour qu’on- puisse attacher a la transformation S de Vespace ) une 
suite {N,} de transformations normales bornées de %) telle que (12) subsiste 
pour tout couple m,n dentiers non-négatifs, il faut et il suffit que S soit 


yy) 
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sous-normale, c’est-d-dire quelle admette, dans un espace convenable SD %, 
un prolongement normal borné N’.' Dans ce cas, les transformations N),. peu- 
vent étre choisies unitairement équivalentes Pune a Vautre. 


DEMONSTRATION. Supposons d’abord que S est sous-normale donc 
qu’elle admet un prolongement normal borné N’ dans un espace 9D. On 
peut exiger que soit sous-tendu par les éléments de la forme N°" N”“f 
avec f€, m et n entiers non-négatifs; en effet, grace a la normalité de N’ 
ensemble de ces éléments est invariant par rapport a N’ et N%, et embrasse 
9 (casm—n—=O0). 0’ est alors de dimension N,-d—=d. On a pour f, ge 


(S"S"f, 8) = (S"f, S"g) = (N"F, Ng) =(N“"N"S 8), 
ce qui montre que ; 
Som our pINem Any (FE On, Mt ey 


P’ désignant toujours la projection dans ’ sur . En partant de cette re- 
présentation on raisonne tout comme dans la démonstration de la proposition I. 
On rencontre au cours de ce raisonnement des transformations 


Si. (m, n) = S*™S" — Nz" Nz 


de espace %, o1 N, est, pour tout &, unitairement équivalente a N’, d’ot 
il vient que : % 
|| SiC, 2) || S PS" + NY —", 
évaluation indépendante de k, mais dépendante de m,n. Par conséquent on 
peut achever la démonstration de la relation S,(m,n)—-O (k— x) tout 
comme on a démontré la relation S;(2) ~O (ks), mais cette fois-ci 
cette convergence n’est pas en general uniforme en n,m. D’ailleurs, dans le 
‘cas ||S|/=1, on a aussi |/N’|| = 1, et l’évaluation |/S,(m, n)|| S 2 entraine 
alors que la convergence (12) est uniforme en m,n. 

Passons a la démonstration de la proposition inverse. Supposons donc 
qu’il existe une suite {N,! de transformations linéaires bornées de  telle 
que (12) se vérifie pour m,n—0,1,.... On a alors pour tout systéme fini 
£0» Es, .1., 2 déléments de §: 


os 
ko i=0 j=0 k—> 00 


0 j 


+ (8 S'g,, 2) =1im SS WE Nig; oh = iim | W?'g;, Sng e|= =0, 
( jt i=0 

ce qui entraine, d’aprés un théoreme de HALMOS—BRaM []1, 2], que la trans- 

formation S est sous-normale. 


Cela achéve la démonstration. 


' Toute transformation normale bornée S de © est évidemment aussi sous-normale, 
on peut prendre alors )’—%, N’— S. Mais il existe des transformations sous-normales 
qui ne sont pas normales (cf. Hatmos [2]). 

2 Cf. [1], Lemma 3. 
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4. Fonctions de type positif. Pour terminer, remarquons que le 
“théoreme principal du Mémoire [4] de l’auteur, concernant des transfor- 
mations 7(s), fonctions de type positif sur un *-semi-groupe 7°, admet des 
conséquences analogues, du moins dans une certaine condition de ’’séparabilité“ 
qui assure que la dimension de l’espace §’ qui intervient ne dépasse pas 
celle de © On ae a tout comme dans [4], que 


=X TENE), g®) = 0, 
Pe ieee any g() = Ce & > (TE ng). ®) 
Fel ijEl fer 
pour toute famille d’éléments @(€)€, presque tous égaux a O, et pour tout 


a@€l, et on suppose aussi que 7(s)—/J/ pour l’élément unité ¢€ 7. On y 
ajoute la 


CONDITION DE SEPARABILITE. II existe un sous-ensemble dénombrable /7, 
de J’, tel qu’a tout «€ J on peut associer une suite {«,} tirée de /% pour 


laquelle 
jlimsupC.,< cc et T(E.) -~T(Een) (n— ~) 


quels que soient &, 7 € J’. 

Dans ces conditions, on a le théoréme suivant qui dérive du ’'théoreme 
principal tout comme notre proposition I dérive de la relation T"—P’U”: 

V. Il existe une suite {D,(§)} de représentations de I’, unitairement équi- 
valentes, par des transformation linéaires bornées de Vespace %), telle que 

a) Di(—) - TE) (ke); 

b) ||Di(S)|| = Ce; 

c) ’éqguation T(§ay) + TEPy) = TE), vérifiée pour «,p,7 fixes et 
£ » arbitraires, entraine (équation D,(¢)+ Di(?)=Di(y) pour tout k; 

d) la convergence T(Ea,7) = T(Ea@y) (n+ ~) pour @,,@ fixés et 5,7 
arbitraires, entraine la convergence D,(d@,) ~=D,(¢) (n— ~) pour tout k 


fixé. 
La convergence faible a) est uniforme en = dans tout sous-ensemble de 
I sur lequel Cz: est fonction bornée de §. 


(Recu le 13 avril 1957.) 
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SUR LA CONVERGENCE ABSOLUE 
DE CERTAINS DEVELOPPEMENTS ORTHOGONAUX 


Par 
GEORGES ALEXITS (Budapest), membre de l’Académie 


1. Un théoreme connu de Sipon [5] affirme la convergence absolue 
d’une série trigonométrique lacunaire, lorsqu’elle est le développement de 
Fourier d’une fonction bornée. Un théoreme analogue est valable pour les 
développements suivant des fonctions de Rademacher (KACZMARZ—STEINHAUS 
[2]). Les démonstrations de ces théorémes utilisent des propriétés spéciales 
du systéme trigonométrique resp. du systeme de Rademacher; leurs généra- 
lisations différentes ({1], [4], [6], [7]) n’expliquent non plus la raison pourquoi 
possédent justement ces deux types de développements orthogonaux les dites 
propriétés de convergence absolue. 

Nous allons montrer que ces phénoménes de convergence se laissent 
étendre a une classe large de développements orthogonaux, classe qui con- 
tient, entre autres, les développements de Fourier lacunaires et les développe- 
ments de Rademacher comme cas spéciaux. 


2. La propriété qui nous permet la généralisation mentionnée est celle 
de l’orthogonalité multiplicative. Pour la concevoir, envisageons dans |’inter- 
valle [a,b] un systeme {y,(x)} de fonctions; désignons par // {@,(x)} 
systeme de fonctions suivant: soit 


= Dra a 2a aoe oa Dian (O == V; <a Vo mole ate ey 


la représentation diadique de l’indice n = 1, alors la n-ieme fonction w(x) 
icatl @ (X)} est 


W(X) = Py 41) Py ays ) ++ + Poy at 


Complétons ce systéme de produits par la fonction y,(x)==1, rangeons la 
- devant tous les autres w(x) et nous obtenons le systeme // (¢,(x)j. Il est 
évident que {y,(x)} est un sous-systéme de // (gy, (x)}, notamment AD (X) je 
=f{wy,,-1(x)}.On peut dire que //{g,(x)} est en méme rapport a {y, (x)} 
comme le systeme de Walsh au systeme de Rademacher; mais, naturellement, 
11 {,(x)} west, en général, ni orthogonal ni complet. Pourtant, on peut dire 
peut-étre que // {gp (x)} est le systeme de Walsh engendre par {¢,, (x)}. 
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Nous appellerons {y (x)} un spstéme multiplicativement orthogonal, si 
les fonctions w(x) de rang n= 1 sont orhogonales a w(x), c’est-a-dire si 
b 


lw(x)dx=O  . (n=1, 2,...). 


a 


Le systeme {@,(x)} est normé, si 
(¢ 


{e209 dx==) (7 == ae 


a 


Il est borné, s'il existe une constante AK indépendante de n telle que |, (x)| =K 
presque partout (n=1, 2,...). Enfin, nous entendons par le //-développement 


ioe) 
»'c, w(x) avec les coefficients 
’ 


——s 
vt 


de la fonction intégrable f(x) la série 


== fe) wW,, (X) aX. 


On voit aisément que le systeme multiplicativement orthogonal {@p (x)} 
est univoquement déterminé dans le systeme //({p (x)j, si ¢,(x) est pres- 
que partout =-0; c’est a dire que la relation 


(, (x)= ¢ v(x) P(X) Agel @,,, (X) (% Sy SY, 
presque partout n’est jamais réalisée. Car si n==-7, on obtiendrait en cas 


contraire 
h i 


| 9.09 4,,0) 9,0) .-.9,,(0)dx= \g2(x) dx +0, 


ut a 


ce qui contredit a I’hypothése de l’orthogonalité multiplicative; or si n=, 
alors on aurait 
Pr(2)-++ Py 


presque partout, donc 


() 0) 2%, 1 


1 


I 


ly yA) 6 F 


“a 


(x) ee (x) Se Pe. (x)dx=+0 


VE-1 
qui est de nouveau une contradiction a l’orthogonalité multiplicative. 


3. Nous allons maintenant démontrer notre théoréme principal: 
Soit (yp, (x)} un systeéme multiplicativement orthogonal, normé et borne. 


Si la série 


(1) 


oe) 


D.C, P, (x) 
] : 
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est le 11-développement dune fonction intégrable f(x) unilatéralement bornée, alors 


Remarquons d’abord qu’on peut supposer, sans restreindre la généralité, 


BX 2) Pi) | 1 (n= 1, 2,...). 
¢,, (X) C, : 
Car, en prenant Me eae au lieu de @ (x) et c poe ae a Hew de “cola 


sérieXc, (x) est le //-développement de f(x) suivant le systéme {y’ (x)}; or les 
series Yc y,(x) et Yc p(x) sont évidemment a la fois absolument conver- 
gentes ou divergentes. Nous supposerons donc, en ce qui suit, l’inégalité (2) 
satisfaite. 

-Rangeons les termes de la série (1) dans un ordre arbitraire: 


@ 
(3) os P(X), 
n=! 
et désignons par w (x) la n-ieme fonction du systeme // {,, (x)}. En posant 


5(2,9— > 6, y,09, 


on obtient tout de suite 


5 
gn-1 


s(n, | AO wy, ¥,Qat 


parce qu’on a par hypothese 
. b 


(4) |F(t)v,() dt =0 


pour tout w(t) == ¢,,(), puisque nous avons supposé que Yc g(x) est le 
T]-développement de f(x). Or on tire de la définition des fonctions w, (x) 
immédiatement que 


’ Qn— 1 


Sy. — [0 +9,0 4,0 


Il s’ensuit donc en ae de (2); 


on-1 


ry Wa) =U: 
k=0. 


Mais 1a fonction f(t) est unilatéralement bornée, p. ex. f(f)=™M ott M est 


un nombre positif; on en obtient donc que 


b a 


s(n, x) =M Y v,Oueoat 
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d’ou il s’ensuit par l’orthogonalité multiplicative de (Pp, (X)f que 
b 


s(n, x) = M |w,(t) w(x) dt M (b—a). 


De plus, en tenant compte de (4), on voit d’une maniére analogue que 


t 
oul 


—s(n, x)= —| FO > w (wx dt= 


a lf 7 Vere 1,6) Fy, (x)] dt = M(b—a). 


Les sommes |s(n,x)|,c’est a dire: les valeures absolues des sommes par- 
tielles de la série (1) avec des termes rangés en un ordre arbitraire ne sur- 
passent pas le nombre fixe M(b—a), ce qui entraine la convergence absolue 
de la série (1) en tout point x de [a, 6]; car en cas contraire on pourrait 
ranger, grace 4 un théoreme classique de RIEMANN, les termes de la série 
(1)en un ordre 2c, f,, (X), tel que s(n, x) atteigne un nombre arbitrairement 
grand donné d’avance. La série (1) est done partout absolument convergente, 
ce qui entraine d’aprés un théoreme connu (v. [3], p. 154), la convergence 
absolue de la série des coefficients: c’était justement notre proposition. 


4. Il est évident que le théoreme de KACZMARZ—STEINHAUS est un 
corollaire immédiat du notre; mais il est moins évident que le théoréme de 
SIDON en est aussi un corollaire. C’est parce que le systeme trigonométrique 
peut étre considéré comme un systeme de Walsh engendré par un systeme 
trigonométrique lacunaire. Représentons, en effet, le systeme trigonométrique 
en forme complexe: {e*} ot. 2 prend les valeurs 0, 1, 2,... et —1, —2,...; 
et envisageons le systéme {exp (+3”"ix)} avec m=0O,1,.... On voit aisé- 
ment que chaque entier 2 peut @tre représenté d’une et une seule maniére 


dans la forme PPM Ye ees 
N- 3” a 3”"-1 4 vote hae (vo et.) | 


En choisissant donc convenablement les signes ~, on a 


eine — J J exp (+3”*i x), 
c’est a dire que a 
ome exo (- 3S Px) 
Cette remarque permet d’obtenir le théoreme de SIDON comme corollaire de 
notre théoréme: 
Si la série trigonometrique 


(5) NI : Vr 


= ial 


i oa) 5 Vn 
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est le développement de Fourier dune fonction F(x) intégrable et unilatérale- 
ment bornée, alors 


(6) > S. om | Co; 


On peut décomposer, en effet, la série (5) en un nombre fini de séries 
trigonomeétriques: 


S << 
2 cnet 2D! cm exp (ivm x) 
nu—=- © hat “=== 
Ae) (ky) 1 1 ae 
AVEC Vinii/Vn 2&3 et vy, ==, lorsque m--n ou k=EL Alors, les différentes 


C (ik k : 
sommes finies | V+ +, + Vey représentent des entiers différentes (v. p. 


<-19), ps 139), il s’ensuit donc 
IT fexp (i v\? x)} c fem? 

\ exp (i 9\))x Ea i : B12 ae ; 

et ate) pa ( est un systeme multiplicativement orthogonal, normé et 
1 LIC 
borné; les prémisses de notre théoreéme sont donc satisfaites, par suite 

~ 
pour chaque k, ce qui éqivaut a (6). 
Il est a remarquer que, d’aprés notre théoréme, Il’hypothése de SIDON 
que (5) soit la série de Fourier de f(x) est surabondante; il suffit déja 
Vhypothése que les coefficients c, avec un indice représentable en forme 
n=.+-+y,, disparaissent. Cette remarque peut avoir un certain inteérét 


fom | <2500 


lorsque (5) est une série “trés lacunaire”. Si p. ex. = 2°, la différence 
entre cette hypothése et la prémisse originelle de SIDON est considérable. 


5. Il est aisé de construire des systemes {g,(x); bien différents du 
systeéme trigonométrique et du systeme de Rademacher, et tels que notre 
théoréme soit applicable aux développements suivant leurs fonctions. Mention- 
nons, a titre d’exemple, les systemes lacunaires de polyndmes orthogonaux. 
Soit ¢(x) =O une fonction presque partout positive et intégrable dans l’inter- 
valle [a, 6]. Il est connu que la “fonction de poids” 9 (x) détermine un systeme 
unique {p, (x); de polynomes orthogonaux et normés,' tels que p, (x) soit 


1 Bien entendu, les polyndmes p,,(x) sont orthogonaux et normés relativement @ (x), 


c’est a dire que 
: ieee enon! eae, 
| @ (X) P(X) P(X) AX — begin: 


a 
Dans ce cas, l’intégrabilité d’une fonction designe lintégrabilité relativement @ (x), ce qui 
ne change rien dans nos considerations. 
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exactement de degré n. Nous prétendons que le systeme lacunaire {p,, (x)} 
est multiplicativement orthogonal, si 7,41”, =q = 2. Car dans ce cas, en 
prenant un produit 

Pr, (X) Px, (X) a2 Pr, (X) (Vn, <n, Sa 
le produit des premiers m—1 facteurs est un polyndme de degre 


1 atria - 
] +—-+ OO ae = 74 i = Va 


g q 2 m-1 g 


=—+7 
Vr, ate Vig + tie at Vis = Vit =1 


par conséquent Pr, (X) est orthogonal 4 ce produit, c’est a dire que 


Jo (X) Pv, 2) Pr, (X) «++ Pin, (dx =0. 


a 


Ainsi, notre théoreme donne lieu au corollaire suivant: 


. Vrs x . r A 
Soit, 2 =e {P,,(x)} un systéme borné de polynomes orthogonaux; 
nr 
alors, St 
— 
>, Ce Pr, (2) 


n=] 


est le Il-développement dune fonction intégrable unilaféralement bornée, il 
Sensuit que 
@ 
el, 


al. | a 

Cyl < of. 
—_—_ ' 
n=} 


En tous cas, il faut remarquer que ce corollaire n’est pas tellement 
intéressant comme le théoreme de SIDON, parce que {p,(x)} n’est pas un 
systeme de Walsh engendré par un systeme lacunaire {p,.(x)}. La conver- 
gence de la série Yi\c,| n’est donc pas assurée par I’hypothese que les 
coefficients de f(x) suivant les polynémes p, (x) disparaissent a l'exception 
des coefficients c,. | 


- 
6. Nous allons maintenant construire une classe de systemes de fonc- 
tions que l’on peut considérer comme des généralisations naturelles du sys- 
teme de Rademacher. Soit a cette fin F(x) une fonction mesurable et bornée 


ee 


dans lintervalle 9 


qui n’est soumise qu’a la seule condition 


1 


(7) |r (x) ax ae 


{) 
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1 


Définissons ®,(x) par la relation ®, (x)= F(x) pour 0 =x 55 et 
Pen rem cera 
‘2 ere poul <lS5° 


La fonction @,(x) est alors définie en [0, 1] et nous 1I’étendons sur toute 

la droite en posant 
PD, (x+1) = ®, (x). 

Définissons maintenant, pour n— 2, 3,..., les fonctions @, (x) par induction: 
D,, (x) = D, (2"* x). 

(Les fonctions de Rademacher correspondent au cas spécial F(x) = 1.) 

On voit tout de suite que le systeme {@,(x)} est multiplicativement 
orthogonal. En effet, 7,< 1, <---<¥, étant des indices arbitraires, il s’ensuit 
par définition que le produit ®,, (x) @,,(x)...@,, (x) atteint toutes ses va- 
leurs dans l’intervalle [0, 1/2” '] et il se répéte périodiquement a l’extérieur. 
Comme 7; = 7,—1, ce produit a au moins deux périodes dans l’intervalle 
[0, 1/2”°*]; il est donc symétrique au centre £—- 1/2” de cet intervalle, tandis 
que @,, (x) est, par définition, anti-symétrique a &, c’est a dire que 

®, E+) =— ®,, (E—f) Ota. 
Ainsi, le produit @,, (x) M,,(x)...,, (x) est aussi anti-symétrique a &, par 
consequent 


yet 


| Dy, (x) Dy, (x)... By, (dx =0 


d’ott il s’ensuit immédiatement 
1 


} G(X) Qe Ke yy, (x) Oca 0 


Oo 
Le systeme {@,,(x)} est done multiplicativement orthogonal, borne et, en vertu 
de (7), normé. Il en résulte, d’aprés notre théoreme, une généralisation con- 
sidérable du théoreme de KACZMARZ—STEINHAUS: 


[ee] 


Si la série >> c, P, (x) est le II-développement d'une fonction intégrable 


[| 


unilatéralement bornée, alors 


oO 


& |x| < 2. 
Hel 


(Recu le 14 mai 1957.) 


4 Acta Mathematica VIII/8—4 
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UBER EINE VERMUTUNG VON G. HAJOS 


Von 
J. MOLNAR (Budapest) 
(Vorgelegt von G. Hajos) 


Wir erinnern an folgenden Satz von HELLy:! 

Es sei in der euklidischen Ebene eine Menge von einfach zusammen- 
hangenden abgeschlossenen und beschraénkten Bereichen vorgegeben. Ist der 
Durchschnitt von je zwei Bereichen zusammenhangend, und besitzen je drei 
Bereiche einen gemeinsamen Punkt, so besitzen sdmtliche Bereiche einen 
gemeinschaftlichen Punkt. 

Auf der Kugelflache ist dieser Satz nur unter einer gewissen weiteren 
Bedingung richtig.” Es lat sich die Frage stellen, ob es aufer der Kugel- 
flache und der damit homéomorphen Flachen noch weitere Flachentypen gibt, 
auf denen der Hellysche Satz in seiner urspriinglichen Gestalt nicht gilt. 
In diesem Aufsatz beweisen wir folgende Vermutung von G. Hajos: 


Es sei auf einer mit einer Kugelfldche nicht homéomorphen Flidche eine 
Menge von Elementarfldachenstiicken. Ist der Durchschnitt von je zwei Elemen- 
tarflachenstiicken zusammenhdngend und _ besitzen je drei Elementarfldchen- 
stiicke einen gemeinsamen Punkt, so besitzen sdémtliche Elementarfldchenstiicke 
einen gemeinschaftlichen Punkt. 


Im folgenden bedeute F eine mit einer Kugelflache nicht homéomorphe 
Flache. 
Der Beweis des obigen Satzes beruht auf folgendem 


HILFssATz. Es sei auf F eine endliche Anzahl von Elementarfldchen- 
stiicken so vorgegeben, daf der Durchschnitt von je zwei Elementarfldchen- 
stiicken eine aus wenigstens zwei Punkten bestehende zusammenhdngende 
Punktmenge ist, und der Durchschnitt von je drei Elementarfldchenstiicken 
nicht leer ist, so ist die Vereinigungsmenge der Elementarfldchenstiicke selbst 
ein Elementarfldchenstiick. 


1 E. Hetty, Uber Systeme von abgeschlossenen Mengen mit gemeinschaftlichen Punk- 
ten, Monatshefte f. Math. u. Phys., 37 (1930), S. 281~302. S. auch J. Motnar, A két dimenzios 
topolégikus Helly-tételrél, Mat. Lapok, 8 (1957), S. 108—114. 

' 2 J. MoxnAr, Uber eine Verallgemeinerung auf die Kugelflache eines topologischen 
Satzes von Helly, Acta Math. Acad. Sci. Hung., 7 (1956), S. 107—108. 

3 Wir brauchen den Begriff der. Flache im tiblichen Sinn. S. z. B. H. Semrerr und 

W. Turevratt, Lehrbuch der Topologie (Leipzig, 1934), S. 142. 
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Der Beweis geht durch Induktion. Wir bezeichnen die Elementarflachen- 
stiicke mit £,, &,,...,£, und beweisen den Hilfssatz zuerst fiir n 2. Wir 
bezeichnen den Rand von £; mit H;. Wir kénnen uns auf den Fall beschran- 
ken, daB H,c\zE,. Ist namlich H,c£;,, so ist entweder F,> F,, in welchem 
Fall der Hilfssatz trivial ist, oder gilt £,=> £,, in welchem Fall aber £,-+-&, 
eine mit einer Kugelflache hom6omorphe Flache ist. 

Im Fall H, c= £, besteht der Durchschnitt H,-£, aus gewissen Teilbo- 
gen t,,4,..., die sich auch zu Punkten entarten koénnen. Wir kénnen anneh- 
men, dai nur Bogen vorkommen, und diese aufier ihrer beiden Endpunkten 
keine weiteren gemeinsamen Punkte mit H, aufweisen. Im entgegengesetzten 
Fall lieBe nadmlich H, im Inneren von £, so von H, “abwickeln”, dag £,-E, 
weiterhin zusammenhdngend ist (Fig. la, b). Durch eine derartige “Abwick- 


Fig. la Fig. 1b 


lung’’ bleibt £, +- £, offensichtlich ungeandert. Wir behaupten, da die zyklische 
Reihenfolge der Teilbogenendpunkte auf H, auch auf H, eine zyklische Folge 
bildet. Das folgt daraus, dafi es unter den Teilbogen ¢,,t,,... keinen solchen 
geben kann, der zwei andere in £, voneinander trennt. Waren namlich 4 
und ¢, voneinander innerhalb £, durch ¢, getrennt, so gabe es einen ¢, und 
ft, innerhalb £,-£, verbindenden Bogen 6, da ja £,-F£, zusammenhiangend ist 
und die Bogen 4, ¢, enthalt (Fig. 2). Der so erhal- 
tene Bogen 6'mufi aber den trennenden Bogen f, 
iiberqueren, was unméglich ist, da 6 im Inneren von 
E, lautt und ¢, am Rande von EF, liegt. 

Also liegen die Bogen ¢,,f),... beziiglich HA, 
zyklisch und begrenzen mit den entsprechenden Bo- 
gen von H, je ein Elementarflachenstiick, die alle 
fremd zueinander sind. Folglich ergibt sich der 
Rand der Vereinigung £,+-£,, indem man aus H, 
die Bogen ¢,,4,... entfernt, und sie durch je einen, 
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dieselben Endpunkte verbindenden Teilbogen von H, ersetzt. Dies bedeutet 
aber eben, dai auch die Vereinigung F,+ F, ein Elementarflachenstiick ist, 


womit unser Hilfssatz fiir n=-2 bewiesen ist. 
n—-1 
. > XY) . PY os . . 
Setzen wir nun voraus, daB SE, ein Elementarflachenstiick ist. Wir 
i! 


wollen dasselbe fiir > E; zeigen. Mit Riicksicht auf die Giiltigkeit fiir n —2 
yt | 


= 
n-1 


33 . . a . . 
geniigt es zu zeigen, dafi der Durchschnitt D—E, >) E; eine aus wenigstens 
k=1 


zwei Punkten bestehende zusammenhangende Punktmenge ist. 

Da nach unseren Voraussetzungen E£,,-E; (i= 1,...,n—1) aus mehreren 
Punkten besteht, gilt dasselbe fiir D. Wir haben daher nur zu zeigen, daf 
D zusammenhangend ist. Greifen wir von D zwei beliebige Punkte A und B 
heraus. Wir k6nnen voraussetzen, dai A und B zu verschiedenen Elementar- 
flachenstiicken, E; bzw. £; gehéren. Dann gilt natiirlich auch A€£;-E, und 
B¢éE£;-E,. Aus unseren Voraussetzungen folgt einerseits, dafi die Bereiche 
E;-E, und £;-E, zusammenhangend sind, und anderseits, dai £;, Ej, E, 
einen gemeinsamen Punkt P besitzen. Dieser Punkt P lafit sich also in D 
sowohl mit A wie mit B verbinden. Folglich ist D zusammenhangend. Damit 
ist unser Hilfssatz bewiesen. 

Es ist beachtenswert, dai jede Bedingung unseres Hilfssatzes ndtig ist. 
Die Vereinigung ist kein Elementarflachenstiick, falls 1) der Durchschnitt aus 
einem einzigen Punkt besteht (Fig. 3), 2) der Durchschnitt nicht zusammen- 
hangend ist (Fig. 4). 


i] 
| 


Fig. 3 


Wenden wir uns dem Beweise unseres Satzes zu. 
Auf Grund eines bekannten Satzes von F. Riesz‘ kénnen wir uns auf 


4 Der Satz von Riesz lautet: Gibt es in einem kompakten Raume eine Menge von 
geschlossenen Mengen derart, da§ der Durchschnitt von je endlich vielen nicht leer ist, 
SO ist der Durchschnitt aller dieser Mengen nicht leer. (S. z. B. B. KeréxjArto, Vorlesun- 
gen iiber Topologie. I (Berlin, 1923), S. 37.) 
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den Fall beschranken, daf nur endlich viele Elementarflachenstiicke vor- 
handen sind. 

Setzen wir zunachst voraus, dafi der Durchschnitt von je zwei Elemen- 
tarflachenstiicken wenigstens zwei Punkte enthalt. Dann ist nach unserem 
Hilfssatze die Vereinigung der Elementarflachenstiicke selbst ein Elementar- 
flachenstiick, wodurch die Giiltigkeit des Hellyschen Satzes (in seiner 
urspriinglichen Gestalt) gesichert ist. 

Besteht etwa £,-F, aus einem einzigen Punkt A, dann gilt — wegen 
der Voraussetzung, dali je drei Elementarflachenstiicke einen gemeinsamen 
Punkt aufweisen — A € E,-E,-E;,d.h. A€ £;. Da ist die Giiltigkeit unseres 
Satzes auch in diesem Fall bewiesen. 


(Eingegangen am 11. Juli 1957.) 


UBER EINE UBERTRAGUNG DES HELLYSCHEN SATZES 
IN SPHARISCHE RAUME 


Von 
J. MOLNAR (Budapest) 
(Vorgelegt von G. Hajos) 


In einer vorigen Arbeit [7]' habe ich bewiesen den folgenden 

SATZ A. Ist auf der Kugelflache eine beliebige Anzahl von einfach zusam- 
menhangenden Bereichen* so vorgegeben, dafi der Durchschnitt von je zweien 
zusammenhangend ist, der Durchschnitt von je dreien nicht leer ist, und je 
vier die Kugel nicht ganz bedecken, so ist der Durchschnitt simtlicher Be- 
reiche nicht leer. 

Im vorliegenden Aufsatz schliefen wir uns zu Untersuchungen von 
H. W. E. Juna [5], C. V. Rosinson [8], [9] und Gy. Soos [11]. 

Im ersten Teil geben wir eine Anwendung des Satzes A auf volle kon- 
vexe Flachen, wahrend wir im zweiten Teil unsere Aufmerksamkeit auf 
mehrdimensionale spharische Raume richten. 


1. Eine zusammenhangende Komponente der Berandung eines konvexen 
Korpers wird volle konvexe Flache genannt. Es laft sich zeigen, daf eine 
solche Flache entweder mit der Ebene oder mit der Kugel oder mit dem 
Zylinder homéomorph ist.” 

Eine abgeschlossene beschrankte Panemerige einer vollen konvexen 
Flache wird konvexer Bereich genannt, wenn zwei beliebige Punkte der Menge 
sich eindeutig durch eine kiirzeste Flachenkurve verbinden lassen und diese 
Kurve zur Menge gehort.* 


‘ 1 Eckige Klammern verweisen ae das Literaturverzeichnis am Ende der Arbeit. 

2 Unter einem Bereiche verstehen wir im folgenden stets eine beschrankte abge- 
schlossene Punktmenge. 

3 A. D. Avexanprow [1], S. 475. 

4Diese Erklarung eines konvexen Bereiches ist nicht mit derjenigen von A. D. 
Atexanprow ({1], S. 94) identisch, die auch mehrfach zusammenhangende Bereiche erlaubt 
(z. B. auf Zylinderflachen einen Zylinderring). Man kann leicht zeigen, da6 mit der Alexand- 
rowschen Erklarung der Hellysche Satz nicht einmal unter der Nebenbedingung gilt, dab 
je vier Bereiche die volle konvexe Flache nicht iiberdecken. Im folgenden Gegenbeispiel besteht 
die volle konvexe Fliche aus einer von einer Seite mit Halbkugel abgeschlossenen Zylinder- 
flache. Die ,,konvexen“ Bereiche seien drei kongruente, die Halbkugel tiberdeckende spha- 
rische Dreiecke und ein zu diesen anschlieSender Zylinderring. Diese vier Bereiche haben 
keinen gemeinsamen Punkt. 
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Da der Durchschnitt von zwei konvexen Bereichen ebenfalls ein konvexer 
Bereich ist, und die Ebene bzw. der Zylinder mit der einmal bzw. zweimal 
punktierten Kugelflache homdomorph ist,” haben wir mit Riicksicht auf Satz A 
den folgenden 


Satz I. Ist auf der vollen konvexen Fliche eine beliebige Anzahl von 
konvexen Bereichen so vorgegeben, dap der Durchschnitt von je dreien nicht 
leer ist, und je vier die volle konvexe Fldche nicht ganz bedecken, so ist der 
Durchschnitt sdémtlicher Bereiche nicht leer. 


Dieser Satz schlieit gewisse Untersuchungen von Gy. Soos [11] ab. 


2. Wir beweisen zunachst den 


Satz Il. /st im n-dimensionalen spharischen Raum eine beliebige Anzahl 
von konvexen Kérpern so vorgegeben, dafs der Durchschnitt von je n--1 nicht 
leer ist, und je n+2 den sphdrischen Raum nicht bedecken, so ist der Durch- 
schnitt sdmtlicher Korper nicht leer. 


Der Beweis ist analog zum Beweis des Satzes A. Mit Riicksicht auf 
einen Satz von F. Riesz” gentigt es ihn nur fiir eine endliche Anzahl von 
Bereichen zu beweisen. Dies geschieht durch Induktion. Fiir n+ 2 Bereiche 
folgt der Satz unmittelbar aus der Tatsache, dali der einmal punktierte n-di- 
mensionale spharische Raum mit dem n-dimensionalen euklidischen Raum 
hom6omorph ist,’ so dali die Behauptung sich aus dem bekannten Hellyschen 
Satz> ergibt. Wir setzen nun die Giiltigkeit fiir k >n-4+-2 Bereiche voraus. 
Wir betrachten den Durchschnitt B,— B,-By.. und behaupten, daB B,,B.,... 
.. 5,1, B, den Bedingungen unseren Satzes Geniige leisten. Es folgt namlich 
aus dem schon bewiesenen Fall k—n-+-2, dah B,,-B),-++B),-B. = Bi, Bi: 
0) By Bi Buys (Ai=1, 2,...,—1) nicht leer ist. Wegen der Voraussetzung 
kénnen auch 5,,, B),,...,6,,,,, 8. den n-dimensionalen spharischen Raum 


nicht bedecken, da ja B, © B, gilt. Folglich ist der Satz fiir die * konvexen 
Bereiche B,,B,,..., B,-1, B,; anwendbar, d.h. sie haben: einen gemeinsamen 
Punkt. Dasselbe gilt dann auch fiir die +1 Bereiche B,, B,,..., By, Brit. 
Damit ist der Beweis beendet. 

Aus Satz II ergibt sich leicht folgender Satz von ROBINSON: " 


5S. z. B. Serrert—Turecrart [10], S. 27—28, 

‘Der Satz von Riesz lautet: Gibt es in einem kompakten Raum eine Menge von 
geschlossenen Mengen derart, da der Durchschnitt von je endlich vielen nicht leer ist, SO: 
ist der Durchschnitt aller dieser Mengen nicht leer. (S. z. B. KeréxjArto [6], S. Si) 

7S. z. B. Seirert—Turevrate [10], S. 27—28. 

SHetry [4] 

® Ropinson [9]. Siehe auch BiumentHar [2], S. 203. 
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Lassen sich je n+2 Punkte einer Punktmenge des n-dimensionalen 
spharischen Raumes durch eine Kugel vom Radius 0 <- > liberdecken, so lapt 
‘sich die ganze Menge durch eine Kugel vom Radius 0 bedecken.” 


BeEWEIs. Schlagen wir um jeden Punkt der Menge eine Kugel vom Radius 
0, so besitzen offenbar je n--2 einen gemeinsamen Punkt. Diese n -+-2 Kugeln 
konnen aber den Raum nicht bedecken, da der zu dem gemeinsamen Punkt 


der Kugeln antipodische Punkt — mit Riicksicht auf 0 < = =. 7. keinem 


dieser Kugeln gehdrt. Dann besitzen aber nach Satz II samtliche Kugeln 
einen gemeinschaftlichen Punkt und die um diesen Punkt mit dem Radius 0 
geschlagene Kugel enthalt samtliche Punkte der Menge. 

Als eine zweite Anwendung des Satzes II erwahnen wir folgenden 


SaTZz Ill." Lassen sich je n-+-1 Punkte einer Punktmenge des n-dimen- 


: a : eee 
sionalen sphdrischen Raumes durch eine Kugel vom Radius 0 < arc cos aoe 
n-- 
iiberdecken, so ladpt sich die ganze Menge duich eine Kugel vom Radius 0 
bedecken. 


BEwEIs. Es geniigt zu zeigen, dai um je n-++-2 Punkte der Menge 
geschlagene Kugeln vom Radius @ den Raum nicht iiberdecken. Dies ist aber 
eine unmittelbare Folgerung eines Satzes von L. FEJEs TOTH,” nach dem der 
Radius von n+ 2 kongruenten Kugeln, die den n-dimensionalen spharischen 

] 
Raum iiberdecken, = arc cos Eel ausfallt. 

Aus der zweiten Anwendung ergibt sich leicht folgendes sphdrisches 
Analogon des wohlbekannten Jungschen Satzes : 


Satz IV. Ein im n-dimensionalen sphdrischen Faum liegendes Punkt- 


system von Durchmesser D < are cos © [apt sich stets durch eine solche 


n+] 


10 Betrachten wir in unserem n-dimensionalen spharischen Raum die n-+-2 Ecken 
eines regularen n+ 1-dimensionalen Euklidischen Simplexes, so zeigt dieses Punktsystem, 
daB in diesem -Satz die Forderung der Uberdeckung von je n-+-1 Punkten nicht geniigt- 

1 Fiir n=2 vgl. Ropinson [9], S. 266 - 268. 


1 . 
12 arc COs - i bedeutet den Radius der Umkugel von n—- 1 Punkten des in !° be- 
ei 
trachteten Punktsystems. 
13 Feyes Tor [3]. 
14 June [5]. 


15 arc cos ——_ bedeutet den Abstand von zwei Punkten des in! betrachteten 
n 


Punktsystems. 
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Kugel tiberdecken, die dem regelmidpigen (n-+-1)-Simplex mit der Kantenldange 
D umschrieben ist. 


Bewels. Mit Riicksicht auf unser voriges Resultat geniigt es zu zeigen, 
daf je n+-1 Punkte unseren Punktsystems sich durch die Umkugel des regu- 
laren Simplexes S der Kantenlange D iiberdecken lassen. Um dies einzusehen, 
betrachten wir den durch die n-++-1 Punkte aufgespannten euklidischen Raum. 
Nach dem Jungschen Satz lassen sich diese n+-1 Punkte durch die eukli- 
dische Umkugel von S iiberdecken. Dieser Raum schneidet aus dem spha-. 
rischen Raum eine (sphdrische) Kugel aus, die die n-+1 Punkte enthalt und 
die offensichtlich nicht gréfer ist als die Umkugel von S. Damit ist unser 
Beweis beendet. 


(Eingegangen am 11. Juli 1957.) 
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ON A PROBABILITY PROBLEM 
CONCERNING TELEPHONE TRAFFIC 


By 
L. TAKACS (Budapest) 
(Presented by A. Rény1) 


1. Summary. Let us suppose that at a telephone center calls are arriv- 
eerie oe Wisiaills 7, T9,.5., tn,» (0 Ty St Sree TT, SS ox) where 
Trt —T, (N=1,2,3,...) are identically distributed independent positive 
random variables with distribution function F(x). There are m available 
channels. Suppose that a connection is realised if the incoming call finds an 
idle channel. If all channels are busy, then the incoming call is lost. It is 
supposed that the durations of the connections are identically distributed 
independent random variables which are independent also of the process {7,,} 
and have the following distribution function: 

\ ler it x0, 
LUG Goa if x <0. 


Denote by 7(¢) the number of busy channels at the instant ¢. Define 
7;(t, —0) =7,,. The sequence of random variables 7, (n—1,2,...) forms a 
Markov chain. There exists a limiting distribution lim P {7,—j} =P, 


(j =0,1,...,m) and it is independent of the initial distribution of 7,. Sup- 
pose that P{7,—j} = P; (j=0,1,..., m), then {7} is°a stationary Markov 
chain; let us denote this by {77}. fa case of the stationary Markov chain {7j;} 
denote by //,, the probability of a call being lost. (Clearly //,, = P.,,.) 

C. PALM [9] proved that 


n=; - (ite 12 one.) 
(a) Se 
y=) Pi: 
where the empty product means 1 and 
(2) pu | et dF(x). 


0 
The aim of the present paper is to give a simple proof of (1) and to 
show that the above problem is identical with a servicing problem. 


2. Introduction. In an earlier paper [13] the author determined expli- 
citly the distribution {Pj} (7/0, 1,...,m). But unfortunately it escaped my 
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attention that C. PALM [9] and F. Poctaczek [11] have dealt also with this 
problem. I am indebted to Mr. R. Syski for calling my attention that C. PALM 
and F. POLLACZEK have determined the probability //,, earlier.* At present we 
shall determine //,, in such a way which is simpler than that given 
by C. PaLm and F. PoLtaczex. Actually, the present proof is simpler than 
that given in [13], although there the aim was to determine the full distribu- 
tion {P;}. The present proof is based on a method given by H. ASHCROFT [1] 


3. The probability of a call being lost. Let us consider the stationary 
Markov chain {7%} (n= 1, 2,3,...). Following PALM let us suppose that the 
channels are numbered by 1, 2,..., and an incoming call realises a con- 
nection through that idle channel which has the lowest serial number. This 
assumption does not restrict the generality since the value of //,, is independent of 
the system of the handling of traffic. Define //,. (r= 1, 2,..., m) as the probability 
that an incoming call finds the Ist, 2nd,...,rth channel to be busy. Denote by 
I’. (r= 1, 2,..., m) the expectation of the random number which shows that after 
a call finding the Ist, 2nd,...,7th channel to be busy, which is the first 
call which finds the Ist, 2nd,...,rth channel also to be busy. Consequently, 
I’, is the expectation of the random number which shows that after a loss- 
call which is the number of the next loss-call. It follows easily from the 
theory of Markov chains that /).==1///, (r==1, 2,...,m) and particularly 


(3) Lina la: 


Thus the problem is reduced to the determination of /’,,. We can write easily 
TObs heel Hoe eats lat 


(4) Le read PU gts Or e(hu ile) ea Ta. Tih tL pg pv sesrele) 
where 
(5) q,.;> ; | e-Dur(] ed F(x) (j=200] ean 


0 

Namely, let us consider a call which finds the 1st, 2nd,..., rth channel 
to be busy. In order to get /;. the next call always must be taken into account 
If during the time interval between the two mentioned calls exactly / connections 
(j= 1, 2,...,7) come to an end among the connections taking place in the 
Ist, 2nd,..., 7th channel (the probability of which is ga), then under this 
condition the expectation of the number of the further calls until the first 
call which finds the Ist, 2nd,...,rth channel to be busy is Z}..z¢:+-+>+ Ty; 


* Further we remark that J. W. Conen [2] has obtained nearly simultaneously the 
same results as the author [13] and so Conen’s paper contains also the explicit form of JI 


m © 
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the role of the channels in the group (1, 2,...,r) being interchangeable. We 
obtain (4) by the theorem of total expectation. 


REMARK 1. C. PALM [9] considered also the expectations J’, (r= 1, 2, ..., m) 
but he determined these by stating a system of integral equations for the 
distribution functions of the inter-arrival times between the calls in question, 
Further we remark that the expectations /’. may be defined for all positive 
integers r. Namely, the group consisting of the Ist, 2nd,..., rth channel 
forms a full group of r channels and the operation of this group is indepen- 
dent of the operations of the other channels. Thus it can also be allowed 
that the number of the channels is infinite. We investigate, however, only the 
group consisting of the Ist, 2nd,..., mth channel. 

- The unknown J’. (r—1,2,...,7) can be determined easily from (4) 
by the aid of the calculus of finite differences. (Cf. CH. JORDAN [4].) Following 
H. AsHcrorT [1] we proceed as follows: 

buted = 1, Deine f,==Orand Tyg =f 9-7 | +--- +, (fF =0, 1,:.., 77). 
Express the /”s in (4) by 7’s and take into consideration that 


ee o- 1, 
then we obtain 
6)  Pidorateah 


Define the difference operation 4 as usual. Then we can write 


(7) rad 1 |i I 


j=0 

where 4°77, =1,—1. Thus it is sufficient to determine the unknowns 4’/;, 
(1. 2e., mi). Since; 1g—47,,' we have diy 2/7" 7. As. it is’ well 
known we can write 


(8) sity= > (—y(1 |r, 
Substituting (6) in & and using the nel 

ae J 
(9) Ser (A) an Co (4 | 


we obtain aes =| 
MN T= a a S- Le i i Pa, G r-k te el, >; bho oo (a1) : z r OG yeke = 


= See (E) na ncanntan 
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Hence 
j— 


j+ se Pi aol 
(10) Mi T, = — = Ai Ty (j= 132,26, 72)). 


By applying this formula repeatedly and using 47,—/)=1 we obtain 


oy ; 1—4q, 1—q, 1— gq; 
At Pe Tee 483 
my fy f2 Ne] 


and according to (7) 
: oat 
(12) 23 wy ae (65152, sence 


Finally, Ty, =1/P», what is in aecinent with (1). 


REMARK 2. The expectation of the number of the busy channels at a 
moment when a call occurs, is (cf. [13]) 


me 


E {ii} = D/P) = ag (1M. 
A} ={) 
If we define the process {7(¢)} for all ¢, then it can be shown that the 
limiting distribution lim P{7(4) =/} =P; (j=0,1,...,m) exists when F(x) 
t+>o 
is not a lattice type distribution and «¢ == | xdF(x)< oo. The distribution 


{P*} is independent of the initial distribution of 2;(0). (Cf. [13].) In this case 
we can define-a stationary process supposing that P {1"(0)—/}—P; 
(j=0,1,...,m). For a stationary process {7/*(t)}: the expectation of the 
number of the busy channels at an arbitrary instant f¢ is 


E{°(0) = SiP =, 


j= 


which can be shown also in a heuristic way. 


4. A connected servicing problem. Suppose that m-+-1 automatic 
machines are serviced by a single repairman. The machines are working 
continuously, however, at any time a machine may break down and call for 
service. We suppose that if at time ¢ a machine is working, the probability 
that it will call for service in the time interval (¢,¢+4-4?) is «dt+ o(4t) for 
each machine. We assume that the machines work independently. If a machine 
breaks down it will be serviced immediately unless the repairman is servicing an- 
other machine, in which case a waiting line is formed. Assume that the repairman 
is working if there is at least one machine in the waiting line. Suppose that the 
times required for servicing of the machines (service times) are indentically 
distributed independent positive random variables with distribution function 
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F(x). Let us denote by &(t) the number of machines working at the instant ¢. 
Denote by 1), t,...,,,... the endpoints of the consecutive service times. Put 
E(ct,—0)=§&,. The random variables {&,' (n—1,2,3,...) form a Markov 
chain and there exists a limiting distribution lim P{§, —-/! — P; (j=0,1,..., m) 


which is independent of the initial distribution of &. According to an earlier 
work [14] of the author, it can be established that the distribution {P;} is 
exactly the same which has been considered in Section 1. Now if we define 
also a stationary Markov chain {&}, then this Markov chain shows the same 
stochastic behaviour as the chain {7%} defined in Section 1. 

Denote by G,,,; the expectation of the number of services in a service 
period. Evidently we have Gnii=1/Pm, i. €. Gus agrees with ©, defined 
in Section 3. The explicit form of G,,,, was determined by H. AsHcRoFT [1] 
and earlier by R. KRONIG and H. MONDRIA [7]. 

The. mentioned servicing problem was treated first by A. JA. KHINTCHINE 
[5], but he did not give an explicit solution. The particular case when F(x) 
is an exponential distribution function was solved by several authors (cf. 
W. FELLER [3], p. 379). 


REMARK 3. If we define the process {&(f)} for all ¢, then it can be shown 
that the limiting distribution lim P{&(f)=—/}— QF (/—0, 1,..., m+-1) exists 
t-> co 


@ 


Well == | xd F(x) < ~~. The distribution {Q?} is independent of the initial 


distribution of §(O) (cf. [14]). In this case it is possible to define a stationary 
process {&*(t)}. For the stationary process the expected number of the machines 
working at an arbitrary instant ¢ is 
m+1 , | 1)G 
c* Vee ee eee (m-+- 1) bn geet (m+ m+1 
EO; = IQ Py, +(m+ lew 14+ (m4 leuGna 


which can be shown also in a heuristic way. 


’ 


5. Remarks on Erlang’s formula. If, in particular, {v,,; forms a Poisson 
process with density 4, then by (1) we obtain 


which is the well-known ERLANG’s formula. 

It is to be remarked that the above formula is valid also in the case 
when {v,} forms a Poisson process with density 4 and A/(x) is an arbitrary 
distribution function with mean 1/u. 
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| take the opportunity to correct my Remark 1 in [13]. When I was 
writing my paper [13], then I believed that under general conditions the 
proof of ERLANG’s formula is still missing. | am indebted to Mr. R. SYSKI 
who kindly called my attention that earlier F. PoLttaczek [10], C. Pam [8], 
L. Kosten [6] and others have given proofs for ERLANG’s formula. Further I 
should like to remark that recently B. A. SEvASTJANOV [12] has given an 
exact proof for ERLANG’s formula. 
MATHEMATICAL INSTITUTE 
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ON A-QUEUEING PROBLEM 
CONCERNING TELEPHONE TRAFFIC 


By 
L. TAKACS (Budapest) 
(Presented by A. Rény1) 


Dedicated to the memory of A. K. Ertanc on the occasion of the anniversary 
of his 80th birthday, Ist January 1958 


1. Summary. Let us suppose that at a telephone center calls are arriy- 
Po PneAUSIAGS Ty, Ta,..., Tm, -+ -(O< ty < tT <->» <_< 0c). There are m 
available channels. Suppose that a connection (conversation) is realised if the 
incoming call finds an idle channel. If all channels are busy, each new call 
joins a waiting line and waits until a channel is freed. (Waiting system.) 

The following assumptions are made: 

A) The instants {v,} form a sequence of recurrent events, i. e. the time 
differences t,.1—t, (n= 1, 2,3,...) are identically distributed independent 
positive random variables. Denote by F(x) their common distribution func- 
tion. Suppose that 


a | xd F(x) < 0c 


and put 


@ 


p(s) = |e" d F(x) 
() 
for non-negative real s. 


B) Denote by vy, the duration of the connection which is realised by 
the call arriving at the instant v,. It is assumed that the y (n= 1, 2,3,...) 
are identically distributed independent positive random variables which are 
independent also of the process {t,}, and that they have the following dis- 


tribution function: 
fea Lax an 0; 


Pin SU) 9 if x <0. 


Denote by 7(¢) the total number of the busy channels and the calls in 
the waiting line at the instant ¢ and put 7)(t,—0)=7, (n=1, 2,3,...). 
We say that the system is in state E, (kK=0,1,2,...) at the instant ¢ if 
7 (t)=k. If the system is in a state E, where k = m, then k& connections are 
going on; however, if k>m, then only m connections are going on and there 
are k—=m calls in the waiting line. 
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We shall determine the limiting distribution lim P {7:—k; =P, 


n->@ 


(k—0,1,2,...) which exists independently of the initial state if meu > 1. 
Further we shall show that if m@mw>1 and F(x) is not a lattice distribution, 
then there exists the limiting distribution lim P {7(t)—*}— Py indepen- 


to 


dently of the initial state. Next we shall define a stationary process {7(f)} 
for which P {7)(t)—=k}= P; for all f (Q=t< ~), and we determine G*(x), 
the distribution function of the waiting time for an arbitrary call. 

2. Introduction. Several authors (A. K. ERLANG [2], E. C. MOLINA [8] 
and A. N. KOLMOGOROV [6]) treated the above problem in the particular case 
when the incoming calls form a Poisson process, i. e. F(x)=1—e’” if 
x =O. The general case when F(x) is arbitrary, was treated by D. G. KENn- 
DALL [5]. KENDALL proved the existence of the limiting distribution {P,} when 
mau>l, but he did not determine the explicit form of {P,}. He showed 
only that the probabilities P,,, Put, Pii2,... form a geometric series with 
known quotient. Further he proved that G*(x) is an exponential distribution 
with an indefinite parameter. 

Finally, we remark that in paper [9] we dealt with an analogous 
problem supposing that an incoming call is lost if all channels are busy. 
(Busy-signal system.) 

3. The determination of the limiting distribution {P,'. We shall 
prove the following 

THEOREM 1. /f mau~>1, then the limiting distribution lim P{n, =k}= 


: ; : ik—> OO 
—P,(k 0,1, 2,...) exists and is independent of the initial state. We have 


m1 i 
; eM A 
(1) Pes By (eal) bbe (kK=20; lynsey a1), 
Awk-™ (k=m,m-+1,...). 


Here w is the only root of the equation 
fee) 


(2) Jemed-2d F(x) =a 
1) 


for which 0< <1 and 
a 


(3) [iad Che ae es sao 
jar C; 1— ¢,) m(1—o)—j 
where 
m 
(4) 195 » | J | : | m(1—9)—j 
l= j= C;1— gq) aT aa 
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with the abbreviations 


(5) CM ET Ai 
: iI—q, a7, [ery 


and 
(6) gj = Jesu d F(x). 
If we introduce i 
(7) B=" )P., 
k=r f 
the r-th binomial moment of {P,\, then we have 
A 1{ 7 , f 
ites aes S & Ieee es 
8 os j= i L 
( ) , es @’- m ke a 
eda. 2 f=". 


PRoorF. It is easy to see that the sequence of random variables {7} 
(a= 1,2,3,...) forms a Markov chain with transition probabilities 
P {7,,,;=*|n, =J} =P, where 


eolae \ ge (jee wet Sd F(x) if “j <n, 


0 


raat we pais 
(9) P= (| forme] [Hem —eney™tmudy] ar (9 
0 


i—j2am and k<m; 


+1 
—~ dF (x) if jam and k2m. 


Under the condition that the inter-arrival times are constant and equal to x 
let us denote by -7;,(x) the transition probabilities. Then in the general case 


[s0) 


P| tn (OPE). 
O 


If we suppose that ma@u>1, then it can be shown that the Markov 
chain {n,} is ergodic. The details of the proof can be found in the work 
[5] of D.G. KENDALL. Thus the limiting probabilities lim P (7, =k} =P, 


(k=0, 1, 2,...) exist and are independent of the initial distribution of 7). 
The limiting distribution {P,} is uniquely determined by the following system 


5* 
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of linear equations: 


(10) P= 2 BaP, 
and 
NE Pee 


(cf. W. FELLER [3], p. 325). 
First of all following KENDALL let us consider the equations (10) for 


k=m. So we have 
ies) 
es 3 
7 MUX 
P, = pee Phat | e7mpe ( ia 
yv—V 


0 


dF(x) if k=m. 


Choose the positive real «= 1 such that 


| e-mul-a=d F (x)= o. 
0 
If mau>1, then there exists only one such m with O<m<1. Namely, 
¢ (0) = 1, ¢’(0)=—e and ¢(s) is monotone decreasing if O=s<~, 
Now if we suppose 
(11) Pes Aa (k = m), 


then we see that the equations (10) are satisfied if kK>m, and if kK—m, 
then we obtain P,,1—A/m. Hence A— P,,,~. It remains only to determine 
the unknown probabilities P,, P,,...,P,-1. Let us introduce the following 
generating function: 


m-1 


U(2z)=> 2, Pr 2. 
Then from (10) we obtain 


@ 


(a2) Li t2) | (l—e#e + gee*) U1 —e¥* 4 ze#*) od F(x) + 
+ A Vem HOU (e-HY—_e-H@ 1 ze-ET)" mudy dEX) = AS 
By (1 1) 0 ) 
ml ede A 
(13) U(1)= >) Pp =1— D/P, = Be omer 
k=0 k—=m es (3) 


Let us introduce the following notation: 


Pid 
eee (j= 0, 1,..., m—1). 


Saas ae See 
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Then we obtain by (13) 
(14) Cen 


1—«’ 
and by j-times differentiating (12) and putting z—1 we obtain for 
i= 1 2.2 m—l 
U; —= U; Pj =e U; 1 fj pa A (" | m( Norck Nee 
using gy (mu (1—~)) =o. Thus are 


eee 
15 a SU 
(19) 1 1—g; 7" (19) 
This is a linear difference equation of first order with variable coefficients 
which can be solved easily (cf. CH. JORDAN [4], p. 583). Define C,—1 and 


m(1—9i)—F 
mAi—o)—/.- 


eee Fed a gh 
a) erate 


and divide both sides of (15) by C;, then we obtain 
m 
a") 
Oj Uj-1 = nie ie 
C; Cj-1 Cj (1 os i) 


Summing up this formula for 7—r-+1,...,m—1 and taking into consider- 
ation that) Up-1—=Pn-1—A/w, we obtain for r—O, 1, 2,..., m—1 


m(1—¢)—J | 
mii—o)—j] 


m 
(16) anos 7 ulead 
Cre eae CG (—g,) into) — J 1 
Ge A 
lf r= 0, then by (14) ot ee pas and comparing this with (16) 
for r—O we obtain ; 
1 . 
A= a a 
vemel 
1 as. Be eet 
12 et CG) i l= @)— J 


what proves (4). 
Thus U(z) is uniquely determined. The unknown probabilities 


P, (k=0,1,...,m—1) can be expressed as 
igh | ee 
8 dz" Je= 0. 


Py, 
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The derivatives 
d’U (2) 
dz" Jz=1 


are known and by means of these we can get easily that 


(r=0)130 71) 


U.=—| 
ri\ 


m-1 


P= S(-*|{f|U,  (7=0,1,-..m—1) 


rk 
what proves (1). 
The binomial moments B, (r= 0,1, 2,...) can be determined by the 
aid of the generating function 


e Ty ae S — ec ieee 
U (= 2 Prz = U(z)+ 1—omz- 
Hence 
ely c.g D3 (- = A W{m)\( o VY? 
Bhs x de ae Bt rally lec) 


wher@..U,=—=Oell Fa. Lise pravess( a. 
EXAMPLE. Let {tv} be a Poisson process with intensity 4. Then 


Me Ag\ des er EX cee 
EOE oi Praa Ie nie 


«@— 1/4 and p(s)=4/(A+s). lf 4< mu, then there exists a limiting distrib- 
ution {P)}. Since by (2) we obtain « —4/mwu, consequently 


i ae 
a7 ls (j=0, 1, ...,m—I), 


P, inive 
J |] 1 | ” 
A ae f= We es) 
where 
1 | ) ) 
! 
A m-1 re — = ; 
No! | ag i 1 [4 ) l 
per Oe REL m!\ ua <9: 
| my 
namely in (4) 


m(1—o)—/ " ALS he 
and 
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4. The determination of the limiting distribution {P%}. So long 
we did not deal with the role of the instant +, of the first call in the time 
interval (0, ©). Now let us suppose that 7, is an arbitrary random variable 


which is independent of the other random variables in question. 


THEOREM 2. /f ma@u>1 and F(x) is not a lattice distribution, then the 
limiting distribution lim P {7 (t)=k} = Pt (k=O, 1, 2,...) exists and is in- 


t>o 


dependent of the initial state. We have 


m-1 
ee es fat 
Meu GM Fan i; m 
Reet nrc: 
(17) ares jhe ic kU ee ends 
pr Pet if Kea, m1, ..-. 
mau 


We need two lemmas. 


LEMMA 1. Denote by M,,.(t) the expectation of the number of transitions 
Ey, — Exvs (k=0,1,2,...) occurring in the time interval (0,¢]. If mau>1 
and F(x) is not a lattice distribution, then for all h>O we have 


M, (t+h)—M,. (t) _ P, 
, ea: 


eee 


(18) lim 


t-> a 


Proor. The time differences between consecutive transitions FE; —> Ej 
are, as it can easily be seen, identically distributed independent positive 
random variables. If F(x) is not a lattice distribution, then these random 
variables are not lattice distributed either. If mam>1, then these random 
variables have a finite expectation «/P;,. Under these conditions according 
to an easy extension of a theorem stated by D. BLACKWELL [1], it follows 
that (18) holds and this limit is independent of the initial value 7(O). It 
remains to prove that the expectation in question is @/P,. Let us consider 
the Markov chain {7),'. The state £;, is a recurrent state and the expectation 
of the recurrence step number is 1/P, (cf. W. FELLER [3], p. 325). As trans- 
itions E,— E,.1 occur only at such instants 7, (n= 1, 2, 3,...) for which 
Hin==k, consequently the expected number of steps between consecutive 
transitions E,—> Exi1 is 1/Py. The expectation of the length of each step is 
«@ and so using the Markov character it follows by the aid of the known 
theorem of A. WaLD (cf. A. N. KoLmMocorov and Yu. V. PRoHOoROv [7]) that 
the expectation of the time differences between consecutive transitions 
E;, => Epsa is « This. 


‘ 
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Now we can write 
t 


(19) P{n(t)=—k} = > j tj, (t— u) [1 —F (t—u)] dM; (uv). 


) 


Namely, the event 7(¢)— can occur in the following mutually exclu- 
sive ways: at the instant uw (where O=u=f) there occurs a transition 
E;> Ej. (j—k—1,k,...) and the next call occurs after the instant ¢ (the 
probability of that is 1—*F(t—uw)) and in the time interval (uw, f) 7+ 1—k 
connections terminate and k connections do not terminate (the probability 
of that is 27, (f—uw)). Finally, (19) follows by the total probability theorem. 

Using (18) we obtain from (19) by estimating the lower and upper 


approximative sums of the integral that lim P {7(t)—k}— FP; exists and it is 


t+>o 


independent of the initial distribution of 7 (0). We obtain 


(20) A= > BP, 
j=k-1 
where 
mle 
(21) pir ——- | atx (X) [IF @)] dx. 


0 


So we obtained an explicit form for the distribution {Pz} but it can be 
given also in a simpler way. 


LEMMA 2. Denote by N,.(t) the expectation of the number of transitions 
Ex. Ey1 (k= 1, 2,3,...) occurring in the time interval (0, t]. If meu>1 
and F(x) is not a lattice distribution, then we have 


\kKeiPe. df. ke am, 
oe | i 
es ae Ne() (muP;, if k=m. 
It is easy to see that 


Ni, (t+ 4t)= Ni. ()+P(n()=kK kudt+o(4t) if k=m 
and : 


Ni: (f+ 4t)= Ni. (t) + P (4 (f) =k} mu dt+o(4t) if k=m. 
As lim P (7 (t) =k} = Pi: exists, (22) follows. 


t->@ 


PROOF OF THEOREM 2. Since the difference of the number of transitions 
E;,1— E, and E> £;.., occurring in the time interval (0, ¢] is at most 1, 
it holds 


(23) |Mi-1(t)—Ny (t)| S 1. 
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As from (18) 


lim Mir) Pr 
to a 


and from (22) 
Ni (f \ke Pi if kSm, 


hie 


Bent emi ire it kK =m, 
we obtain (17) by (23) where particularly Pj =~ 1— >? P*. 
| 


5. The stationary process. Denote by £(f) the distance between the 
instant ¢ and the instant of the next call. The conditional limiting distribu- 
tions are described by the following 


THEOREM 3. /f meuw>1 and the distribution function F(x) is not of 
lattice type, then the limiting distribution 


(24) lim: PAC (ty = x17 (f) =k} = Fy (x) 


exists and we have 


jee) 


* 1 > ; 
(25) Fi) <5 > PIF +y)—F Oe 0) dy. 
a k g=k-1 . 


PRoor. We have 


t 


(26) P{C(t) =x, n()=hk} = 2. | 70, (t—u) [F (t--x—ua)— F(t—a)|dM,(u). 


0 


J 


Namely, the event {0(f)=x,7(t)—=4} can occur if at some instant w 
(where O=u=7P) a transition E;—> Eyi (j/==k—1,h4,...) takes place and 
the next call occurs in the time interval (¢,¢+ x), further during the time 
interval (u,t) k connections do not come to an end while the others come 
‘to an end. So we obtain (26) by the aid of the total probability theorem. 
Since 
P{c (Hx, n(t) =} 


and lim P {7(t)—k} = Pf exists, we obtain (24). 
t>o 


REMARK 1. If the distribution function F(x) is not of lattice type, then 
we have 
(27) hm P{6@ =x} =F. @) 
t>o 
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where 


ist : z= 
(28) Ft(x)= \ - Jv FY) dpi ew. 

0 hema, ead tS 
This is an easy consequence of BLACKWELL’s theorem. 

The investigated process may be considered as a Markov process if 
we describe the state of the system by the pair of random variables 
fn (ft), 6(H}. If we suppose that m@u>1 and the initial distribution of the 
process {7)(f), $(f)} (0 =t< ©) is given by P{1(0)—k} — P? and P{5(0)= 
= x|7(0) =k} = Fi(x) (k—0,1,2,...), then we obtain the stationary process. 
In case of the stationary process we have for all ¢ that P{7(t)—k} — Pi, 
and for all n that P{7,,—k}—P,. The first statement is evident. To prove 
the second it is sufficient to show that 


jee} 
22) 


(29) Pe= Pi P? | tj. (x) AF3(x) 
< 0 


which can be proved by the aid of (25). 


6. The distribution function of the waiting time. If meu > 1, then 
let us consider the stationary process. Denote by G*(x) the distribution func- 
tion of the waiting time of an arbitrary call, provided that the connections 
are performed in the order of the arrival of the calls. 


THEOREM 4. For the stationary process the distribution function of the 
waiting time of an arbitrary call is 
(30) Cl ejF ee ee 

(1—«o~) 
if the connections are performed in the order of the arrival of the calls. Here 
om and A have the same meaning as in Section 3. 


(x 2:0), 


PRooF. We can write easily that 


(j—m)! 


4j=0 


m= @ : j-m 
| ; 7 muy 
G*(x) > S P; ie Ds P. | eomiy (muyy mu dy. 
jm 3 
0 


Namely, if a call happens, then the system is in state E; with probability 
P;. If << m, then there is no waiting time. If / =m, then the call must wait 
for 7-+-1—m successive terminations of the connections and_ the endpoints 
of these connections form a Poisson process with density mu. Since 


m1 
P=Aoi™ i jamand > i=U=1— 1 ae -, we obtain (30). 
j=0 aca O8) 
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REMARK 2. The expectation of the waiting time is 


ao 


Ti ee [i—@ (x)] dx— 


and this is independent of the order of connections corresponding to the calls. 


— A — 
mu(l—o) 
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ON STOCHASTIC SET FUNCTIONS. II 


By 
A. PREKOPA (Budapest) 
(Presented by A. Réxyi) 


Introduction 


The present paper contains an outline of the stochastic integral which 
can be defined relative to a completely additive stochastic set function 
(A) (AES). 

Many types of stochastic integrals are known in the probability theory. 

Historically the first one is due to N. WIENER [21]. This was generalized 
by K. Iro by omitting the condition that the integrand is a constant function 
[10] and in another direction by considering a multidimensional Wiener pro- 
cess instead of the simple one [11]. An important step in the development 
was the integral representation of stochastic processes with independent 
increments. This result is essentially due to P. Levy [16] but a rigorous and 
complete treatment was given by K. ITo [9] (see also [12]). A stochastic 
Stieltjes integral with respect to a stochastic process with independent  in- 
crements is used in [12]. The stochastic integral occurring in the theory of 
stationary processes was introduced by A. N. KoLtmocorov [14] [15] and 
discussed from a general point of view by A. OBUKHOv [17]. These integrals 
were later generalized by J. L. Doos [5]. Another generalization is due to 
S. BOCHNER [1] for the case of an abstract space and for an additive random 
set function. Recently V. FABIAN [6] has defined a stochastic integral with a 
non-negative stochastic measure. 
The generality of our integral introduced in § 1 of Chapter I is con- 
tained in the following: The space where we integrate is abstract and we 
do not suppose at all the existence of any moments. This makes our integral 
of new type since in the above-mentioned stochastic integrals, except that 
of V. FABIAN who uses the non-negativity of the random measure, the existence 
of at least one moment of order p= 1 is always supposed. The speciality of 
the integral (1.3) is that the stochastic set function §(A) (A€S5) has the 
following property: to disjoint sets A,,...,A, there correspond independent 
random variables. But exactly this property makes possible the proof of the 
existence and many properties of our integral. 
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We introduce a weaker and a stronger form of our integral. That one 
introduced by Definition 4, the w-integral is a generalization of the Radon 
integral and reduces to the latter if the random variables &(A) (A€S) are 
constants with probability 1. Most of the properties which are true in case 
of the Radon integral remain true in case of the w-integral too. 

In the formulation of the theorems we did not take into consideration 
those trivial generalizations in which the difference from the original theorem 
is the neglect of some O-sets. This generalizations can be formulated without 
any difficulty. 

The whole theory of our integral is based on the following property of 
completely additive stochastic set functions: the set of the distribution functions 
\F(x, A), AES} is (conditionally) compact in the space of the one-dimensional 
distribution functions. This theorem is proved in [18] (Chapter III, The- 
orem 3.4). 

To the practical applications we shall return later. 

I express my sincere thanks to Professors A. CsAszAr, B. $z.-NAGY and 
A. RENyI for their valuable remarks made in the preparation of this paper. 


Definitions and notations 


We keep all the notions and notations introduced in [18] (pp. 217— 
218). In the whole paper H denotes the basic space where we integrate, 
S a o-ring of some subsets of H and §(A) (A€S) a completely additive set 
function with respect to which we integrate. The variable element of H will 
be denoted by f. Only in Chapter II] will be considered integrals with 
respect to more than one set functions, and in Chapter IV in some statements. 
we replace the o-ring S by a ring &. 

If we say that p(h) is integrable, we mean that it is integrable with 
respect to the completely additive set function §(A) (A€S). The terminology 
"g(h) is integrable“ includes the measurability of the function. 

We have to introduce only one new notion which did not take place > 
in [18]. This is the following: a set X€S is said to be a O-set with respect 
to the completely additive set function §(A) (A€S) if for every YEXS we 
have &(Y)=0. 
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I. DEFINITION AND EXISTENCE OF THE INTEGRAL 


§ 1. Definitions 


In order to simplify our expressions we introduce the following defini- 
tions: 


DEFINITION 1. A sequence of real numbers {y,} which is infinite 
in two directions will be called a dividing ag sequence if r< Vrs 
oe O72 1, + 2,.....), “SUD (Vini—n) < 2, lim ak and Jim yj. =— ~. 

k k =—>=© 
A sequence of dividing point sequences ry will be ne a dividing point 


double sequence. 


n 


DEFINITION 2. A dividing point double sequence {yi’! will be called 
infinitely fine if 
lim sup (Yiri— Jr) ==,(). 
Let (A) be a real function defined on the elements of H and measur- 
able with regard to the o-ring $. Let furthermore {y,} be a dividing point 
sequence and consider the series of independent random variables 


(1. 1) oe yE(AM;), 
where A€S, Hyp=—({hiy, = p(h) < Jeri}. The sets H;, are disjoint and their 
union equals H. 

The system of sets {H;,) will be called the subdivision corresponding 
to the function g{h) and the dividing point sequence {y,}. Now we formu- 
late the definition of the integral. 


DEFINITION 3. Let w(h) (AEH) be a measurable function and suppose 
that there exists a 0) >O such that for every dividing point sequence {yx} 
with sup (yiii—Yx) = O the series (1.1) converges with probability 1 regard- 

k 


less of the order of summation. Let furthermore {y,?} be an infinitely fine 
dividing point double sequence and put 


lee} 
NS 


(1. 2) mA= 2 > VO 5(AH:’). 


If the sequence (1.2) converges stochastically to a limiting random variable 


n(A), then g(h) will be called integrable over the set A. The random vari- 
able (A), which is obviously independent of the special choice of {yx 0, will 
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be called the integral of y() over the set A and will be denoted by 
(a) | p(h) (dA). 
A 

We shall prove (Theorem 1.3) that if (1.1) converges for every suffi- 
ciently fine dividing point sequence, then the integral (1.3) exists. The 
integral introduced by Definition 3 has, however, some undesirable proper- 
ties. First of all we mention that the classical Radon integral is not a spe- 
cial case of this. For instance, the function w(fh) defined by (2. 19) is not 
integrable in the sense of Radon with respect to the generalized measure 
(2. 18), but is integrable in the sense of Definition 3. This implies other 
unpleasant properties as follows: if g(2) and w(h) are measurable functions, 
wh) is integrable over the set A and |p(h)|=|w(h)|, then g(A) is not 
necessarily integrable over A. The same holds for the sum of two integrable 
functions @,(h), (A). Both cases are illustrated by examples in Chapter 
S33: 

In order to avoid the above-mentioned anomalies we introduce another 
integral supposing more on the function ¢(/). 


DEFINITION 4. A measurable function g(/) will be called unconditionally 
integrable (u-integrable) over the set A€S if it is integrable in the sense of 
Definition 3 over all measurable subsets of A. 


Now, the u-integral is a generalization of the Radon integral. In fact, 
if the stochastic set function 5(A) (A €S) reduces to a number-valued comple- 
tely additive set function «(A) (A€S), then, according to the decomposition 
theorem of HAHN, every set A€S is the sum of two disjoint measurable sets 
A,, A, with the property that 

u(B)=O0O for BEA,3, 
u(B)=0 for Bé€A,S. 
The w-integrability of y(fh) implies the existence of the Lebesgue integrals 
| e(a) eA), | p(r) (— ud )), 


A; Ay 
hence our assertion follows. 

It will be shown that the w-integral has analogous properties to the 
Radon integral. 

We anticipate a special case of Theorem °2.7. If @(h) is measurable 
and |p(h)| is u-integrable over A€S, then the same holds for (fh). The 
conversion is also true. In fact, if @(A) is measurable and u-integrable, then 
the positive and negative parts of y(h) are u-integrable, hence, using Theorem 
2.2, the statement follows. 


Ye 
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S22. Two auxiliary theorems 


In the paper [18] we have introduced the following set function: 


(1. 4) W(T, A) = Vara(A) (AES) 
where 
(1.5) a(t; Bs sup 1— f(t, B) (BES) 


and 7 is an arbitrary but fixed positive number. In order to avoid super- 
fluous complications in the formulae of the present paper we extend the de- 
finition of W(T, A) (A€S) by writing 
W(— T, A) = W(T, A), 
wo, A) =0. Thus for a fixed A W(/, A) is an even function defined on the 
whole real axis. It is shown in [18] (cf the proof of Theorem 3.2) that the 
set function (1.4) is a finite (consequently also bounded) measure on the 
o-ring $. In the sequel this measure will have a fundamental role. 
The first theorem refers to this and to a closely related set function. 


THEOREM 1.1. For every set A E§ 
(1. 6) lim W(T, A)=0, 
i.e. W(T, A) is continuous at T=0O (W(0, A) is obviously equal to O). It ts 
true furthermore that for every set A€S the set function 
(1. 7) Vatni(A) — (u(a, B) = P(|§(B)| >a), BES) 
depending on the number a ts continuous at a= ~~, I. e. 
(1.8) lim Vary (a) (A) = 0. 


Proor. Let £&,,...,B, be a system of disjoint sets of the o-algebra 
AS. According to Theorem 3.4 of [18] for every «> 0 there can be found a 
oO >O such that 
(1.9) —log|f(t, C)|=s, |arg f(t, C)| Ss, 
provided that C€$ and |t)=0. Let us divide the system B,,..., 8, into two 
groups accordingly as arg f(¢, B.) >O or arg f(t, B:) =0. By (1.9) we have 


(if as ). 


> arg f(t, B,) —arg fit, B) Ss, 


(1. 10) 


h 
k 


— >” arg f(t, B.) = — arg f(t, B’) Se, 


PZ aie 


1 Under argz we understand the main value of this function: —7 <argz= 


6 Acta Mathematica VIII/3—4 
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where the summations ¥” and S” refer to the subscripts of the sets belonging 
to the first and second groups, the sets B’ and B” denote the unions of the 
corresponding sets, respectively. (1.10) implies that 


(1.11) > \arg f(t, B,)| = 2 

k=] 
if |¢; = 0. On the other hand, by (1.9) we have also 
(1. 12) —log f(t, B)| =é (B= B’ +B") 
if |¢| = 0. Using (1.11) and (1. 12) we get 


my 


yn —f(t, Br)| =>! — eet FeO T(E Bu) 
(1. 13) <=> | —elarg rt. H,)| 4 > a—-4e B,)|) = 


= > \arg f(t, B)|— > tog ft, B)| = 2e— log f(t, B) =3e. 


Applying the inequality 
(1.14) PA i Bes encia ee, | 1F (x 
2034 marae] Oi ieee (x), 


=U [| a 


a 


where F(x) is an arbitrary distribution function, f(f) is the corresponding 
characteristic function and a is a positive number, we conclude 


a 


a 1 Sa 
jhe te) > Pls) |>+) = > moat )) ATS We 
( ) as 15( i) | ire se. 1—f(t, By)| dt = 308 
| hich 
whenever tee ear Thus the second assertion of our theorem is proved. 


Our first assertion follows from the inequality 


11—f(é, B,)| == | | (1 —e'") dF(x, Bi) = 
(1. 16) Pe | 


» | y » 

=|t\| | xdF(, Bi) + | 2d F(x, By) +2P(\§(Bi)| > a) 
jnl=a | In| Sa 

where a is a positive number and from Theorem 3.8 of [18]. This completes 

the proof. 


The following theorem will be needed first of all in the proof of the 
existence of the integral (1. 3). 
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THEOREM ele CY ep 1 o, =.) be-a system of sets. of 
the o-ring 5 for which C°C°=0 if ik (n=1,2,...) and of” 


(k,n—1,2,...) adouble sequence of real numbers for which lim sup | 0: | =0. 
In this case wero i 

a DoPech)=—>0 

. k 

if lon, 


Proor. For a fixed n the series (1.17) converges with probability 1 
regardless of the order of summation. In fact, this holds for the series 


2, §(Cr”) 

k 
and the set of numbers fof! is bounded, hence an easy argument referring 
to the three series theorem of KOLMOGOROV shows the truth of the preceding 


assertion. 
Using an inequality of the type (1. 16) we obtain 


LDF tor, Ce”)| = D1 — Fd”, C+) | = 


(1. 18) =\|>) 
k 


| je ee i, xd F(a, C7) | ae 
(= | 


re . n) (n je (nu 
+52 (0) | 2d F(x, Ci") +2P()(CL")|> a) 
where a is a positive number. By Theorem (3.8) of [18] there is a number 
K,>0 such that ; 
eae | war i(x, ci) 2G, 


|«|=a 


> | are, CO) = ky. 
hb {n|e 
We may suppose that K,= 1. First, using Theorem 1.1, we choose a so 


large that the third member on the right-hand side of (1. 18) is smaller than 


s (we suppose that «=1). Next we choose n so that oP == a= 


a 


(k= 1,2,...). In this case the sum on the right-hand side of (1. 18) is at 
most «(|f|+f/2+1). Thus our theorem is proved. 
§ 3. The existence of the integral 


Now we return to our original problem, the discussion of the existence 
of the integral defined in § 1. The main theorem regarding this matter is 
the following : 


6* 
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THEOREM 1.3. Let y(h) be a real function measurable with regard to 
the o-ring § and A€S a set. Suppose that there exists a 0 >0O such that the 
series (1.1) converges with probability 1 regardless of the order of summation 
whenever the dividing point sequence {y.} has the property sup (Vix1—Jx) = O. 


In this case the integral (1.3) exists. In particular, every measurable bounded | 


function is integrable. 


Proor. Let {y’! be an infinitely fine dividing point double sequence. 
Let us unite the sequences ry, fy! and denote the new dividing point 


sequence by {z;}.° If we introduce the notation 


j= thi z SEA) < 2p}, 
then 
D WPS(AH)— Di yt (AE) Lz 
(1. 19) - Na : ; : _ ’ 
=> Dd (Mn—zZ)AL)—-—> D (K—z)§(AL). 
pl eae Fi: CH” 


(a) 


In the sums on the right-hand side the set of the numbers Veo 2.0% —z; is 


bounded and if 0}? —y)'—z;, then the properties of the double sequence 
fy,’ imply that 

lim sup max |o;?|—O0. 

N—-> © k pL; Hy”) 


Applying Theorem 1.2 it follows that the sequence of random variables in 
(1.19) tends stochastically to 0 as n,m—> x. 

Thus the Cauchy’s convergence criterion holds, hence there is a random 
variable to which the first member on the left-hand side of (1.19) converges 
stochastically. As it can be seen by a well-known argument, this limit is inde- 


pendent of the special choice of the double sequence { y\"’}. Hence our theorem 
is proved. 


REMARK. It is not difficult to see that if the series (1.1) converges for 


sufficiently fine dividing point sequences, then the same holds for any 


dividing point sequence. This and other statements occurring in our discus- 
sion follow from the fact that if the series of independent random variables 


converges with probability 1 regardless of the order of summation, then the 


* For the sake of brevity we do not indicate that it depends on n and m. 
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same holds for 
~e 


esl 
where c, is a bounded sequence of real numbers." 
Now we deduce an inequality playing an important role in the proofs 


of the present paper. 


CieSi, 


THEOREM 1.4. Let ¢ (i) be a measurable function for which \g(h)| = K<~x. 
Then, denoting by g(t, A) the characteristic function of the integral of (h) 
over the set A (A€S), we have 

|1—g(t, A)| = W(tK, A). 

Proor. Let {y’} be an infinitely fine dividing point double sequence 
and {H;,"’} the corresponding sequence of subdivisions determined by (A). 
lf g(t, A) denotes the characteristic function of the random variable 

DyPE(AM:”), 
k 
then ; 
1—g.(é,-A)| = > |1—f(tye”, AMP”) |= 
Ie 


= > Wty”, ANE) s > WtK, AE”) = W(tK, A). 
k hk 


Taking the limit n+» ~, we obtain our assertion. Q. e. d. 


§ 4. A necessary condition for the existence of the integral (1.3) 


In this section we prove the following 


THEOREM 1.5. Let y(h) be a measurable function integrable over the 
sett A€S and ay,b, (n=—1,2,...) a@ pair of sequences with the properties 
r= 0,,0,4= 0, (n=—1,2)...), lim d,=— oo, lim by=o../n this case 


n> © n> OC 


the sequence of random variables 


(1. 20) n= | (REA) (An = {hh €A, an S (Ht) <,}) 


An 


converges with probability 1 and 


ft. 21) | ¢(A)S(@A)=lim yn. 
- A n—-> © 
Proor. We may suppose that a, <0, 6, >0, 
sup (On41— 0,) < 99, SUP (Q.—An41) < (ele ae). 


3 This statement is a simple consequence of the three series theorem of Kotmocorov. 
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‘ : Aa ee ae A 
Let us unite these sequences into one dividing point sequence {y,} and 
consider the series 


Le » | o.—¢)s@A) 


nm AHn 


where {H,,\ is the subdivision determined by the sequence {y,; and the 
function g(h)..We do not know yet that the series (1. 22) converges. Denoting 
by f,(t) the characteristic function of the n-th member of the series (1. 22), 
it follows from Theorem 1.4 that 


(le 23) l1—f,.(t)| S W(0t, AH,) 
where 0 = sup (p,s1—y,). (1. 23) implies 


VW 


(1. 24) > 11—fA.()| S west, A). 


As the terms of the series (1.22) are evidently independent, this series con- 
verges with probability 1 regardless of the order of summation (cf. [5], p. 115, 
Theorem 2.7). The sum (1. 22) equals 


d'nS(AH)— > | p(Ays(aa),' 

Ur We Ay 
hence, taking Theorem 1. 3 into account, it follows that if g(A) is integrable 
over A, then the sequences of the type (1.20) converge with probability 1. 
Now we are going to verify the relation (1.21). Let 7; denote the limiting” 
variable of the sequence 7, and choose an infinitely fine dividing point 
double sequence {y\"’! with the property {y’} fp and {yO = Fy, i. 
If (He? is the corresponding sequence of subdivisions determined by ¢(A), 
then, using the precedings, we have . 


o~? 
: 


(125). ~ | ¢@ea@ay—y | 


vt 
AHWN ) : 


for every, iN. Let BO) denote the characteristic function of the n-th tern 


of the series ’ 
7 


(1. 26) XS | of —¢ waa). 


~ Agr) 
* 


If f(t) denotes the characteristic function of the sum (1. 26), then by Theo- 
rem 1.4 we have 


(1. 27) W—fAYP' 0) = D1 —f (| = Wt, A) 


+ We have used here a trivial special case of Theorem 2. 4. 
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yi) 


where 0°? =sup (y\\}—y®). By (1.27) and Theorem 1. 1 
Fo essai ON bo. 


(1.25) implies that the sequence (1.26) (which depends on N) converges 
stochastically to the random variable 


i o(h) &(dA)—n. 


Hence this is equal to 0 with probability 1. Q. e. d. 


Il. THE PROPERTIES OF {THE INTEGRAL | ¢()&(d A) 


*§ 1. Elementary properties of the integral 


It is only for the sake of the systematic treatment that we mention the 
following almost trivial theorems : 


THEOREM 2.1. /f g(h) is integrable over the set A€S, then the same 
holds also for cg(h) where c is a real constant and 


(2.1) | ep hy (dA) = | p(t) (AA). 


THEOREM 2.2. If g(h) is integrable over the sets A,€$,A,€S where 
A,A,=0, then it ts integrable also over A,-+-A, and 
(2. 2) | pMeé Etta) Jems (GA) + Joays =(d A). 
A;+As5 
The following theorem Pires a little more complicated argument than 
the corresponding theorem for Lebesgue integrals. 


THEOREM 2. 3. Jf (A) is a measurable and bounded step function over 


the set ACS, i.e. there are disjoint sets Ay,, As, LS "Ar= A| of S such 
that p(h) = qx if HEA, and |\g.|=K (kK=1, 2,...) where K is a constant, then 


(2. 3) “gt s(@A) = 2 gi S(Ar). 
S 
A similar but more general assertion follows from Theorem 2.4 for u- 


integrable functions taking on a countable number of different values. 
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§ 2. The complete additiveness of the indefinite integral 


In this § our aim is to prove the following 


THEOREM 2.4. /f the function ¢(h) is integrable over all sets A€S, then 

(2. 4) (A) = | y(h) (dA) 
aA 

is a completely additive stochastic set function.’ 

PRooF. It is quite easy to argue that 7/(A) is an additive set function- 
In fact, if the sets A,€S (kK—1,2,...,r) are disjoint, then the random 
variables 7(A,) (kK=1,2,...,r) must be independent and Theorem 2. 2 
ensures the fulfilment of the remaining part of this assertion. 

Now we prove that the set function 7, is also completely additive. First 
we consider the case of a bounded function and suppose that ¢ (h)| = K. 
According to Theorem 2.1 of [18] we have to verify the following criterion: 
if B,, B,,... is a non-increasing sequence of sets of S such th&t lim B, —0, 


then le 

(ao) n(B,)=>0 if noe. 

Denoting by f(t) the characteristic function of 7(B,), Theorem 1.4 implies. 
(2. 6) \1—f,(t)| = WCE, B,). 


As for every 7 W(T,A) is a bounded measure on the o-ring §S, it follows 
that 


(251) lim W(K¢?, B,,) =0. 


Our assertion follows from (2.6) and (2.7). 

Now we consider the general case. Let us introduce the notation 
Sy —=DyS where Dy = {(h:—N= g(h)< N}. We shall denote by & the ring 
of those sets A which are of the form 


A=Aj;,+-+:+A;, where Aj, €8;, (Keel Sour). 
Our argument for the case of a bounded function shows that the set 
function » is completely additive on &. In fact, if A,, A,,... is a sequence 


fee) 
of disjoint sets of & for which A— »'A,€R, then for some N we have 
k==] 


A€éSy. But since A, A (k=1,2,...), we have also A; € Sy (Kae 1) 2, ects 
As (fA) is bounded on the o-ring Sy, it follows that 


20) 


n(A) = > 7(Ar). 


ed | 


® The definition of this notion is given in [18], p. 216. 
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The following step is to prove that the set function » can be extended 
to the smallest o-ring S() containing & (cf. [18], p. 233). Obviously $(R) — S. 
Let B,, Bs,... be an arbitrary sequence of disjoint sets of R. We shall show 
that the series 


(2.8) > (Bi) 

converges with probability 1 regardless of the order of summation. By The- 
orem 3.2 of [18] this property ensures the possibility of the extension. Let 
Co = (Dy 3 — Dy ) By (Nr < Not he << hs S=1, 2,005 P= 1, 2, ...). 


ies) 


ince |p(h)|=N,.+1 for hEC, = > Cy, ww, it follows that 
’ s=1 rR 
(2. 9) n(Cy )= pd n(Cy ,) 
and this series converges with probability 1 regardless of the order of sum-- 


‘mation. On the other hand, ¢(A) is integrable over the set C— > 'Cy,, hence 
i 


by Theorem 1.5 (choosing the sequences a,——WN,—1, 0,=WN,-+1) 
(2. 10) n(C)= >; n(Cy,). 
=I 


(This series must converge also if we omit an arbitrary set of terms, hence it 
converges with probability 1 regardless of the order of summation.®) Com- 
paring (2.9) and (2. 10), it ees that the series 


(2. 11) > > (Cy) 
converges with probability 1. Now we prove a 


Lemma. Let & (i,k 1,2,...) be independent random variables. Sup- 
pose that for every system of sequences i,, ks’? (s=1,2,...;r—=1, 2,...) with 
bie, KO <K: (S=1,2,...; r= 1,2,...) the series 


vy Ni: 


2-12) ae os Fi,499 
converges with probability 1. In this case the series 
@ foo) 
N _ a 
pret, Phot Sik 
=e =l 


converges with probability 1 regardless of the order of summation. 


6 This can be seen e. g. by the aid of the three series theorem of Kotmocorov. 
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Proor. By condition there is a 0 >O such that for every ¢ for which 
|t| = 0, the infinite double product : 


(2. 13) I iT fot) 


converges where f;,(f) is the characteristic function of the random variable §;,. 
Let us fix the number ¢ (|t| = 0) and introduce the pnotation 


Fix(t) = one’ (i, k= lee) 
where —:t < @, =. Since (2.13) converges, it follows that 
eh Lf o.,0 


does also. Hence a well-known argument shows that 


oo 
2, & (len) < @. 
1 


pe 


Now consider the double series 


o 9 
2 Cin; 


and prove that it converges absolutely. Let us suppose that it does not hold. 
In this case either the sum of the positive terms or that of the negative terms 
diverges. We consider the first case, the second one can be treated similarly. 
Then there is a countable number of rows of the matrix (@,) which contain 
the positive elements. If j,, /°’ (s = 1, 2,...; r—=1,2,...) denote the positions 
of the positive elements, then the convergence of the infinite product 


Ifo = (7=1,2,...) 
implies that . 


= 


ay = 2, Gr) < OO. 
We can distinguish two cases accordingly as @ =-t for every large r or 


«; >-:c for an infinite number of the r’s. In the first case the convergence 
of the infinite product 


ID IT, 
implies 


ie) 
YO 
—s 


Grice 
=) z 


what is a contradiction. Considering the second case, let i,,4,... denote a 
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subsequence of the sequence j,,j,,... for which @;, =< (r—1,2,...). Then 
in the 7.-th row of the matrix there is a finite or infinite number of posi- 


tions, whose subscripts will be denoted by 41”, k:,..., such that 


FEO Se ~~ 
5, = C; 3,0 ey ie 


This is, however, also a contradiction, since the infinite product 


joa} 


converges. Thus 


In view of the inequality 


11—fin(f)) = 1—oxn + en 


we obtain 
> > 1—fa() |< if Wes 


hence our Lemma follows (cf. [5], p. 115, Theorem 2.7 and p. 118, Corol- 
. lary 1). 

Applying the Lemma for the random variables §;;, == 7,(C;,), we conclude 
that the series 


~e 


(2.14) > Sa(Cn) 


if 


converges with probability 1 regardles of the order of summation. By Theo- 
rem 1.5 we have 


2.219) 1B) => “1 (Cx), 


thus the series (2.8) converges with probability 1 regardless of the order of 


summation. 
Let 7*(A) (A€S) denote the extended set function of the set function 


H(A) (AER). If Ey is the following set: 
Ey={h:h€B, —N=@(h)<N} where BES, 


then by Theorem 1.5 
(2. 16) lim | ¢(h)S(dA) = | g() EA). 
¥ LB 


DEO By 
Now, since 7* and 7 coincide on A and 7 is the indefinite integral (2. 4), 
we have 
(2.17) 7° (B) = lim (Ex) = lim 4 (Ex) = lim | p(h) S(d A). 
N>o N+ N>o Ey 
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On the basis of (2.16) and (2.17) we may write 
1°(B) = | ¢(h) SA). 
B 


Since the extension process leads to a completely additive stochastic set 
function, this property of ;* implies the assertion of our theorem. 


Remark. Let g(t) be a measurable function taking on a countable num- 
ber of different values on the set A€S, i. e. there are measurable disjoint 
lee] 


sets A,, Av,... of the o-ring AS such that A= > A, and g(h)=g: if h€ Ar 
(| 


(k=1,2,...).. If g(h) is integrable over the sets of the type Ai,+Ai,+--- 
where i,,i:,... is an arbitrary sequence of natural numbers, then (it is integrable 
over A and) 


| @(A)§(@A) = > pr E(Ar) 

. (—— 

A 
where the series on the right-hand side converges with probability 1 regard- 
less of the order of summation. 


Proor. Consider the o-algebra of the sets A;,+ A;,+--- and denote it 
by $. By condition y(h) is u-integrable over the set A with respect to $ and 
the completely additive set function & Since g(h) is integrable over 
A—A,-+A,-+-++ with respect to $ and &, it is integrable with respect to $ and 


s 


Etoo. Applying Theorem 2.4 for $ instead of S$, the assertion follows. 


§ 3. Further properties of the integral 


Two properties of the classical Lebesgue—Radon integral cannot be 
formulated in case of the integral introduced by Definition 3. They will, 
however, hold in case of the w-integral. The first of these properties is that 
if y(h) and w(f) are two measurable functions such that |gy(h)| = w(h), 
moreover w(/) is integrable with respect to some finite measure over a meas- 
urable set A, then the same holds for ¢(h). 

An example for this is the following: Let H be the set of the natural 
numbers and § the o-algebra of all subsets of H. We define the set function 
E(A) as follows: 


(2. 18) E(A) = > (—1)"1 ae : 
hea he 
It is easy to see that the function 
w(2h—1)= 2A, } 
(2. 19) (A =1,2,...) 


(2h) ==2h \ 
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on 
ceo 


is integrable over H, but the same is not true for 
(2. 20) g(h)=h Ud bee | 
though 0 < g(h) = w(h) for every fh. 

A similar example can be given for the assertion that the integrability 
of two functions ¢,(h) and g.(h) over a set A€S does not imply the integra- 
bility of g,(f)+-.(A) over the same set. 

Let H and S be the same as before and define the functions ¢,(h), 
g.(h) as follows: 


gi(2h) —=(—1)'2A, | 

(2. 21) p(2h—l—=(—1yr2h | 12) 
g2(1) =0, 

(2. 22) gs(2h) e124 (h=1, 2....). 


Go(2h +1) =(—1)""'2h 


In this case the function ,(4)-+.(A) vanishes on the set of the even num- 
bers and its integral does not exist on the set of the positive odd numbers, 
since the series defining this integral is not absolutely convergent. 

As it will be shown in the sequel, these anomalies do not occur in case 
of the w-integral. We prove two theorems, the first of which refers to the 
u-integrability of the sum of two w-integrable functions, while the second 
one, referring to the existence of the uw-integral of a majorated function 
(Theorem 2. 8), requires further preparations. 


THEOREM 2.5. Jf the functions g,(h) and ¢,(h) are u-integrable over 
the set A€S, then the same holds for ¢,(h)-+-¢(h) and 


(2.23) | gilt) + 9.(h)) $A) = | pl) EA) + | g.(2) (AA). 


PROOF. Let fa be an infinitely fine dividing point double sequence 
sand {Hi} the corresponding sequence of subdivisions determined by the 
function ¢,(2)-+¢.(h). Now consider the following series: 


> [reaney— | nans@a— | nons@ay)— 


(2. 24) AH AH 
= dwreaHy— DL | emeaa— DL | ycmsca). 
a. - an” c an 


The second and third series on the right-hand side converge with probability 1 
regardless of the order of summation and their sum equals the integrals over 
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A of ¢,(A) and ¢,(A), resp. We do not know yet anything about the conver- 
gence of the series on the left-hand side. i 

Let {2} be an infinitely fine dividing point double sequence, {Ls } 
and {M°” the corresponding sequences of subdivisions determined by the 
functions y,(2) and y.(h), resp. We introduce the notation f(t) for the 
characteristic function of the k-th member on the left-hand side of (2. 24). 


Since 
yy SCAH, )\ = gp (h) &(a A) — | g2(h) &(d A) = 
AH AH." 
(2.25) =lim-st {yYPE(AHO)— > 2 EAH LS) — Diz Ane Me) ee 


m—->@ 


=limst > GVo—2 9 —2) EAH LL. Me 
ni-> © sr 


| (it 


and in the last member | y;?—2z‘""—z\"”| = 20, for large m’s where 0, = 
— sup (yi: —y!"), it follows that 
: 
[IAP O| = |1— lim [7 ft? — 2" — ze”), AB Le Me )| = 


Mi-> CE S,7 


= jim’ > 1 —fG (PP — 2 2), ABE LMS le Wie ee 


m>@o sr 


Hence, by summation, we get 


(2. 26) Si (i) se Weal 
k=-@ 


This shows that the series on the left-hand side, consequently also the first 
series on the right-hand side of (2.24) converges with probability 1 regard- 
Jess of the order of summation. Taking the limit n— -© in (2.26) and using 
Theorem 1.1, it follows that the right-hand side of (2. 24) tends stochastic- 
ally to O which implies (2. 23). 

We can repeat the argument for an arbitrary measurable subset of the 
set A and thus the assertion follows. 


§ 4. Two auxiliary theorems 


THEOREM 2.6. A non-negative measurable function ¢(h) is u-integrable 
over the set A€S if and only if for every dividing point sequence {y,}, for 
which y= 0, the relation 


(2. 27) > W(yerAHi)<cc (ft =0) 


holds where (Hy} is the subdivision corresponding to g(h) and {y,}. 
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PROOF. The sufficiency of the condition is a simple consequence of 
Theorem 1.3. In fact, if BE AS, then (2.27) implies that for every ¢ 
> W(ty., BH) = > Wty, AH) < ~ 
—;(] k=0 


? 


hence 


oO 
2 sup l1—f(zy., BHy)| < 00 
‘—— |Z =} ’ 


which implies the convergence in every order of the series 


> yxE(BAL). 


k—0 


The other part of the theorem is less obvious. We prove it in an indi- 
rect way and suppose that there exist disjoint sets By (/=1,...,h,; 
ee, 1, 2,...) such that Bee AHS (i—1,...,h.; k=0, 1, 2,...) and 


eu 
(2. 28) > > sup|1—f(zyxn, ABu)| = ~. 
e—O) T= feliset 


In view of the inequality 


iA 


i1—g(f)| = - | xdG(x)+| | | sd G(s) +2 i ees 


ae |n|=e 


2(e male ip dG) + J x00 + Jeo) 


|a|= é 


IA 


valid for every f, every ae and every distribution sara the character- 
istic Slies of which is g(t), we may write 


> > >| | xtdF (=, ABu|+ 
== ae Die J ha 


ee 


fara Janam) = 


Hence the three series theorem of KOLMOGOROV implies that the series of 
independent random variables 


Uy 
= ye &(Bu) 
I 


does not converge with probability 1 regardless of the order of summation. 
This leads to a contradiction. Let kK— sup (Vix — yx.) and denote 


ih As 


> 
ll 
S 


by fia(t) the characteristic function of the random variable 


(2. 29) | g(a) Ed A)—y (Bin) = Jo (4) —yx)E(d A). 


Br 
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By Theorem 1.4 
(2. 30) Geeta = W(Kt, Bia). 
This implies that 


(2. 31) ra a 1—fu(t) |< %, 
hence the series : 

aoe fi 4 
(2. 32) = Sa | (~) E@A)—ye £(Bu) | 


By 
converges with probability 1 regardless of the order of summation. Since 
y(A) is integrable over all elements of the o-ring A$, by Theorem 2.4 the 
series 

res 
(2. 33) a > | ¥(A)&dA) 

{ramet Nt ol Pag 

Bis 


has also this property. Thus 
I 


(os) Ri 
(2. 34) = Pap) £(By) 


k 


converges with probability 1 regardless of the order of summation what is 
a contradiction. Q. e. d. 


THEOREM 2.7. Let y(h) and w(h) be two non-negative measurable 
functions such that p(h)= wh) and wh) is u-integrable over the set A 
(AES). Tf {yt (Yo 0) is a dividing point sequence, then we have 


(2. 35) > Wyn, ALx) S > W( yr, AM) 
k=0 k=0 
where {Li} and {Hj} are the subdivisions corresponding to the functions (h) 
and wh), respectively. . 
Proor. By definition 


Ly = {hi ye S (A) < Yess}, | 


Hy. = {hi y, S w(h) < me , (k=O, 1, 2,...), 


hence 


(2. 36) So, re (jG hi): 
k 


(2. 37) H;L,.=0 for k>/j. 
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From these we conclude that 


2 W(y;, AH) = 2 Da W(y;, AH, Lx) = 
—— Y Woy AML => S Wy, AHL) = 
I=0 () k=0 4: Tesay 


fee} 


pee Wy. AAW, = > Win, A > AjL,|= 2) Wyn, ALe) 


k=O (=k st) j=) 


what was to be proved. 


§ 5. The theorem relative to the majorated function 
and the bounded convergence theorem 


In § 3 of this Chapter we have seen that if a function has an integrable 
majorant, then this does not imply in general the integrability of the major- 
ated function. For a positive assertion in this direction the same additional 
assumption is needed which has had a fundamental role in Theorem 2. 4. 
Our result is contained in 


THEOREM 2.8. Let g(h) and w(h) be measurable functions such that 
(g(h) = wh) and w(h) is u-integrable over the set ACS. Then ¢(h) is also 
u-integrable over the set A. 

PrRoor. Let be BEAS. If B, and B, denote those subsets of B where 
g(h) = 0 and ¢(h) <0, resp., then Theorems 2.6 and 2.7 imply the integra- 
bility of g(/2) over B, and B,. Applying Theorem 2. 2, the assertion follows. 

In accordance with the precedings, the analogy to the bounded conver- 
gence theorem contains also more assumptions than simple integrability. It 
seems, however, that Theorems 2.7 and 2.8 express unexpected good pro- 
perties of our integral. We have only to remind of our paper [18] where an 
example is given for a completely additive stochastic set function which 
cannot be represented as the sum of positive and negative parts (cf. pp. 
261—262). A remarkable situation is that though in case of the Radon_ 
integral the generalized measure can always be decomposed into a difference 
of two measures, our Theorems 2.7 and 2.8 need not more assumptions 
than the corresponding Radon integral theorems. 

We shall not consider the integrability term by term of series of func- 
tions and other statements, but prove the following theorem from which these 
can easily be deduced: 

THEOREM 2.9. Let gx(h) (N=1,2,...) be a sequence of measurable 
functions such that \gx(h)| = wh) where wW(h) is u-integrable over the set 


7 Acta Mathematica VII] 3—4 
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Aé€8&. Suppose furthermore that the limit o(h)— lim @x(h) exists. In this 
N->o 
case the functions ¢(h),px(h) (N=1,2,...) are also u-integrable over the 
set A and we have the limit relation 
(2. 38) | py(A) EAA) => | g(A)E(dA) if Nox. 
A A 

PrRoor. The assertion regarding the integrability of the functions 
p(h), pv(h) (N=1,2,...) follows at once from Theorem 2.8. According to 
Theorem 2.5, we may restrict ourselves to the case when g(h) —0, py(h) =O 
(Nes 2 as). 

First we consider the case of a sequence majorated by a constant and 
suppose that my(h) = M. Let Ay denote the following set: 

Ay = {h: gy(h) S 0} 

where 9 is a positive constant. Denoting by fx(¢) the characteristic function 
of the random variable 


-| py(h) &(dA), 
A 

by Theorem 1.4 we have 

(2.39) |I—fx(f)| = Wet, Ax) + W(Mt, A—Ax) = W0¢t, A) + W(Mt, A- Ay), | 


Let ¢ be a fixed number and choose first 0 so small that the first term on 
the right-hand side of (2.39) is less than «2. By Theorem 1.1 this is pos- 
sible. Next we choose N so large that the second term is also less than 
#/2. The possibility of this is a consequence of the relation 


lim Ay=A 
N-> © 
which follows from 
lim py(h) = 0. 
N>o 


The preceding argument shows that for every ft 
lim fy (t) = 1 
N-> © 

what was to be proved. 


Now, turning to the proof of the general case, let us decompose the | 
function pyx(h) as 


ypy(h)= p\’(h) + g\'(h) 
\ox(h) if gy(h)=M, 
/ O otherwise, 


where 


92(h) = 


py’ (h) = yx(h)—G (h) 
and M is a constant of which we shall. dispose later. Denote IP) and raaa) 
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© 


the characteristic functions of the random variables 
|gX'(A)S(@A) and | y\'(A)E(d A), 
A A 
respectively, and consider first the latter. 
Let (ye) be an infinitely fine dividing point double sequence for which 
nn) n+ (i) u 
fy, }Sf yp y and denote by {Lyx} the sequence of subdivisions deter- 
mined by gh) and {y(!’). If fx}(t) denotes the characteristic function of 
the random variable 
>, yi’ (ALS), 
rh 
then obviously 
(2. 40) fO= f° 
if n> ~. 

Let furthermore {#/,; denote the subdivision corresponding to the dividing 
point sequence {y,’!—{y,} and the function wh), finally denote by & the 
following number: A ==sup (jxi1—y,). If M = 1, then by applying Theorem 

‘ 
2.6 we get 


—f@O|=s DS) WYPLALS) = DB) W(yeit, ALS) = 
1 ON Ye demoed) & 


Keyl) = a 


ee Wine th a ALG) = D> Wn (K 4 DLAR. 
I ago = AE kiy,=M 


iV 


Hence 
Aly. tf Of WOME 16 AR). 
ies y= M 


Fixing the number f, first we choose M so large that the right-hand 
member of (2.41) is less than «2. The possibility of this is ensured by 
Theorem 2.6. Next, if N is large enough, then 


I—POl<z- 


If we keep the notation fy(¢) for the characteristic function of the random 
variable 


Jas@scaa), 


then since the sets of those /’s for which gs’ (h) 4-0 and y (h) = 0, respect- 


ively, are disjoint, we have 


frOd=f ORO 
\1i—fr()| Ss 1A O|+/1-A'O 


for large N’s. Hence our theorem is proved. 


whence 


2G 


7* 
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§ 6. The case of a non-negative set function 


If the random variables &(A) (A€S) are non-negative, then the sequence 
(1.2) converges not only stochastically to the limit (1. 3), but also with prob- 
ability 1. This assertion is a special case of the following theorem which 
is a strong version of Theorem 2. 9: 

THEOREM 2.10. /f for every BES we have 5(B)=0 and g¢(h), gy(h) 
(N=1, 2,...) are measurable functions such that 


lim gx()=9(h), lox) Sv) (N=1,2,..) 
N+>o 


and w(h) is u-integrable over the set A€S, then the same holds for g(h), gx(h) — 
{Nea ), 2,0.) 2nd: ' 
lim | py(h)§(d A) = | p(h) EA). 
N>+@ 4 A 


Proor. It is sufficient to consider the case when ¢(h)—0,gy(h) =O 
(N= 1, 2,...). Let ¢ be a positive number and Ay the following set: 
Ax = {h: h€A, ox(h) 2 8}. 
Thus we obtain 
(2. 42) | yx(h)&(d A) = lax) E(dA)+ | gy(h)S(dA) = | w(h) SA) + € S(A), 
A é 


4-A 


i \ Ay 


Using Theorem 2.4 of the present paper and Theorem 4.3 of [18], we 
conclude 


lim | gx(h)S(dA) —0 
N->@ A 


Hence our assertion follows. 


II. SOME PROPERTIES OF THE INDEFINITE INTEGRAL 


§ 1. Derivation of a completely additive set function 


Let us suppose that the function ¢(/) is integrable over all sets of $ 
with respect to the completely additive set function €(A) and denote by 7 
the indefinite integral: 


(3. 1) 1(A) - ‘| g(h)S(d@A) (AES). 
First we prove that the function (h) is uniquely determined by the 


set functions 5 and 7 except at most on a O-set of the set function &. This 
is expressed by 
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THEOREM 3.1. Let ¢,(A) and ¢.(h) be two measurable functions integrable 
over all sets A€S with respect to the set function & and suppose that for 
every AES we have 
(3. 2) | g(a) SA) = | 9.(h) (4A). 

; A A 
Then there exists a set I such that H—J is a O-set relative to the set 


function & and 
gilh)=¢.(h) if AE. 


Proor. Let us consider the function w(h) = 4,(h)—¥.,(h). According to 
(3. 2), for every AES we have 


(3. 3) | w(h) &(d@A) = 0. 
A 

The fulfilment of this relation obviously does not depend on the concrete 
representation of the random variables £(A) (A€S), or more precisely, it must 
hold also for other stochastic set functions defined on the elements of S$ 
whenever the so-called finite-dimensional distributions, i. e. the distributions 
of the vectors (&(A,), ...,£(A.)) (A:€§,...,An€8) for the different set func- 
tions remain unchanged. 

Let us imagine the sample space, where the random variables 5(A) 
(A€S8) are defined, in two exemplars and denote them by 22, and £2,, res- 
pectively. We shall consider the product space 


Q=2, XQ, = {(a,, o)} (m, € Q,, w, € Q:) 
with the product probability measure. Let 
E,(A) = &((@,, @»), A) = §(,.A), 
&(A) = £,((M, M2), A) = E(a., A). 
feA.....,A, aud B,,...,B, ate arbitrary systems of sets. of $, then the 
vectors 


(3. 4) 


(E, (A,), eee £(An)), (S.(B,), eeey &,(B,)) 
are independent. Hence the set function 


is completely additive and every random variable £,(A) (A€§) has a (relative 
to the point 0) symmetric probability distribution. We know furthermore that 


(3. 6) | w(h)&(dA) =| (nh) &, (dA) — | w(h) &(dA)—0—0=0. 
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If Ay is the set of those h’s for which 


(31) a =|w(h)| SN CN 24); 


then obviously AyGAyiur (N= 1, 2,...). 

Let {y)! be an infinitely fine dividing point double sequence and 
{Hi' the sequence of subdivisions determined by w(f) and fy. For a 
fixed N we have 


(3. 8) > 9 & (Ax Ay”) => 0 
k 
if n—» oc. Thus the sum in (3.8) satisfies the weak law of large numbers 
(cf. [7], § 22, Definition 3), hence (cf. [7], § 22, Remark to the Theorem) 
(Wi &s (Ax AVY 
1+ (yk? &(Ax Ak”) ) 
Taking into account the definition of the set Ay, it follows that 


(af &(Ay Hit") 
1+ RE, (AyHi)) 


(3. 9) lim S"y 


n—> CO k 


0=lim >'M 


v—> © k 


(3. 10) = 
= —— lim >m|- Ett) 
Seton 11+ (&(Aghe 


Applying again the necessary and sufficient condition of the weak law of 
large numbers we get 


(3. 11) > & (Avie) => 0 


k 
if n— oo. But for every n (3.11) equals § (Ay), hence §& (Ax) =O. 
Let L denote the set where w(h) +0. It follows from the precedings 
that 
(3, 12) E3(L) = lim & (Ay). 
N>o 


Now suppose that BE LS. Since by (3. 12) 
(3. 13) E(B) +&(L—B)—0, 
further 5,(6) and 5,(L—B) are independent and depend on symmetric distrib- 
utions (with respect to the point 0), we obtain that §(B)—0O. On the other 
hand, 5,(6) and &,(B) are also independent and ©,(B) = §,(B)—&(B), hence 
5,(6) = const. 

Now we return to our original set function & As &(B) and §(B) depend 
on the same probability distribution, we conclude that there is a completely 
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_ additive number-valued set function « defined on the o-algebra LS such 
that 


(3. 14) 6(5)—-n(0) for Gels, 

Since 

(3. 15) | wt) e(@A)— | (hy) S(dA)—0 (ACLS), 
A A 


the Radon—Nikodym theorem implies the existence of a set /€LS such that 
L—I is a O-set with regard to « (or what is the same, to £) and 


& (3. 16) wih)=0 if AEl. 
This set / fulfils the requirements of our theorem. Q. e. d. 
We shall call the function g(h) the derivative of the completely addi- 


tive set function 7 relative to the completely additive set function € and 
denote it by 


(3.17) 3 @(h) = . 

We may call also the set function 7 absolutely continuous relative to 
the set function € In the following § we formulate the chain rule for the 
derivation of stochastic set functions which is the generalization of the clas- 


sical Radon—Nikodym theorem. 


§ 2. The chain rule for the derivation 
of completely additive stochastic set functions 


In this section we prove the following 


THEOREM 3.2. Let §, 7,5 be completely additive stochastic set functions 
defined on the o-ring §. Suppose that there exist measurable functions (h) 
and wh) such that for every A€S 


(3. 18) (A) =| y(t) dA), (A) =| oS). 


In this case p(h)wW(h) is integrable. over all sets of 5 relative to the 
completely additive set function = and 


(3. 19) : 5(A) =| p(h) w(h) S(d A) 


for every A€S. By other words: the derivative of ¢ relative to § exists and 


he do ay 
C20) (ete maidens 
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Proor. Let us suppose first that g(h)w(h) is a bounded function. We 
choose an infinitely fine dividing point double sequence (yf! and denote 


by {H{} the sequence of subdivisions determined by w(f) and - {yt}. Let 


us define the sequences of functions w,(/h), @, (2) as follows: 
wi(h)h=yO if hehe” . (k=0, + 1) 2-2 gods eee), 
on (h) = p(h)w,(h) ee ee 
Our assumptions imply 
(3. 21) D> On Ane yo =(A). 
On the other hand, 
Sy (AH) = iy? | we A)= > J ye p(A)E(d A) = 
(3.22) aa ann 


T 


| pay (hyd A) = | gn (A)E(AA). 
A 


? AH) 
Relations (3.21) and (3. 22) together imply 
(3. 23) =(A) — | g(h)w(h)e(d A). 
A 


Now we return to the general case. First we prove that the function 
y(h)w(h) is integrable over all measurable sets relative to the completely 
additive set function €. For this purpose we consider a dividing point sequence 
{yy with the corresponding sequence of sets: 


A= {h: yr Q(A)w(A) < Yur} (k=, lo Zee 


According to what has been said above concerning the bounded functions, 
it follows that 
-(CH,) = | p(h)w(hys(dA) 
Ci, 
where C is an arbitrary but fixed element of the o-ring §, 
Since 5 is a completely additive stochastic set function, the series 
2, (CH), 


consequently also the series 


2.0) 


oS p(y w(hyE(d A) 


CH), 


converges with probability 1 regardless of the order of summation. 
On the other hand, the relation 


p(A)w(h) — (p(h)w(h)—yr) + yr 
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implies that 


(3.24) | p(h)w(n)E(d A) — | (¢ (hy w(h)—y,)E(A) + 8(CH,). 
CH;, 4 CH, 

If g(t) denotes the characteristic function of the first term on the right-hand 

side, then by Theorem 1.4 we have 


F325) [1—gi(t)| = W(dt, CH;,) 
where W is the measure defined by (1.4) with respect to the set function & 
and 0 =sup(yri1—yx). It follows from (3. 25) that 

ki 


{o0) foo] 


~ _ I —ge(t)| = > Wt, CH.) = W(t, C)< 


— | — 
Thus the series 


 J@a@ue@—vysaa) 


=o 


CH), 


converges with probability 1 regardless of the order of summation. Taking 
(3. 24) into account we conclude that the series 
yié(CA;,) 


s 
— 
k=—©0 


does also which implies the integrability of g(h)w(h) relative to the set 
function € on the set C. Since C was arbitrary, our assertion holds. 
Now let Ay be the following set: 
Ay={h: h€A, —N=@(h)v(h) < N}. 
Since the integral of y(h)yw(h) coincides with the corresponding value of ¢ 
on every set where (h)w(h) is bounded, it follows that 


(3. 26) S(Ay) = | ply w(t) sa). 


If Nx, then the monotonous sequence Ay converges to A. Moreover, since 
C and the indefinite integral of the function ¢(h)w(h) are completely additive 
set functions, (3. 26) implies that 


(3.27) £(A) = lim (Ax) — lim | p(n) w(A)E(dA) = | phy w(A)E(A). 


Thus Theorem 3.2 is proved. 
REMARK. The classical Rednw=eNikod sit theorem cannot be generalized 


word for word to our integral. E.g., let H be the interval [0,1] and S the 
family of the Lebesgue measurable sets. If £(A) and 7(A) are two completely 
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additive set functions with the characteristic functions 


2 12 
im(A)t~m(A) > -m(A) > 


e and e = 


respectively, where m(A) is the Lebesgue measure of A, then the relation 
£(A) 0 implies that »(A)—0. Nevertheless, the relation 


i(A)—| ens) (AES) 


can be fulfilled for no function ¢ (fh). 
In fact, as it is easy to see, the characteristic function of 7,(A) equals 


| gq (hym (dA). 


é 2 
exp | it | gf (h)m(dA)—~s 


\ \ 


For every A€S§ this must be identical with the function of ¢ 


exp = 5 m(A) | 


which is impossible. 


IV. SOME THEOREMS CONCERNING THE EXPECTATIONS 
AND DISPERSIONS 


§ 1. The expectations and dispersions of a completely additive 
set function 


If S(A) is an additive set function defined on a ring of sets R and for 
every AEM the expectation 
(4. 1) M(A)— M(s(A)) 
exists, then M(A) (A€X) is an additive number-valued set function. The same 
holds for the variances 
(4. 2) D*(A) = D*(S(A)) 
if they exist. The complete additiveness of the set functions (4. 1) and (4. 2) 
holds also if (A) is a completely additive set function. This is expressed by 
THEOREM 4.1. /f S(A) is a completely additive set function defined on 
a ring for which the expectations M(E(A)) or the dispersions D(<(A)) 


(A€ &) exist, then, respectively, the set functions (4. 1) and (4.2) are completely 
additive. , 
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Proor. Let A;,A,,... be a sequence of disjoint sets of & with 
A = 2 As €R. According to a theorem of Doos (cf. [5], p. 339, Theorem 5. 2): 
M(&(A)) = ma M(=(A;)) 
whence | 
(4.3) M(A) = > M(A,). 
=" 


In order to simplify the proof of our assertion relative to the dispersions 
we suppose that M(B) —0O for every BEX. By the above-mentioned theorem 
of DooB we have also 


in] S sa ]-0 
Since _ 
(A) — (A) = 8B) 
where B= > A;, we have 
(4. 4) lim IY (Bus) = lim D?(E(Br41)) = 0. 
On the other hand, = ca 
(4.5) D(A) = S D(A) + DB.) 


whence the theorem follows. 


REMARK. /f &(A) (A€&) is a completely additive set function and for 
every A€S the dispersion D°(A)=D*(s(A)) exists, further the completely 
additive number-valued set functions (4.1) and (4.2) can be extended to S(&), 
then &(A) can also be extended to S(R) and 
(4. 6) D*(5"(B)) == D”(B), M(5"(B)) = M*(B) (BE S(R)) 
where &*, D** and M* denote the extended set functions corresponding to s, D 
and M, respectively. 

Proor. According to Theorem 3.11 of [18], the completely additive set 
function &(A)—M(A) (A€&) can be extended to S(R). If dt denotes the 
family of those sets B for which (5) has a finite dispersion and (4. 6) 
holds, then from the well-known theorems concerning the convergence of 
series of independent random variables it follows that Si. is a monotone class 
of sets (cf. [8], p. 27). Since RCI, we conclude that Mi S(R) (ct. [8], 
Gsec1, theorem B), Q: ¢.d. 
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§ 2. The expectations and dispersions of the integral (1. 3) 


In general, the existence of the expectations M(&(A)) (A € S) (and disper- 
sions D*(E(A)) (A € §$), resp.) does not imply the existence of the corresponding 
quantities of the integral (1.3). In order to prove such a theorem we have 
to make further assumptions. We shall prove two theorems in this direction. 
In the first one we do not strive to formulate a very general assertion. 

THEOREM 4. 2. Let 5(A) (A€8S) be a completely additive set function- 
Suppose that for every B €§ the expectation M(B)== M(&(B)) exists and there 
is a random variable © such that M(\<|)< -~ and 


>, |E(An)| =F 
K1 


where A,,..., A, is an arbitrary system of disjoint sets of $. In this case for 
every bounded and measurable function y(h) the expectations of the random 
variables. 


(4.7) i(B) — | g()$(d A) 


exist and 
(4. 8) M(7i(B)) — | y(t) M(dA) 


where the integral is taken in the sense of Radon. 


Proor. Let {y;"! be an infinitely fine dividing point double sequence 
and AK the upper bound of the values of |g(h)!. Consider the series 


be) 


in >, YORBay } 
k=-0 


. (n) . ° . i. % . ” 
where (ff, } is the sequence of subdivisions determined by {y\’’! and gy (A). 
Since 


tn > |g@(MEA) if n>», 
B 
moreover 
can mls > yh | |§(BHE)| = KE, 


the bounded convergence theorem of LEBESGUE (cf. [8], § 26, Theorem 4) 
implies that 


(4. 10) lim M(7,,.) —- M((B)). 


nH 
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In view of (4.9) we have also 
(4. 11) M (in) = >) ye M(E(BH,”)) = > = yk M(B Hs”), 


Comparing (4.10) and (4.11), the theorem follows. 


THEOREM 4.3, Let §(A) (A€$) be a completely additive set function. 
Suppose that for every B€§ the dispersion D*(B)—=D*(<(B)) exists and y(h) 
is such a measurable function that the integrals 


Joaymaa), | eda) 


exist. In this case the integral (4.7), M(7)(B)) and D°()(B)) also exist, (4.8) 
holds and 


(4. 12) D2(7(B)) = | 9°() D(a A). 


PRroor. Let {y,} be an infinitely fine dividing point double sequence 
and {H;."} the sequence of subdivisions determined by {yj! and the func- 
tion g(h). We show that the sequence 


bw 2s E(B) 
: 


converges in mean. In fact, if {z,} is the union of the dividing point sequences 
ff), fpf") (not indicating the dependence on n and m) and {L;} is the 
eine sequence of subdivisions, then 


yee ee 2 E(AL) — ie Dy On = z)§(AL)). 


ee — . 
k ptcu) ~ jenn” 


(7) 


If 0; =y;’—z;, then, since the double sequence fyi’ is infinitely fine, 
it follows 


(4. 14) Oo” —=sup max |dj|-0 if noo. 


Formulae (4.13) and (4.14) imply - 
D'(S.—Sm) 2D DS (yf? +z) D°(E(AL)) + 


k ao Fcc: Bi 


(4. 15) +2> D> (yr —4) DEAL) = 


(m) 

° Kk 

= 46" S D°(E(AL)) =40")D*(E(A)) +0 if mane 
J 


and it is easy to see that M(S,—S,,) +0 for m,n— ~. We know that 
(4. 16) Sn —— 7] (B) if ji — CoO, 
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hence 


M(S.) > M(,(B)), | 
eee MZ) > M0; (B))| 
Using the fact that the random variables E(BHy,) (k2= 0) 44d) eee ate 
independent, we get 


if! 1 — So; 


(4. 18) D°(c,) = M(G.)—M*(C..) = > (vi) D' (BH) 
whence (4.11) follows immediately. (4.8) is equivalent to the first line of 
(4.17): Q. ed. 


A similar formula could be deduced for the third central moments. In 
fact, the third central moment of a sum of independent random variables is 
equal to the sum of the single third central moments. As this question is not 
a very significant one, we do not enter into the details. 


V. THE CHARACTERISTIC FUNCTIONAL 


Let 38 denote the space of those measurable functions ¢(h) (h€ HA) 
which are almost everywhere bounded relative to the completely additive set 
function §(A) (A €S). If we assign to every gy € & the norm 

|| p|| = vrai max ¢(h), 
hEH 


then 33 becomes a Banach space. 
We consider the functional 


(5. 1) L(y) —M. exp i| y(Ays(d A) 
H 


which will be called the characteristic functional of the completely additive 
set function &. 

The notion of characteristic functional as a generalization of the Fourier 
integral was introduced by A. N. KOLMOGOROV [15] in the year 1935. For 
probabilistic applications it was introduced by L. LE Cam [3] in 1947 for 
stochastic processes and in the same year by S. BOCHNER [1] for random additive 
set functions. The characteristic functional (5.1) is neither a special case nor 
a generalization of the notions introduced by the above-mentioned authors. 
If the realizations of §(A), i.e. the number-valued set functions &(«, A) for 
fixed «’s are completely additive, then the functional (5. 1) becomes a special 
case of the characteristic functional of KOLMOGOROV. 

If the functional (5.1) is known, then we know also the probability 
situations concerning the random variables £(A) (A€ 8). This is expressed 
more precisely by 
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; THEOREM 5. 1. The characteristic functional L(y) determines completely 
the probability measure on the smallest o-ring relative to which the random 
variables 5(A)(A€8) are measurable. 


Proor. Let A,,..., A, be a system of disjoint sets of $. We show that 
L(y) determines the joint characteristic function of the random variables 
&(A,),..., £(A,). Let us define the functions 


\ ti if h € Ax, 


on.(A= jo (k iow eet) 


. otherwise 
Obviously, 


(5.2) M[exp i(¢,§(A,) + --- +4&(A,))] = M[exp i| @1,,...,+,(h)E(dA)| 
H 

where 

(5. 3) Pin <5 (2) = me qn, (A). 


‘If the variables f,,...,¢, run over the set of the real numbers, then 
L(g:,,...,4,(2)) gives the characteristic function of the random _ vector 
(<(A,), ..., €(A,)). These so-called finite-dimensional distributions determine 
the probability measure on the o-ring in question. Q. e. d. 

If for every y € & the moment 


(5. 4) L(g) —M (| e(@e(a a)” 


exists, then we call the functional (5. 4) the n-th moment of the completely 
additive set function §(A)(A€ 8). By Taylor expansion we get from (5. 1) 


(5. 5) L(g) =1+iL, (gy) +r te roe pe i ne eee a (y) 
where | - 
(5. 6) Li(g)=M (| y(h)(dA) | 


’ 


and R,(g) is such a functional that A, (¢)) = 
Now we describe the characteristic rt of some Emole type of 
stochastic completely additive set functions. 


1. Poisson type. In this case 
(5.7) f(t, Ay=ee-y (A €8) 
where 4(A) is a finite measure on the o-ring S. It is easy to see that 


(5. 8) L(g) = exp | || (er —1)4 (dA) }. 
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We mention that every measurable function g(#) (bounded and not 
bounded equally) is integrable with respect to a completely additive set 
function of Poisson type. This is plausible because essentially it is composed 
of a set of purely discontinuous measures (which are the realizations) with 
finite numbers of discontinuity points. In this case the realizations are 
completely additive set functions but it is not difficult to prove the general 
assertion. 

In fact, the convergence with probability 1 of the series 


> §(AH:") 
implies that for a fixed n §(AH’)--O for at most a finite number of 4’s, 
hence > 
D'yiP&(AM) 

also converges with probability 1. Here {y;"} and {H{! have the usual 
meaning. 

2. The compound Poisson type. In this case 
(5. 9) f(t, A) = exp | ) > Cu AD (C™* —1)t  (A€8), 


(4 


where 4,,4,... is an additive semi-group of real numbers, further C,(A) 
(ke ie2 es) and 
oO 


(5. 10) C(A) = >) Ci (A) 


are finite measures on the o-ring §. 
The characteristic functional has the form 


\ a : thy Pith 
(5. 11) L(g) = exp} > |e? '—1) C.(dA) |. 
ik ot 
Such as in 1 we can prove that every measurable function (A) is 
integrable with respect to a compound Poisson stochastic set function too. 
3. The Laplace—Gauss type. In this case | 


{MEA 


(5. 12) f(t, Ay=e , (AES) 
where M(A)(A€S) is a number-valued completely additive set function and 
D*(A)(A€ES) is a finite measure. 

The characteristic functional has the form 


(5. 13) L(~) = exp | it |y (tymaay—4 | y°(h) D'd A) | 


H H 
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where the integrals on the right-hand side in the exponent are Radon and 


Lebesgue integrals, respectively. Formula (5.13) can be deduced immediately 
from Theorem 4. 3 too. 


4. The Cauchy type. A completely additive set function 5(A) (A € 8) 
will be called of Cauchy type if 


(5. 14) f(t, A) = &Ot-Co(4) | #| (A€8) 


where C,(A) (A€S) is a number-valued completely additive set function and 
CAA) (AES) is a finite measure. 
The characteristic functional has the following form: 


(5. 15) L(y) = exp | i | p(h)C,(aA)— | |g (ht) | Ca) |, 


where the integrals on the right-hand side in the exponent are Radon and 
Lebesgue integrals, respectively. 

It would be possible to define the functional L(y) in a much more 
extensive space of the functions g, e.g. in the space of all functions which 
are integrable over the set H. This latter space is, however, not a Banach 
space. On the other hand, Theorem 5.1 shows that our space & is extensive 
enough to characterize the probabilistic situation concerning a completely 
additive stochastic set function. 


(Received 26 July 1957) 
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ON STOCHASTIC SET FUNCTIONS. III 


By 
A. PREKOPA (Budapest) 
(Presented by A. Rény1) 


In the present paper we are concerned with two topics: the probability 
distributions of the random variables consisting of a completely additive 
stochastic set function and the discontinuities of the realizations by supposing 
the latters to be completely additive number-valued set functions. Some theo- 
rems of Chapter II] are analogous to those well-known in the theory of sto- 
chastic processes with independent increments (cf. mainly [13}). 

There are questions arising in a natural way in the field discussed in 
this paper which we did not consider in detail such as the representation of 
a stochastic set function as a sum of an atomless and an atomic part, etc. 
These problems are not very difficult to solve with well-known methods or 
with our results. 

We refer to the definitions and notations of the previous papers [19], 
[20] which are used here without any remark. Some new definitions and 
notations will also be introduced at the place where they are needed. 


I. PRELIMINARY REMARKS ON TOTALS 


The notion of the total‘, which is a generalization of the Burkill 
integral, was introduced by M. CoTLar and Y. FRENKEL [4]. A special case 
of this was generalized by the author [22] for functions with values in a 
Banach algebra. These notions and the theorems proved in connection with 
them find an extensive application in the present paper. 

In this Chapter we formulate some definitions and theorems relative to 
the totals in a form convenient for our treatment. We do not strive in the 
definitions for the most general versions and mention only the simplest theo- 
rems. To other theorems proved in the paper [22] we refer at the place of 
their application. 

Let H be an abstract set and X a semi-ring of sets consisting of some 
subsets of H. This means the following: 


st 
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DEFINITION 1.’ A class of sets XX is called a semi-ring if for every pair 
of sets A€ XX, BEX for which ACB there is a finite system of sets C, € HK 
(Kaa Wea, 1) SUCII UAL | 

B—A = >) Ce 
k= 


further with every E€ 3X and FES we have also EF Es. 

The elements of St can obviously always be decomposed as sums of 

disjoint sets belonging to KH. lf AE HK and 

= a6. 
where A, €X (kK=1,...,, A:A,.=O for i=:k, then the system-of sets 
A,,..., A, will be called a subdivision of the set A. The subdivisions will 
be denoted by. simple or signed letters 3 as 3—{Ai,..., Av}. 

If 37 —{Aj,..., Av} and 3” = {Ai’,..., A;} are two subdivisions of the 
set A€ st and every set Ay’ is a part of a set Aj € ok, then we write 3°03”. 
Every ’total“ is in a closed connection with a partial ordering relation < 
which orders (partially) the space of the subdivisions. This relation is sup- 
posed to be fulfilling the requirement that 33” implies 3°<3". In § 1 of 
Chapter If we consider the case when the Trenton < reduces to the relation 
c. If H is a metric space, then a possible partial ordering relation, which 
we denote by the sign <, is the following: 3’~< ;" if max d(A;’) = max a(Aj).” 

k gE ~ 


Let f(A) (A€ at) be a set function the values of which lie in a com- 
mutative Banach algebra 38. The additive total of this function over a set 
Aé&s is defined by 


DEFINITION 2. If there isa g€<sS such that to every «>0O a subdivision 
je of the set A can be found with the property 


<i e 


(Tah) Pcome 


for every ;—{Ai,...,A,} > 3, then the element g will be called the additive 
total of the function f over the set A and will be denoted by 


S (dA). 


For real-valued set functions (i.e. when 38 is the Banach algebra of 
the real numbers) we define the lower and upper totals as follows: 


1 This notion of semi-rings is due to A, CsAszAr. 
* d(A) denotes the diameter of the set A, i.e. ad(A) sup d(f,, 4s) where 
NEA, huEA ri 


d(fy, fs) is the distance between the points hy, hy. 
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DEFINITION 3. Consider the sums 
= flay) 


where 3—({Aj,..., A,} is a subdivision of the set A ¢X and take the suprema 
and infima , 

Sune aaa). init? >) f(A}): 

§3§2> 3° hel ic a 
The infimum of the suprema and the supremum of the infima — while 3’ 
runs over the subdivisions of the set A — will be called the upper and 
lower totals, resp., of the function f over the set A. For these values we 
introduce the notations 


Sif) and S,f@A), 
respectively. 
The following theorems can be proved by well-known arguments: 
THEOREM 1.1. There is at most one g€& fulfilling the requirements in 
Definition 1. 
THEOREM 1.2. The additive total of a function f(B) (BEX) exists 
over the set AEX if and only if for every «>0O there is a subdivision 
we 4A;,...,A,} of the set A such that 


1.2) Dhes S709 | < 


mrovided + = {Aj jo.+, Av} > te 

THEOREM 1.3. Jf A==A,+A, where A, € KH, A, € XH, AEH, A, A, =O 
and the function f(B) (Bé sx) is totalizable over the set A, then this holds 
also for the sets A,, A, and 
(1. 3) S.f@A4)=S,,f@4)+ Sif GA). 


THEOREM 1.4. /f f(B) (BE sx) is real-valued and subadditive, 1. e. 
F(A + As) S f(A) + f(A2) 
whenever A, € XH, A, € H,A,+A,€ HX, then the total of f exists over every set 
A€ SH where f has a finite variation and 


(1. 4) S.if@A) = sup > f(Ax) 


{. Ay, 


where {A,,..., A,} runs over the sie of the set A. 


In the sequel we suppose ‘that the Banach algebra s8 has a unity ele- 
ment which will be denoted by e. We introduce the notion of the multipli- 


eative total. 
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DEFINITION 4. If there is a g€& such that to every «>0 a subdivision 
3, of the set A€& can be found with the property 


raj-e < 
for every 3—={Aj,..., Ay} > 3c, then the element g will be called the multi- 
plicative ae of the function f over the set A and will be denoted by 
| | faa). | 
The following theorems are almost trivial: 


. ae : a 
THEOREM 1.5. There is at most one g € & fulfilling the requirements in” 
Definition 4. 


THEOREM 1.6. The multiplicative total of a function f(B) (f(B)€&, 
Beé&X) exists over the set A if and only if for every « there is a subdivision 
$= 1 Ay, 50s, Ar? Of the set A_such ‘that 


| a Ue | 
| Lf A)— I fad |< 
provided 3, = {Aj,..., Av} > 3. 


In the present paper multiplicative totals are used only in the case 
when H is a compact metric space, further 4¢ has the additional properties: 
a) If AEH, then {AL ER. 
6) If A €X, then for every « > 0 there exists a subdivision 3—=/A1, ..., A,} 
of the set A such that 
max d(A;,) = «. 
hk 


v) Relation < reduces to <. 

If the (partial) ordering relation < reduces to the relation ~ and & is 
the semi-ring of the subintervals of an interval [a, 6] (permitting open, closed 
and semi-closed intervals equally), finally if s& is the Banach algebra of the 
real numbers, then the additive total introduced by Definition 2 coincides 
with the Burkill integral. 
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Il. THE PROBABILITY DISTRIBUTION OF A COMPLETELY 
ADDITIVE STOCHASTIC SET FUNCTION 


§ 1. Atomless set functions 


One proves in the theory of stochastic processes with independent 
increments that if some continuity conditions are fulfilled, e.g. if for every 


me > 0 bs 2 ; 
P(|&s+4,—§&|>e@)—+0 if 4s—-0 


uniformly in s, then the differences §.,—§., are distributed according to an in- 
finitely divisible probability distribution. This is the starting point of the con- 
siderations on other questions concerning the distributions of the process &. 
As the space H is abstract, an analogous continuity condition for stochastic 
set functions cannot be formulated. There is, however, a property which is 
at the same time of probabilistic and set-theoretic nature and which enables 

the proof of some theorems concerning the probability distributions of a 
completely additive stochastic set function &(A): the atomlessness. Its defi- 
nition is the following: 


DEFINITION 5. Let &(B) be a completely additive set function defined 
on a o-ring S. A set A€S§ will be called an atom relative to the set function 
§ if for every CE AS we have either &(C)=0O or &(C) = §&(A). 

DEFINITION 6. The completely additive set function £(B) (B€S) will be 
called atomless if for every atom A we have &(A)=0. 

The set function §(B) (B € d) is atomless if and only if for every Ac S$ 
satisfying P(&(A) 4-0) +0 
there exist sets A, € AS, A, € AS, A,A,=—O such. that 
(Zea.) P(E(A,) =U) 0; ePEG.) 359) > 0, 

This shows that the values of an atomless set function in a set AES 
,are not concentrated with probability 1, i.e. they are well-distributed in every 
part of the set A. If for every A€S the random variable (A) is constant, 
then our definitions 5—6 reduce to the analogous definitions formulated for 


number-valued set functions.’ 
The following two theorems have a fundamental role in our discussion: 


THEOREM 2.1. Let &(A) be a completely additive set function defined on 
a o-ring 8. If there is a T>O such that the measure W(T, A) (A€S)* is 
atomless, then the same holds for 5(A) (A € 8). 


3 Cf, [10], p. 48. 
A See eso. [20], p. 12: 
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Conversely, if £(A) (A € 8) is atomless, then for every T>O the measure 
W(T, A) (A €8) Aas also this property. 


Proor. If for some T>O and X€S$ we have W(7,X)— 0, then 
—(X)—0O which proves the first assertion. 

Let us consider the second statement. If &(B) (B €S) is atomless and 
A€S is an arbitrary set, then there can be found sets A, €$§, A. € § such 
that A;A,—0O and (a 1) holds. In this case for every T we have 


W(T, A) >0, W(T, A.) >0, g.e. d. 


THEOREM 2. 2. /f <(B) (BES) is an atomless completely additive set 
function, then for every set A€§ the distribution of the random variable (A) 
is infinitely divisible. 

Proor. Let 7 be a fixed positive number. Since the measure W(7, B) 
(BES) is atomless, to every ¢ >O there is a subdivision of the set A into 
pairwise disjoint sets B,,..., 8B, belonging to $ such that 


W(T, B.) Se Keely yeeie 
Hence ( as ( ’) 


[28 sup|1—f(,Bi)|Se  (kK=1,...,7). 


It follows from the fennel 
Z 
a 1—f(t, B.)|\dt= ap E(B _ r 
ole ss Marae (jean = wD “pi 
=7 
(cf. [19], p. 220) that there exists a sequence of subdivisions {By"’,..., By’! of 
the set A such that the random variables in the double sequence 


E( BY"), <5 (BO) (tad, 2 
are infinitesimal (cf. [9], § 20). But oe every 7 
. 


ee 


s(d)== 2 5(Bi’), 


hence the distribution of the random mane S(A) is a limiting distribution 
of sums of infinitesimal independent random variables. According to The- 
orem 2 of [9], § 24, this proves*our statement. 


Let us consider the LEvy’s canonical form of the characteristic function 
of E(A): 204) #5 
log f(t, A) Aye 

(2. 3) em 1¢xt Bs es itx 
+ | fee—1— [ge }AMtx, A) + | jev—1—54 pr ENG, A). 


(- 9,0) (0, 0) 
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A slightly modified form of this is the following : 
log f(t, A) =iv(t, A)t — Beas + 


(2.4) + | @—1aM(x, 4) + | (e”—1)dN(x, A) + 


(=o,-?) (7, @) 


| 
=p 


| @*"—1—itx)dM(x, A)+ | @—1—itx)dN(x, A) 
[-7.4) (ea 
where tv is an arbitrary positive number. 

The numbers (A), 0°(A), y(«, A) are uniquely determined by the prob- 
ability distribution of €(A). The same holds for the functions M(x, A), 
N(x, A) if in the points of discontinuity we make some convention. We shall 
suppose M(x, A) and N(x, A) to be continuous to the left. From what has 
been said above and from the convergence theorems of infinitely divisible 
distributions it follows 


THEOREM 2. 3. Let &(A) (A € 8S) be an atomless completely additive set 
function and v a fixed positive number. Then the number-valued set functions 
y(A), v(t, A) are completely additive, and 0°(A), M(x, A) (for fixed x <0), 
— N(x, A) (for fixed x >0) are finite measures on the o-ring §. Each of 
these number-valued set functions is atomiless. 


Proor. The preceding set functions are obviously additive. Let B,, Bu,.. « 
be a non-increasing sequence of sets of $ for which TT B.=0. Since 
h==1 


Jé Bis 1 al, k— ce, 
it follows that 
7(B,)—+0, 0? (B.)— 90, 
M(x, Bi) 0 (x<0), N(x, B.)-+O (x>0) 
if k— co, 

As for the sequence (7, 8;), we proceed in the following way. The 
functions M(x, B,), N(x, B.) (K=1, 2,...) are monotone, hence the set of 
their points of discontinuity is countable. Thus there exists a tv, >0 so that 
«,<‘v, moreover the points —-r, and +, are points of continuity of the func- 
tions M(x, By) (kK=1,2,...) and N(x, Bx) (k=1,2,...), respectively. But 
we know that lim 7(r,, B,) =O (cf. [9], § 19, Theorem 2), hence the relation 

k>o 


V(t, By) = V(t; , By) | xdN(x, Bi) — . | xd M(x, Bi) 


proves the statement. 
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We prove finally that the mentioned set functions are aie Let 


A€S and choose a sequence of subdivisions 3, = five anata ay for which 
(it) ] Fo 
(255) W(T, Bi Sn k=1)5. a See 


If one of the above set functions had an atom, then in view of (2.5) it would 
be a contradiction. In fact, (2. 5) implies that for any sequence 1s skh)q 


E(BYG, =O if [ie Co 
and hence 


1(Been) +0, o2(BRiy) +0, (x, Bity) +0 (for 7 > 0), 
M(x, Be) +0 (for x<0), N(x, BY) +0 (for x > 0) 


if n— co. Thus Theorem 2.3 is proved. 

In the following theorem we establish some connections between the 
above set functions and the distributions F(x, A) (A€S). The totals in this 
§ are taken relative to the (partial) ordering relation C. 


THEOREM 2.4. Jf &(B) (BES) is an atomless completely additive set 
function, then for every A€S we have the following relations: 


(2.6) log f(t, A) — Sa (f(t dB) —1), 
( M(x, A) = Su F(x, aB) (x <0), 
| N(x, A) =S.(F(x, dB)—1) (x > 0) 


for every x where the functions on the left-hand side are continuous. If + >0 
is a number such that M(x, A) is continuous at —v and N(x, A) at t, then 


(258) y(t, A) = Sy a(t,dB) where «a(t, B)= | XOX, a) 
finally 0 
(2. 9) o0°(A) lim S, 3(s, 2B) = =limS, 3(e, dB) 


where 


(2.7) 


3(¢, B) ar | dF (x, B)— | | ar (xe B) |. 


|e |~ 
PROOF. First we prove the relation (2.6). Let 3 {B,..., B,} bea sub- 


division of the set A€S$ for which (2. 2) holds [O<e<4 Hence we get 


| log f(t, A> (Ft i < 
(2.10) : 


log F(t, Br) — (F(t, Bi) —1)| = > > | f(t, B—12 <= WT, A)e. 
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, 


If we substitute 3’; for 3, then (2. 10) remains true, hence (2.6) is proved. 
It can be seen from (2.10) that the convergence to the total is uniform in 
every finite f-interval. 

Now, we consider the relations (2. 7)—(2. 8). Let 3, acc... be a se- 
quence of subdivisions of the set A such that 


k 


vt 


(2. 11) log f(t, A) —lim > (F(t Segre. 


n—> 


where 3,— {BY”, ..., Be? . Suppose that either (2.7) or (2.8) does not hold. 


Let this be e.g. the first row of (2.7), the others can be treated similarly. 


By condition there exists an x <0, an «,>O and for every n a subdivision 


(™) n 
ju = {Cr”,..., Cs} 3, such that M(x, A) is continuous at the point x and 


(2.12) MG >, .S FG, a) Sal 


On account of (2.11) we get 


log f(t, A) = lim > (f(t, Ce”)—1), 
n> hk=1 


or otherwise expressed 
S: 


(2. 13) exp > (f(t, C?)—1) = fA) if no. 
k=] 


On the left-hand side of (2.13) there stands a sequence of infinitely 
divisible characteristic functions. To the members of this sequence in LEvy’s 
formula correspond the following functions: 


Sy 


(2. 14) Mi(x)= 2 Je Cat Orig 8 


Relation (2. 13) implies that at every ee of continuity of M(x, A) 
lim M,,(x) = M(x, A) 
which contradicts (2. 12). 
Concerning the proof of relation (2.8) we remark that in this case we 
have to use.LEvy’s formula in the form (2. 4). 
Finally we prove (2.9). Let us construct a sequence of subdivisions 
3, = {BY”,..., By} for the members of which (2.2) holds and 


(2. 15) lim = 3(¢, BO) = S 8, aB). 


n—>o k=1 
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By Theorem 1 of [9], § 22 we have 
lim S , 8(«, dB) —0*(A). 


e>0 


A similar argument shows the statement relative to the lower total. Thus our 
theorem is proved. 


§ 2. The probability distribution of a completely additive 
set function in case of a metric space 


In this § we suppose that H is a compact metric space and sh is a 
semi-ring of some subsets of H satisfying Conditions «), 2) and y) on p. 378. 
We do not suppose that the stochastic set function &(A) is defined on a 
o-ring but only that it is defined on every element of ct. We assume that 
E(A) is completely additive on HX, i.e. besides the independence property’ 


EA) eC 
1 


whenever A,E (K=—1,2,...), Ai:Ax=O for i==k and A= > AE € . 
ja | 

Before turning to the considerations on distributions we prove an auxi- 
liary theorem. 

THEOREM 2.5. /f S(A) (A€&) is a completely additive set function de- 
fined on the semi-ring 3, then there exists a completely additive set function 
E(A) defined on R= R(K)’ for which 

E(A)=E(A) if AEH. 

If S(A) (A EX) satisfies an extension condition formulated in [19], Chap- 
ter Il] (substituting % for R), then (A) (A € R(X)) does also, i.e. the set 
function = can be extended to $(R). 

Proor. The ring (cs) consists of finite sums of sets belonging to X. 


If Aj,..., A, are disjoint sets of 3 and A= >’ A,, then put 
k=l 
E(A) = 2 BAY). 


It is easy to see that the definition of the set function € is unique and it is 
completely additive on &. 


» To disjoint sets there belong independent random variables. 
“ R(K) denotes the smallest ring containing the semi-ring SX. 
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We prove the second assertion by the aid of Theorem 3.3 of [19]. If 
the condition of this theorem holds for §(A) (A €&{), then it obviously holds 
also for §(A) (A€ &). On the other hand, if some extension condition holds 
for (A) (A € ck), then — as it is very easy to see in every special case — 
the condition of Theorem 3.3 is satisfied too. Thus — can be extended to 
S(R) which implies the fulfilment of all extension conditions for £. Q.e.d. 

The fact that for S(A) (A € st) one of the extension conditions of [19], 
Chapter III holds, will be mentioned simply as follows: &(A) (A€&X) can 
be extended to S(R)—S(R(X)). In the foliowing theorems the totals are 
taken with respect to the (partial) ordering relation ~<. 


THEOREM 2.6. Let &(A) (AEX) be a completely additive set function 
and suppose that it can be extended to S(X). In this case for every AEX 
the following totals exist: 


(2. 16) log g(t, A) = S, (f(t dB) —1) 

where t is an arbitrary but fixed real number ; 
42.17) Mi ASF O..aB) (x < 0), 
(2. 18) N(x, A)=S,(F(x%,dB)—1) (x > 0) 


except at most a countable x-set and 
(2.19)  y(«,A)=S, (4, dB) where «(t, B)= | xdF(x, B). 


|al<e 
In (2.19) v is a positive number with the property that M(x, A) and N(x, A) 
are continuous at —t and +, respectively. 
The sequence approximating the total (2.16) converges to its limit unt- 
formly in every finite t-interval. 


Proor. Let sr denote the Banach algebra of the continuous complex- 
valued functions defined in the interval [—7, 7]. Considering the functions 
f(t, B) (BEX) only for |¢| = 7, we get elements of 37. By condition S(A) 
‘(A€&X) can be extended to S(R). To the extended set function there cor- 
responds a measure W(7, A) (A € S(A)). If 

O(T, eset a C)|, 


then obviously 

(2. 20) ‘ Vars(B) = W(T, B), 

hence the set function f(t,C)—1 (t) = 7,C€x), the values of which are 
taken from &r, is of bounded variation and v-continuous.’ Hence by Theo- 


7 Cf. [22], p. 109, Definition 5. 
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rem 1 of [22] the total (2. 16) exists for every ¢ satisfying —7T=t=T and ~ 

the convergence is uniform in the interval [—7, 7]. Since 7 was an arbitrary 

positive number, the statement concerning the totals (2. 16) follows. 
Lefeeat BY aS Br be a sequence of subdivisions of the set A such 


that 3,<3,.1 and max d(B;”) +0 if n> ~. If 
k 


ky 
C21) g(t, A)= Lf exp (£6 Bi )—}), 
=) 
then, by the precedings, 
(2, 22) g(t, Ay=> g(t, A)=exp S  (f(6 dB)—)). 


The characteristic functions @,(¢, A) are infinitely divisible. In LEvy’s canonical 
form (of the type (2.4)) in the place of M(x), N(x) and ;(c) there stand the 


following functions: 
I h 


4 


(2.23) > F(x, Be”), > (F@, Be’)—1) 
Rok k=! 


and the constant 
hey 


S| xdF(x, Bi”), 


k=] 


(2. 24) 


respectively. The well-known convergence theorems relative to infinitely divi- 
sible distributions (cf. [9], § 19) imply our statements. Q.e. d. 


REMARK 1. In the same way as we have proved the relevant assertion 
of Theorem 2.3, we can prove also here that 


(2.25) Oo (Ay lim SF B(¢, dB) = lim S26 dB) 
where 
3(e,B)— | dF(x, B) =a | xd F(x, B)). 
lel<e |n[<e 


REMARK 2. If we consider the functions g(t, B), f(t, B) (B € &) only in 
the interval [—7, 7], then by Theorem 1 of [22] 


(2. 26) Var, (B) = Var;_:(B) (BES) 

whence 

(2,27) * euD log g(t, B)| = W(T, B) (B € dt) 
ar 


where W(7, 8B) is the same measure as in the proof of Theorem 2.6. Hence 
by simple arguments follows that for every + >0,7(«, A) is a bounded, com- 
pletely additive number-valued set function and 0°(A), M(x, A) (x <0), 
— N(x, A) (x >0) are bounded measures on &. 
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THEOREM 2. 7. Let us consider the infinitely divisible characteristic function 


pte Amen lite ay 2 


(2. 28) + | @@—1)dM(x, A+ | @—1)adN(x, A)+ 


(—, -T) (t, ©) 


+ | (@e—1—itx)dM(x, A)+ | (e*—1—itx)aN(x, A)}, 
[-+, 0) (0; r] 
where M(x, A), N(x, A), y(t, A), 0°(A) are defined by formulae (2. 17)—(2. 19) 
and (2.25). Then for every BEX and every t we have 


(2. 29) f(t, B)—| |, +log g(t, dA)) 
and the convergence to the total is uniform in every finite t-interval. 


Proor. This theorem follows immediately from formula (2. 26) and from 
Theorem 3 of [22]. 

Formula (2.29) gives the general form of the probability distributions 
of the random variables §(A) (A € dt). 

According to Theorems 3—4 of [22], the correspondence between the 
set of distributions {F(x, A), A€ st} and the set of real-valued set functions 
{ M(x, A) (x <0), N(x, A) (x > 0), y(e, A) (v > 0), 0?(A), A € H} is one-to-one. 


§ 3. The probability distributions in case of a metric space 
and a weak continuity 


In the beginning of this Chapter we have mentioned that in general a 
weak continuity cannot be formulated for abstract stochastic set functions. It 
is, however, possible if H is a metric space. 

We suppose in this § (such as in § 2) that H is a compact metric 
space and sf a semi-ring of some subsets of H satisfying Conditions @), ;°) 
and y) on p. 378. We make here a little digression by omitting the condition 
of complete additivity and supposing only additivity for the set function (A) 
(A é€ at). A remarkable special case of this type of stochastic set functions is 
that generated by the differences of a stochastic process with independent 
increments &. In this case H is an interval [a, 6], 3 is the semi-ring of all 
subintervals of [a, 6] (permitting closed, open, semi-closed intervals equally) 
and &(A) equals &.—&, if @=s,=s,=6 and A equals one of the intervals 
(S;, 52), [81, Sx), (S1, Sa], [S:, S.]. Our notion of weak continuity (given by Defi- 
nition 6) reduces in this case to the classical one. 
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DEFINITION 7. An additive set function 5(A) defined on the semi-ring 
3H is said to be weakly continuous if for every sequence of . setS Aj, As, coe 
satisfying lim a(A,)—0O we have 
(2. 30) (A, == 0 if ee 

In the following theorems the totals are taken with respect to the (par- 
tial) ordering relation <. 

THEOREM 2.8. Let §(A) be an additive and weakly continuous set func- 
tion defined on the semi-ring 3. In this case every random variable 5(A) 
(A € XX) depends on an infinitely divisible distribution and in Lévy’s canonical 
form the functions and constants are the followings : 

(2.31) M(x, A)= GS, F(x, @B) (x < 0), 

(2. 32) N(x, A) = S (F(x, d@B)—1) (x > 0), 

(2. 33) v(t, A\=S e(t,dB) where @(1,B)= | xdF(x, B), 
; rs 

finally 

(2. 34) o°(A) = lim S 8, dB) = lim S 3, dB) 

where 


b(é, B) = | nat ded ba B)—| | aq he é e. B)}. 


| 

Relations (2.31) and (2.32) hold at the points of continuity of the functions 

M(x, A) and N(x, A), respectively. < denotes a positive number which has the 

property that M(x, A) and N(x, A) are continuous at —v and +, respectively. 
Proor. Let 3, = {Bi",..., ‘a be a sequence of subdivisions of the set 

A such that 3,~<3,;1 and lim max d(B;)—-0. The weak continuity of £(B) 

it-> © ik 
(B € ct) implies that in the double sequence 
(2. 35) e(By);- ee Be 


there stand infinitesimal random variables (cf. [9], § 20). Since for every n 
hy 
S(A) — S §(B:"), 
k=] 


it follows that (ct. [9], § 24, Theorem 2) the probability distribution of §(A) 
is infinitely divisible. The other part of the theorem follows from Theorem 4 
Of [9], S-20s0ig. ec, 

Contrary to Theorem 2.6 of the preceding §, in this case the total 


(x) S, (f(t dB)—1) 
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does not exist in general. But it can be proved that 


log fi A= S, (A dB) —1) 


where 
f(t, B) =f(t, Be", er, B)— | xd F(x, B) 


(cf. the proof of Theorem 1 of [9], § 24). “ 

If €(A) is a set function generated by the differences of a stochastic 
process with independent increments §, then the totals in Theorem 2.8 reduce 
to Burkill integrals. For such set functions &(A) simple examples can be 
given where the total (+) does not exist. We have only to put & = q/(s) where 
p(s) is a conveniently chosen continuous real function of unbounded variation. 

The k-th moment and the k-th semi-invariant of a random variable §(A) 
will in the sequel be denoted by M,(A) and ~%,(A), respectively : 


C 


1d | 
M,(A) es Bea 0 ad a A), x). (A) => Te dt ® log Flee A) lee 


provided that the integral on the right-hand side of the first relation exists. 
We prove a theorem concerning their connection. 


THEOREM 2.9. Let §(A) be an additive set function defined on the semi- 
ring 3. Suppose that for every A€ X the moment M;.(A) exists and the fol- 
lowing two conditions hold: 

1. The set functions M;(A) (i=1,...,kK—1; A€ Xt) are of bounded 
variation. 

2. If B,, Bs,... isa sequence of sets of & such that lim d(B,) —0, then 


1t—> © 


lim M(B,)=0 (i=1,...,k—1). 


In this case for every A€ X we have 
‘(2. 36) x.(A) = S , Mi (dB). 


Proor. It can easily be verified that ~,(B) equals the sum of M,(b) 
and a finite number of products of the form M,(6)M;(B) (1 =i=k—1, 
1 = j =k—1). Hence the theorem follows by a simple argument. 

We remark that the results of this chapter contain implicitly the solu- 


tion of the functional equations 
POs A, + As) = Oe A,) * lal oS Ay) 
and 


a | a As} = * F(x, A), 
SS! 


9 Acta Mathematica VIII/3—4 
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accordingly as (A) is only additive or also completely additive. The sets 


A,, Ao,...,A: +A, and > Ay belong to XH or $ according to the problem. 


i?! 
The properties of the set function §(A) used in this chapter can be formulated 
in terms of the distribution functions. Thus we need not at all random 
variables, it is quite sufficient to consider the distributions and the solutions 
of the above functional equations follow from the modified form of our 
theorems. 


Ill. CONSIDERATIONS ON THE REALIZATIONS 


§ 1. Preliminaries 


In this chapter we assume that the space H and the o-ring S$ consist- 
ing of some subsets of H satisfy the following condition : 

) Every set A€S§ has a sequence of subdivisions 3, — {Bi",..., By} 
with the property that 3,0 3,.1 and if 2,€H,A,€H,A, +h, then for some 
positive integers i,k, N we have 


(3. 1) he BE, beBS, isk. 


This condition holds e. g. for countable-dimensional Euclidean spaces. 

We start from a completely additive set function §(A)—=§(m, A) (m € 2) 
which is supposed to be defined on the o-ring S. If @ is fixed, we get a 
number-valued set function. This will be called a realization of the set func- 
tion 5. The complete additivity of 5 does not imply in general that of the 
realizations as it was shown in [19] (Chapter III, § 1). But in this chapter we 
need the complete additivity of the realizations. Therefore we introduce the 
condition : 

3,) There exists a set 2,2 2 with P(2,)—1 such that for every fixed 
o € £2, the number-valued set function §(@, A) (A €S) is completely additive. 

Besides «,) and °,) we suppose the condition : 

vi) The stochastic set function §(A) (A € 8) is atomless. 

Condition «,) implies that if h € H, then {h} €S. In fact, every set {h} 
can be obtained as a limit of a non-decreasing sequence of sets of S$. Thus 
every realization can be decomposed as a sum of a continuous and a purely 
discontinuous part. We shall show in § 3 that under general conditions the 
continuous part must be identically a constant number-valued set function with 
probability 1. This is perhaps the most interesting result of this chapter. 
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§ 2. Qualitative discussion of the discontinuities 


If « is a completely additive set function defined on the o-ring $ and 
for an h¢€H we have «({A})==0, then we call ha discontinuity point  rela- 
tive to «. The number «({h}) will be called the magnitude of the discontinuity. 

Let / be a one-dimensional interval with a positive distance from the 
point O and define the functions 7,(/, A), 7,(/, A) of the sample elements as 
follows: y,(/, A) is the number and 7,(/, A) the sum of those discontinuities 
in the set A the magnitudes of which lie in the interval /. First of all we 
prove a theorem relative to this functions. 


THEOREM 3.1. /f (\,..., J, are disjoint intervals with positive distances 
prom QO, then x (1,, A),.---;%)U,.,A) and similarly 7 (1,, A),..-, x,(1., A) are 
independent random variables. 

In the general case when J,,...,/. are arbitrary disjoint intervals, the 
assertion remains true for y,(/,, A), .--, %,U,., A) and holds also for x,(1,, A), .-.; 
%U.,A) if the realizations belonging to 2, have a finite number of dis- 
continuities. 


Proor. Here and in the sequel we shall frequently use the following 
- remark: 

There exists a sequence of subdivisions 3, —{BY”,..., By. of the set 
A such that 3, 3,.:, Condition @,) holds and finally the random variables 
(3.2) ELEY ee (Bie) 1 Wn 2a |.) 
are infinitesimal. In fact, the proof of Theorem 3.2 shows that the last pro- 


vr 


perty can be fulfilled with a sequence 3,. Then, if 3;/ satisfies @,), the super- 
position of 3, and 3/’ satisfies both requirements. 
First we consider the case when the intervals /, have positive distances 


from O. Let us define the functions 


e.3 2 —=! eg nae SB Fo 
oS) i [eOrett Xx Cede, 
: > (Sale eT) 
fC) =! Xp ti, x Gila, 
peo) st Ott ox Gane 
and consider the sums 
Ky key 
(3.5) = ZPOEBY: = ZIPEBP) Cad. 
Condition «,) implies 
(3. 6) lim 76 = %o(l,, A), tim x1) = x15» A), 


hence y,(/,, A), 7, (/,, 4) (s=1,---,7) are random variables. 


Ox 


302 A. PREKOPA 


The assertion relative to the independence will be proved by the aid 
of Theorem 1b of [21]. Let us consider the double sequctice (3. wh of inde- 
pendent random variables and apply the functions f{?(x),..., fr (x) (and 
D(x), ..., f(x), resp.) to its members. Clearly 


POR O=0 GORA @)=0) if isek. 


Now we shall verify the fulfilment of the conditions of Theorem 1b of [21]. 
Relation (3. 6) implies d). Condition b) follows immediately by choosing + so 
that «<0, where 0 is the minimal distance of the intervals /. ($=) See oe 
from the point 0. As for Condition c), there exists a K>O such that 


E Oa Kix) ae ieee) 
moreover clearly 
fe (sy (Sa loenanh 


hence for every s (1 =s=r) and ¢>0 we have 


sup P(A GBF) >= sup, PEGE )|>—2 | +0, 


1SkSk 


sup P(|f.’ (E(Br”))| >) = sup P(\§(Br”)| > 2) 0 
1SKSKk, 1=k=k,, 


ut 


if N—> ov, 

The remaining part of the theorem can be proved by the aid of the 
precedings by substituting for those intervals /, which have the point 0 inside 
or as a limit point, intervals having a distance « from O and then taking the 
limit ¢—0. This completes the proof. 

Let / be an interval with a positive distance from 0. From the proof 
of Theorem 3.1 it is clear that if Ai,...,A,, are disjoint sets of S, then the 
random variables 4,(/,A,),...,%(/,4,,) (and x, A,),--.,%,(L4,,), resp.) 
are independent (cf. the relations (3.5) and (3. 6)). If Ai, As,... is a sequence 
of disjoint sets of S, then in view of /) 


a 


(32 7) alee A) SF 2 PACE A,), 
(3. 8) x, (1, A) > x (1 A,) 


where A => A;. The relations (3.7) and (3.8) hold not only with prob- 


ability 1 but they are satisfied in the ordinary sense if m € Q,. 


Thus for fixed /, y,(/, A) and z,(/, A) are completely additive (stochastic) 
set functions having completely additive realizations with probability 1. 
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The same holds for 7,(/, A) without any restriction on the interval / 
and also for y,(/, A) if almost all realizations have a finite number of dis- 
continuities. We formulate the foregoing statements in the form of a theorem. 


THEOREM 3. 2. For every fixed interval I, 7,(1, A) (A € 8) is a completely 
additive set function. 

AU, A) (AES) is also a completely additive set function if I has a 
positive distance from O or almost all realizations of the set function &(A) 
(A€S) have a finite number of discontinuities. 

If mo €Q, is fixed, then the corresponding sample function of z,(J, A) 
(and under the above condition that of z,(/, A)) is completely additive. 


§ 3. The probability distributions of the random variables 
&(A), PACE A), is A) 


Now we fix the set A, the interval / and determine the probability dis- 
tributions of the random variables §(A), 7,(/, A) (é==1, 2). Concerning them 
we prove three theorems and finally formulate an interesting conclusion 
(Theorem 3. 6). Let us consider first §(A). 


THEOREM 3. 3. If A€S, then the canonical form of log f(t, A) is given by 
(3.9) log f(t, Ay =i7(A)t+ | (e*—1)d M(x, A)+ | (ec —1)d NC, A) 


(—@,0) (0, @) 


where y(A), M(x, A), N(x, A) have the properties formulated in Theorem 2. 3, 
but besides these also 
(3. 10) | |x|aM(x, A)+ | xa N(x, A) < &. 
[-1,0) (0.1 

Proor. Let 3,—{Bi",..., BY?’ be a sequence of subdivisions of the 
set A such that ?,) is fulfilled and the random variables in the double 
sequence (3. 2) are infinitesimal. 

On account of the complete additivity of the realizations the non- 
decreasing sequence of the random variables 


E(B) | 


kn 
Sa — > 
i=1 
has a finite limit. But for every A we have 
hy 
E(A)= S'E(B? 
5(A) a (Bi), 


hence by Theorem 1 of [24], (3.9) and (3. 10) hold. 
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The other statements were proved in Theorem 2.3. Q.e.d. 


Now we consider the random variable z,(/, A) and prove that it depends 


on a Poisson distribution. This is expressed more precisely by 


THEOREM 3.4. For every A€S§ and every interval I with a positive dis- 
tance from the point O the random variable y,(I, A) depends on a_ Poisson 


distribution with the expectation 


| M(6, A)— M(a, A) if [==[a,0); 
M(b-+-0, A)—-M(a, A) if f= [aby (b <0) 
| M(b, A)— M(a-+0, A) if [==(a,b), \ ; 
; _ J M(6+0,A)—M(a+0,A) if [=G@, 5] , 
0ST) Eta Ch at)) Ve pea ema) if 1—=[a,6), 
| N(6 +0, A)— N(a, A) if? P= (a; 0), (0 <a) 
N(b, Ay—N(a +0, A) if 1==(a,b), e 
| N(6+0, A)—N(a+0,A) if J=(a,)] 
Relation (3.11) holds also when a==—~ or b=-x. (In this case 


only the third, forth, fifths and seventh rows have a meaning and 


M(—~, A)= N(+ ~, A)=0.) 


Proor. We prove (3.11) for /=[a, 6),a>0, supposing that a and b 
are points of continuity of N(x, A). The case 6<0O can be treated similarly 


and the other assertions follow from these by limit processes. 


nu ) ° wr eine . 
Let 3,—-{Bi”,..., By} be a sequence of subdivisions of the set A with 


the property that °,) is fulfilled, the random variables 
S( Rie) aes £(B;"’) (n=1, 2,...) 


are infinitesimal and finally” 
| 


“ 


lim 2 (F(b, Bi) — F(a, Bi)) = N(b, A)—N(a, A). 


This last property can be prescribed by Theorem 2. 4. 
Let us define the random variables 
\1 if E(B") €/, 


Bald E( Br") = 
( ) (Ai) (O if ECBP) er. 


Since 

£ NEN oe S Wy | . 

&' (Bi) = K\E(BY”)| (kK=1,..., kn; n=1, 2, 
where K is a constant, the random variables in the double sequence 


(BY), a (Br) (n - |, 2 a . 


8 Cf. the proof of Theorem 2. 4. 


By 
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are infinitesimal. Obviously 
M(B; )) = F(6, B:)— F(a, Bo”), 
hence the characteristic function of &(By”) equals 


1+(F(6, Br)— F(a, Be) (e*—1). 
On the other hand 


ky 


(3. 13) lim > (F(6, By’) —F(a, By)y = 


n—-> © el 


hence for every ¢ 
en 


lim (HI Te EG, Be) — F(a, BY’) (e#—1) | = 


(3. 14) — exp | li lim | 5 > (FOB) —F@ Be)) (e«—1)! — 


= exp UNG, A)—N(a, A)) (e"—1)}- 
Taking into account that 


k 


“nN 


lim > & (Bt) =%(/, A), 
no k=1 


our theorem follows. 
Now we determine the charachteristic function of the random variable 


7, (1, A). 


THEOREM 3.5. For every set A€§ and every interval I we have 
(3.15) M(e%G-) — exp } | (e—1)a M(x, A) + | (*—1) d(x, A)| 
en eT 


where X’ denotes the real line without the point 0. 


PRroor. For simplicity we suppose that / lies on the positive half-axis. 
The general case does not require any new arguments. We suppose even 
that /—[a, 6), and the function N(x, A) is continuous at the points a, 0. 
Clearly 


= baa, | 5 —a prays | 
ee | > ee Hae | 
43.16) y,U, A) = lim ps [a+ = Aral fe } . k,a- * (k+1)|,A 


hence for every ¢ | 


M(e0") = lim exp Poa Mn (apo e+ pj-mat? i = ai 


= exp ) | (e*”—1)a N(x, ay, 


t [a,b) 
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For an arbitrary interval / the proof can be carried out by a limit procedure 
and the theorem follows. 

If we denote the sum of discontinuities in the set A€S by ¢(A), then 
according to Theorem 3.5 


(3.17) M(es")— exp} | (e*"—1)ad M(x, A) + | 1d NG, A). 


(2.0) (0, @) 


Let (A) denote the difference §(A)—5(A) and prove the independence 
of the random variables ¢(A) and 7(A). 
Define the functions 
; Cae tag len se AS 
sled 10 otherwise, |] 
VOU lest X teers 
B=) it |x| >a 


and choose a sequence of subdivisions 3,—{Bi",..., Be} of the set A so 
that it has the property °,) and the random variables 


(x) E(BY"),...,5(Be) te) 


are infinitesimal. Denoting by /, the set of real numbers (— x,8)+(, ~), 
we get 


(« > 0), 


lim £68) 1 UA) 


‘“W 


lim eae (E(B®)) = §(A)—7,(,, A). 
yt k= 


Now we apply Theorem 1b of [21] to the double sequence (**) and 
the functions f.(x), g.(x). We have only to verify Condition c) of this theorem 
(cf 121} P2322). ee = ee tien 


| xd.P(g.(6(Bt”)) <x) =0 (kK=1,..., kn} n=1, 2,...). 


|ar| 


On the other hand, by Theorem 3.8 of ay there is a constant A, such that 


hy . 
>| | xa. PUA(E(BE)) < 9|=> 
) i| jal<t 


= 


y xaE(%, Bx”) | =K 
Hence and from the relation 


lim sup | 


rro IS Key 


| xd F(x, Be”) | —0 
|7fe 


! 


the fulfilment of Condition c) follows. 
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Thus 7,(/,, A) and §(A)—y,(/,, A) are independent for every ¢>0. By 
taking the limit «0 we conclude that 5(A) and (A) are also independent. 
In view of the equality 


5(A) = 0(A) + 7)(A) 
and of Theorem 3.3 (the sum of the integrals on the right-hand side of (3. 9) 
is the characteristic function of 5(A)) we must have 


P(1(A) =7(A)) = 1. 
Hence we get the following 


THEOREM 3.6. The completely additive set function & equals the sum of 
a completely additive set function 5 having (completely additive and) purely 
discontinuous realizations with probability 1 and a completely additive set 
function n the random variables of which are constant with probability | 
etet.oe 17). 

If the o-ring §& has a countable basis,’ then there exists a set 2,C2, 
with P(22,)) 1 and a number-valued completely additive set function (A) (A€$) 
such that every realization of §(A)—y(A) (A € 8) belonging to &, is purely 
discontinuous. 

Proor. We have only to prove the second assertion. If A,, A,,... is a 
basis of S and 2” is the set of those ™’s for which 


(3. 18) 7(o, Ax) = (Ar), 


then we define £22, as 
26 = £2; 29202 .... 
Let m € Qo. In view of 
7(@, Ax) = y(Ar) (Kael, 2... 32) 
we must have also 
n(w, A) = 7(A) 


for an arbitrary set A€S. Since P(2)=1, the proof is complete. 


§ 4. General characterization of the set function 5(A) 


Let X. denote the set (— ~, «)-+-(¢, ©) and consider the product spaces 
Xx H, X.x H. We denote by R and &, the rings consisting of finite sums 


of sets of the type 
VY As cand® “YuscA, 


respectively, where YO X and Y,C X, are intervals and A €S. Consider the 


» |.e, there exists a sequence A, Ay,... of sets of § such that the smallest o-ring 
containing these sets is S. 
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stochastic set functions y, and y, defined on the o-rings S(t) and $(K.), 
respectively, as follows. If for an @ € £2; (2; denotes the same set as in § 3), 
the points of discontinuity of the realization are f,,/.,..., and their magni- 
tudes are in the same order x,,X.,..., then let 

(3. 19) | (= DS xu (BES), 


(2p, JER 
(3. 20) 7 (B)= > 1 (BE §(R.)). 
(714 JER 


On the set 2—2, we may define the functions of the sample elements 
(3. 19)—(3. 20) arbitrarily. We shall prove 


THEOREM 3.7. For every BE S(R) and BE S(R,) the functions 7,(B) 
and z,(B) are random variables, respectively. To disjoint sets B,, B,,... of 
S$(R) and §(R-) there belong independent random variables 7,(B,), 7,(B,), --- 


and y,(B,), X)(Bs),--., respectively, and if B= 2 


k 


et 
\"B,., then 
al 


(3.21) x(B)= & 7,(B,) and 4(6)= & %(B,), 
respectively. 


Proor. The fulfilment of the relations (3. 21) is obvious. Let Slt denote 
the class of those sets B of S(&) and S(R,) for which 7,(B) and 7,(B) 


are random variables, respectively. If B,, Bs,... is a monotone sequence of 
sets of Sli and B=lim B,, then (3.21) implies 
it—-> 2 


lim 7,(6,)=y7,(6) and lim X (B,) = %(B), 


respectively, for m € £2,. Hence BES and SN is a monotone class of sets. 
But obviously & CO and R,-CI, hence by Theorem B of [11], p. 27 we 
have S(R)== Dt and S(R,)—= Al, respectively. 

It remains to prove the assertion relative to the independence. We show 
that it holds for disjoint sets belonging to R and &,, respectively. Let us con- 
sider the system of sets B,,..., B, defined by 


(3. 22) By = I. X Ax 
where A, €$ (K=1,...,r) and /,,...,/, are intervals in the spaces X and 
X,, respectively. 


The sets A, and the intervals /, (k—1,...,r) can be represented as 
sums of disjoint sets C1,..., Car (Ci, € $; K= 1,..., M) and intervals Diy opasth ie 
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respectively. Consider the NM sets 


~ Ciee..): eae 
(3. 23) alae tna. 
ay Ci; . Jn ; Cu 
The sets Bi,..., B, can be represented as sums of disjoint groups of the 


Bets (3. 23), Hence it suffices to prove the independence of the random 
variables 


24 VAC eC i)a S TeAler c em Xo x oa arch Xe Ss » Cay): 
xix X Cy), ++ Hy x Cy) HIF Cire ha poe Oy): 


respectively. But according to Theorem 3.1 in every column of (3.24) the 
random variables are independent. On the other hand, the vectors 


POS (Ts Cds oo Xe Tus C)), 


(3.29) 

Y= CAG ee t Nerciaes Nalel tes CD) 
are constructed by the aid of the random variables {§(C), C€ C;S} and the sets 
Ci,..., Cw are disjoint, hence the vectors (3.25) (if i runs over 1,..., M) 


must be independent. 

Thus 7,(B) and 7,(B8) are completely additive stochastic set functions on 
the rings R and &,, respectively. The extension of both set functions is ob- 
viously possible. The extended set functions must coincide with 7,(B) (B € S(&)) 
and 7,(B) (BE S(K,)), respectively, hence taking into account that the exten- 
sion process leads to a completely additive set function, the theorem follows. 

Finally, we give an integral representation of the random variables &(A) 
(A €S). If A€S is a fixed set and we introduce the notation 


%,(Y) =x, (¥ < A) 
where YC X, (¢ > 0) is a Borel set, then 7,(Y) is a completely additive set 
function defined on the o-ring of the Borel sets of the space X,. Thus 
&(A)—y(A) equals the improper integral 


== jim | yz,(d yy 
&>U x 


(3. 26) 


For every fixed Y the random variable 7,(Y) depends on a Poisson 
distribution. Thus we can formulate: 

Every completely additive set function §(A) (A €§) satisfying the require- 
ments «;), %,) and y:) of §1, can be represented as the limit (3.26) of 
stochastic integrals (cf. [20]) taken relative to completely additive set functions 
. of Poisson type. 

(Received 3 August 1957) 
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DIE EINSTUFIG NICHTKOMMUTATIVEN ENDLICHEN RINGE 


Von 
LADISLAUS REDEI (Szeged), Mitglied der Akademie 


Herrn A. G. Kuroscu zu seinem 50. Geburtstage gewidmet 


§ 1. Einleitung 


Fiir ein Axiomensystem A fiir (algebraische) Strukturen soll eine A- 
Struktur eine dem Axiomensystem A geniigende Struktur bedeuten. Ahnlich 
heift eine A-Unterstruktur einer Struktur eine Unterstruktur dieser Struktur, 
die zugleich eine A-Struktur ist. 

Unter einer einstufig nichtkommutativen A-Struktur verstehen wir jede 
nichtkommutative A-Struktur, deren von ihr verschiedene A-Unterstrukturen 
kommutativ sind. Je nachdem A das Axiomensystem fiir Gruppen, Ringe usw. 
bezeichnet, sprechen wir in diesem Sinne iiber die einstufig nichtkommutativen 
Gruppen, Ringe usw. 

Fiir unendliche Strukturen ist das Problem der einstufig nichtkommuta- 
tiven Strukturen auferst schwierig. Ein triviales Beispiel fiir die einstufig 
nichtkommutativen Schiefkérper bildet der Quaternionenkérper tiber dem 
rationalen Zahlkérper. Dagegen wissen wir nicht, ob einstufig nichtkommuta- 
tive unendlicne Gruppen oder Ringe iiberhaupt existieren. 

Innerhalb der endlichen Strukturen ist den einstufig nichtkommutativen 
Strukturen eine grofe Bedeutung beizumessen, denn in voller Allgemeinheit 
gilt die triviale aber wichtige Folgerung der Definition, da jede nicht- 
kommutative endliche A-Struktur mindestens eine einstufig nichtkommutative 
‘A-Struktur (als Unterstruktur) enthalt. Wenn man also fiir ein Axiomensystem 
A alle einstufig nichtkommutativen endlichen A-Strukturen erforscht hat, so 
bietet das im gesagten Sinne auch schon eine gewisse Aufklaérung tiber die 
sdmtlichen nichtkommutativen endlichen A-Strukturen. 

Im Gegensatz zu ihrer Wichtigkeit sind die einstufig nichtkommutativen 
endlichen Gruppen sehr spat erforscht worden. Wohl wurden sie ndmlich 
schon im Jahre 1903 durch MILLER—MoRENO [4] untersucht,’ doch erst im 
Jahre 1947 durch REDE! [5] restlos bestimmt.* Man siehe auch REDEi [6]. 


1 Mit [ ] verweisen wir auf das Literaturverzeichnis am Ende der Arbeit. 
2 Ich war im Jahre 1924 im Besitz meiner vollstandigen Resultate; die Verspatung 
der Publikation geschah, weil ich lange Zeit der Unvollstandigkeit obenerwahnter friiherer 
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Angewendet wurden diese Gruppen bisher bei GOLFAND [1], ITO [2], Iro— 
SzepP [3], REDE! [7, 8]. Vgl. noch Suzuki [11]. 

Der Zweck der vorliegenden Arbeit ist die Bestimmung der einstufig 
nichtkommutativen endlichen Ringe. 

Gleich hier bemerken wir die folgenden drei Eigenschaften der einstufig 
nichtkommutativen Ringe, die aus der Definition trivial folgen: 

Jeder solche Ring wird durch seine irgend zwei nichtvertauschbaren 
Elemente erzeugt. 

Die nichtkommutativen homomorphen Bilder jedes solchen Ringes sind 
wieder einstufig nichtkommutativ. 

Jeder solche Ring ist direkt unzerlegbar, also im uns allein interessie- 
renden endlichen Fall ein p-Ring (p Primzahl), d. h. ein Ring, dessen Elemente 
nach der Addition eine (kommutative) p-Gruppe, mit anderen Worten einen 
p-Modul bilden. 

Unsere Arbeit gliedert sich so. Wir schicken im § 2 einige Definitionen 
und durchgangige Bezeichnungen voran. Im §3 definieren wir gewisse drei 
(unendliche) Klassen von Ringen R,,R.,R,; und sprechen sechs Satze 1, 2, 3, 
1’, 2’, 3’ aus, von denen die ersten drei die wichtigsten Eigenschaften dieser 
Ringe beschreiben und die letzten drei feststellen, da8& sie im wesentlichen 
(ndmlich teils mit ihren nichtkommutativen homomorphen Bildern, teils mit 
den zu ihnen antiisomorphen Ringen zusammen) eben die samtlichen ein- 
stufig nichtkommutativen endlichen Ringe sind. In den §§ 4 bis 8 erfolgt der 
Beweis unserer Satze. Im §9 machen wir einige SchluBbemerkungen ver- 
schiedener Natur. 


§ 2. Einige Definitionen und durchgaingige Bezeichnungen 


tye tf} ott ots () bezeichnen bzw. den (die, das) durch die einge- 


klammerten Elemente erzeugten (erzeugte) Unterring, Untermodul, Teilhalb- 
gruppe, Untergruppe, Ideal einer Struktur S. Stets wird aus den Zusammen- 
hangen klar oder n6tigenfalls extra gesagt, welche Struktur S wir dabei 
meinen. Mit () bezeichnen wir auch den gréBten gemeinsamen Teiler. 


R* und R* bezeichnen den Modul bzw. die Halbgruppe (der Elemente) 
eines Ringes R. Unter einer Basis von R verstehen wir eine solche von Rt. 


Untersuchungen nicht gewahr wurde. Es ist zu bemerken, da das Problem der einstufig 
nichtkommutativen endlichen Gruppen im Zusammenhang mit dem der einstufig nicht- 
nilpotenten endlichen Gruppen (s. §9) im Jahre 1924 auch Scumipr [10] betrachtet und in 
ihrer Theorie eine wichtige Vereinfachung erzielt hat, jedoch lag ihm dabei an der genauen 
Erforschung der erstgenannten Gruppen sichtbar nicht. 
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K" bezeichnet die Gruppe (der von O verschiedenen Elemente) eines 
KO6rpers K. 


O(S) bezeichnet die Ordnung (d.h. die Anzahl der Elemente) einer 
endlichen Struktur S. 

o(@) bezeichnet die (multiplikative) Ordnung, d.h. die Anzahl der 
verschiedenen Potenzen «a, a’,... des Elementes « einer endlichen Struktur, 
in der (unter anderem) die Multiplikation der Elemente definiert ist. Wenn 
also « insbesondere ein nilpotentes Element (einer Struktur mit Nullelement) 
ist, so bedeutet o(@) den Nilpotenzgrad von @, d.h. die kleinste natiirliche 
Zahl a mit @’=-0. Wortlich ebenso definieren wir den Nilpotenzgrad eines 
nilpotenten Ringes R und bezeichnen ihn ahnlich mit o(R). 

o* (@) bezeichnet die additive Ordnung von «, d.h. das additive Analogon 
von o(@), wobei « immer ein Element eines (endlichen) Moduls oder Ringes. 
sein wird, weshalb o*(@) stets die kleinste natiirliche Zahl a mit a@— 
bedeutet. 

o(@(mod a)) = o(@+-a) bezeichnet die (multiplikative) Ordnung von 
«moda, d.h. die (multiplikative) Ordnung der Restklasse «(mod a) (—« +a), 
wobei « ein Element und a ein Ideal eines Ringes ist. 

[@, 8] (—=«@P—ea) bezeichnet den Kommutator der Elemente @, ? eines 
Ringes. 

3 bezeichnet den Ring der ganzen Zahlen. 

J[x] bezeichnet den Polynomring von x iiber J. 

3 [x], (= xd [x]) bezeichnet den Unterring von 3[x] bestehend aus den 
durch x teilbaren Polynomen (aus 3[x]). 

jt. bezeichnet den durch die Elemente x,y (als. freie Erzeugende) 
erzeugten freien Ring. Dabei fassen wir S[x], als einen Unterring von }., aut. 

S-+R bezeichnet den bekannten (gemeinsamen) Erweiterungsring von 6) 
und R, dessen Elemente eindeutig durch 

a-ea (a€é sd, @ER) 
angegeben sind und nach den Regeln 


(a+a)+(6+?)=(a+6)+(€+), (a+e@) (0+ @)=ab+(ae+ba+ a8) 


addiert und multipliziert werden; dabei ist R ein beliebiger Ring, der mit 3 
kein gemeinsames Element auBer O hat. Immer, wenn notig, fassen wir R als 
einen Ring versehen mit dem zweiseitigen Operatorenbereich 3 --R auf, indem 
wir die Operationen durch 


(ata)b—ab+as, plata)=as+se (@€3;@, BER) 
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erklaren.’ Da S[x] —3-+- [x], gilt, so folgt, daB die 

f(@e ee) (f(x) € 3[x]; @, & ER) 
einen Sinn haben, und zwar Elemente von R sind (obwohl selbst f(@) nicht 
in R zu liegen braucht). Ist dabei 


f(x) e+ 8(%) (3, g(x) € SIX), 
so gelten nach obigem 
f(a)P=c8+g(@)8, Bf(@)=cP+Pg(). 

A <> & bezeichnet die Aquivalenz der Aussagen , &. 

S=S’ und S_ S’ bezeichnen die Isomorphie bzw. Homomorphie der 
Strukturen S, S’. 

Ist Mt eine Menge von Strukturen S,,S.,..., denen der Reihe nach 
gewisse Systeme 4,4, ... von Dingen eindeutig zugeordnet sind derart, dab 
die Regel 

tj = ty <> Si = Sj 
gilt, so sagen wir, daB «; (innerhalb Yi) ein vollstdndiges Invariantensystem 
VONcor ISt (i Select ae): 

p bezeichnet eine Primzahl. 

Die Elemente eines endlichen Primkérpers bezeichnen wir tblicherweise 
mit den ganzen rationalen Zahlen, die freilich nur mod p in Betracht kommen, 
wobei p die Charakteristik des Kérpers ist. 

Die einseitigen Nullteiler eines Ringes bedeuten diejenigen Links- und 
Rechtsnullteiler des Ringes, die keine Rechts- bzw. Linksnullteiler sind. 

Hauptpolynom bedeutet ein Polynom in einer Unbestimmten iiber einem 
Ring mit Einselement, dessen Anfangskoeffizient das Einselement ist. 

Ohne besondere Erklaérung zu verwendende kleine lateinische Buchstaben 
bezeichnen ganze Zahlen. 


§ 3. Aufzahlung der einstufig nichtkommutativen endlichen Ringe 


Wir definieren die folgenden Ringe R,, Ru, Ry: 


Erstens werde ein Ring 
(1) Ri == 40,0} 


* Nach einer miindlichen Mitteilung von Herrn A. Kerrész hat er vor kurzem 
allgemeiner im Zusammenhang mit beliebigen Operatormoduln eine der obigen ahnliche 
Konstruktion ausgearbeit, nach der dann jeder Operatormodul sehr vorteilhaft in einen 
unitaren Modul verwandelt wird. — Bei der Korrektur: Man vgl. auch die inzwischen 
erschienene Arbeit R. E. Jonson, Structure theory of faithful rings I. Restricted rings, 
Trans. Amer. Math. Soc., 84 (1957), 523—544. 
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durch die Gleichungen 


(2) fhe oO a 0, oe o= 0; oO” = O, o* = 0, 
(3) CO=000=00, 00 =090=0'9, 
(4) Poe = peo 


definiert, wobei m,n, r,s natiirliche Zahlen sind mit den Eigenschaften : 


(5) SMSNn> fe 2) 8225 wenn m=n;- sO rss. 


Zweitens werde ein Ring 
(6) Ry — {0, 0} 
durch die Gleichungen 


foi oO, poss 0; eF(e)=0, o° =0, F(e)co=—0, co= out ‘Oo 
definiert, wobei g eine Primzahl ist (die auch gleich p sein mag), m,n(n<q),e 
natiirliche Zahlen sind, F(x)(€3[x]) ein modp irreduzibles Hauptpolynom 
q’-ten Grades ist. 

Drittens werde ein Ring 
(8) Rs = {@, 9} 
durch die Gleichungen 
(9) p@o—=0,, po=0, eo —¢,. o—0, ooo, o0=0 


definiert, wobei m eine natiirliche Zahl ist. 

Solche Ringe R,,R,,R; gibt es, wie wir sehen werden, je unendlich viele, 
ferner sind sie offenbar lauter endliche p-Ringe. Um ihre Abhangigkeit von 
den jeweils genannten Parametern zum Ausdruck zu bringen, hatten wir uns 
der ausfiihrlicheren Bezeichnungen 


R, eared Ri(p, m,n, 1, S), Ry = Ro (p, m, q, e, n), s=k(p, m) 


bedienen kénnen, jedoch nehmen wir davon Abstand, bemerken aber schon 
im voraus, da die hier eingeklammerten Parameter jedesmal ein vollstandiges 
Invariantensystem bilden (s. Satze 1, 2,3). Scheinbar hangt R, auch noch vom 
‘Polynom F(x) ab, jedoch werden wir sehen (Satz 2), daB die (bei gegebenen 
p,m,q,e, n) zu den verschiedenen F(x) gehérenden k, isomorph sind. 


Satz 1. jeder Ring R, ist einstufig nichtkommutativ, hat das vollstandige 
Invariantensystem 


(10) : Davia, tars, 
ist nilpotent vom Nilpotenzgrad 

(11) o(Ri)=r+s—I, 
und endlich von der Ordnung 

(12) OR) == pone ae: 


10 Acta Mathematica VIII 3—4 
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Die rs Elemente 
(13) oo—oo, ih OSisr—1; 0S /ss—1;i+/=9) 
bilden eine Basis von R, mit 
0* (00 —00) =p, 
US o* (o'o') = pp" (1Sisr—1;0S/ss—1), ot @)=p"(ls/ss—). 
Fiir das Produkt zweier durch diese Basis ausgedriickter Elemente gilt 
(a(oo—o0) + ps, a;jo' 0’) (b(e@0— 00) + pa bs;0°O) == 
(15) 


— Ay balod=-U0) 4, a? jO,.0°" git, 
i, 1 


Satz 2. Jeder Ring R, ist einstufig nichtkommutativ, hat das vollsténdige 
Invariantensystem 
(16) Pin; Ge, ie 
ist nichtnilpotent, enthdalt keine einseitigen Nullteiler und ist endlich von de 
Ordnung 


(7) O(Rs) = parm 
Die Elemente von R, lassen sich in der Form 
(18) a(o) + b(e)o (a(x) € 3[x}, b(x) € S[x]) 


schreiben. Fiir zwei in dieser Form angenommene Elemente 

(19) u=ale)+b(e)o, v=c(e)+de)o (a(x), c(x) € F[x}; b(x), a(x) € Sfx) 
gelten die Regeln*” 

(20) wv <> a(x)=c(x) (mod p”, F(x)), (x)= ae (mod p, F(x)), 


(21) wy alo) c(0) + (alo) de) + B(e)c(0)" Jo. 
Die Elemente 

(22) o” (fae 154... 9°), “OC (f= 0 4 gl) 
bilden eine Basis von R, mit 

(23) o*(0')=p", 0* (eo) =p. 


' Offenbar ist (20) dquivalent mit dem (oft zu verwendenden) Spezialfall : 
a(o) + b(@)o 0 <== > a(x)=0 (mod p", F(x)), (x) =0 (mod p, F(x)). 

» Da ; ; 
F(x)? Sf?) (mod p): (f(x) € Fix]; t= 1,2, . ..) 
ist, so folgt aus (20) die Regel 

Fle)!" 7 — fle!” Jo. 

Entsprechend la8t sich also (21) in einer zweiten Form schreiben, die manchmal vor- 
teilhaft ist. 
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SATZ 3. Jeder Ring R, ist einstufig nichtkommutativ, hat das vollsténdige 
Invariantensystem 


(24) SC yehh 


ist nichtnilpotent, enthdlt o als einseitigen Nullteiler und ist endlich von der 
Ordnung 


(25) O(R:) =p". 

Die Elemente 0,6 bilden eine Basis von R, mit 

(26) Ore) =p" 0*(0)==p. 

Fiir das Produkt zweier durch diese Basis ausgedriickter Elemente gilt 
(27) - (ao + bo) (co+do)—aco+ado. 


Unsere Hauptresultate sind enthalten in den folgenden drei Satzen, die 
insgesamt alle einstufig nichtkommutativen endlichen Ringe aufzdhlen: 


SaTz 1’. Die nilpotenten einstufig nichtkommutativen endlichen Ringe 
stimmen mit den Ringen Rk, und ihren nichtkommutativen homomorphen Bildern 
liberein. 

Satz 2’. Die nichtnilpotenten einstufig nichtkommutativen endlichen Ringe 
ohne einseitige Nullteiler stimmen mit den Ringen R, tiberein. 


Satz 3’. Die nichtnilpotenten einstufig nichtkommutativen endlichen Ringe 
mit einseitigen Nullteilern stimmen mit den Ringen R, und den zu diesen anti- 
isomorphen Ringen tiberein. 


§ 4. Beweis vom Satz 1 


Aus Satz 1 wollen wir zuerst die Behauptungen tber (12), (13), (14) 
beweisen. 

Nach der Definition bei (1) bis (5) ist R, isomorph zum Faktorring 
ji.,a des freien Ringes }t., nach dem Ideal 
(28) a=(p"x, p"y, X", °, CY— YX, XY—XYX, XP—YPX, xY— yxy, p(xy—Yx)). 
Da ferner die Endlichkeit von R, schon aus (1), (2) folgt, so gilt 
(29) Oya O (Stag): 

Wegen (28) und m =n reprasentieren die Elemente 

a==0,....,p—1, 
(30) ayxt > ax’ yi Ng 0. Dm 1 4.0, 
a igve= UV, ., 1 


10* 
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alle Restklassen moda von 9i,,, wobei man tiber die /,/ mit 
0siser—l;_ 0S/a3s—beigia-0 
zu summieren hat. 

Wir zeigen, daB dabei jede Klasse nur einmal reprdsentiert wird. Es 
geniigt zu beweisen, daB (30) nur dann in a liegt, wenn a und alle a, gleich 
O sind. 

Zu diesem Zweck miissen wir etwas langer ausholen. Es durchlaufe P 
alle Elemente der Halbgruppe {x, y}”(C",). Die samtlichen P bilden eine 
Basis von t,,. Es sei j 
(31) iter 
die Basisdarstellung eines Elementes von %i,,, wobei man tiber alle Pz 
summieren hat und die cp ganze Zahlen sind, von denen nur endlich viele 
nicht verschwinden. Die cpP(+-0) nennen wir die Glieder von (31). Enthalt 
dabei P genau & Faktoren x und / Faktoren y, so sagen wir, da dieses 
Glied vom Grad k bzw. / beziiglich x bzw. y ist, ferner nennen wir k-+-/ 
schlechthin den Grad dieses Gliedes. Fiir ein Element (--0) von ‘i,, verstehen 
wir unter dem Grad dieses Elementes das Maximum der Grade seiner Glieder. 
Sind die letzteren Grade untereinander gleich, so nennen wir das betrachtete 
Element homogen. Offenbar laBt sich jedes Element von %,,, eindeutig in 
der Form 


H, +i, =f haat 
schreiben, wobei H; gleich O oder homogen vom Grad ¢ ist und nur endlich 
viele H; von O verschieden sind. Die H,, H,,... nennen wir die homogenen 


Bestandteile des betrachteten Elementes von ‘i.,. Eine triviale Folgerung ist, 
daB ein Element von %i,., dann und nur dann in ein durch homogene Ele- 
mente erzeugbares Ideal gehért, wenn seine homogenen Bestandteile in 
diesem Ideal liegen. 

Nunmehr nehmen wir an, da (30) in a gehdrt. Wie gesagt, haben wir 
zu zeigen, da’ a und alle a; gleich O sind. 

Wegen (28) und r=2,s=2 gilt aC(px, py, x*, xy, y’). Aus der An- 
nahme folgt somit 

AYX + Ay X-+ Any € (Px, Py, x, XP, ¥). 
Da die rechte Seite homogene Erzeugende hat, so folgt aus obiger Bemerkung: 
OVLC( DX, Dip ce, Vs 

Offenbar folgt hieraus ayx€ (px, py), also pla. Da aber a nur der Werte 
O,..., p—I1 fahig ist, so haben wir 
(32) a=0. 

Es ist noch zu zeigen, da® auch alle a;; gleich O sind. Wir nehmen an, 
da das falsch ist, und bezeichnen mit uw (0 =u=s—1) die grifte ganze 
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Zahl von der Eigenschaft, daB die samtlichen a,j mit j<u gleich O sind. 
Nach der Annahme ist (30) ein Element von a. Man multipliziere (30) von 
rechts mit y>!. Auch dieses Produkt liegt in a, also ist wegen (32) 

> ayxiys ae ae 

tJ 
Hier fallen nach der Definition von w die Glieder mit j/ <a heraus. Da ferner 
nach (28) y*€a ist, so lassen sich auch die Glieder mit s—l—u+j=s, 
d.h. mit 7>w streichen. Hiernach bleiben nur die Glieder mit /— uw iibrig: 

Dy Ginxiye Ea. 


Ge nachdem w—O oder u>0 ist, hat man hier tiber i—1,..., 0>—1 bzw. 
i—0O,...,—1 zu summieren.) Die Glieder der linken Seite sind von ver- 
schiedenem Grade. Andererseits hat a nach (28) lauter homogene Erzeugende, 
weshalb nach obiger Bemerkung alle Glieder in a liegen miissen. Da nun 
nach der Definition von uw mindestens ein a;,, von O verschieden ist, so gilt 


hierfiir 
Gay? € a. 
Wegen (28) gilt noch mehr 


Gee eX, DY, xs P5 XV VX); 
denn die gestrichenen Erzeugenden von a schon im Hauptideal (xy—yx) 
liegen. Wegen i<r, s—l<s folgt sogar 
(33) Ainx'y 1 €E(p"x, p"y, XY—YX). 
Da 9i., ein freier Ring ist, so darf in (33) die Ersetzung y—x aus- 


getiihrt werden: | 
Ain xits-1 € (p” x; p" eB), 


wobei rechts nunmehr ein Ideal von S[x], steht. Wegen m =n folgt hieraus 
p" 
Da aber a;,, im Fall i> 0 wegen (30) und a;,, +0 nur der Werte 1,..., p”—I 
fahig ist, so folgt notwendig =O (u > 0). 
In diesem Fall lautet (33) so: 
Aouy* €(p"x, p"y, XY— YX). 
Nach der Ersetzung x0, y—x ergibt sich 
: dgpyscee © (P*X), 


Qin. 


also . 

Pp" |\Qu- 
Da aber ay,, wegen (30) und ao,==0 nur der Werte 1,..., p"—1 fahig ist, 
so haben wir mit diesem Widerspruch bewiesen, daB die Elemente (30) eben 
die samtlichen verschiedenen Restklassen moda von ‘i, reprasentieren. 
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Da die Anzahl dieser Reprasentanten (30) gleich 


edi Utd ceed W hie ic 
ist, so folgt wegen (29) die Richtigkeit von (12). 

Aus (1), (23,4), (3) folgt sofort, da® die Elemente (13) Erzeugende des 
Moduls R;* sind. Andererseits folgt aus (2).2), (4), (5,), da fiir diese Elemente 
die Aussagen (14) mit ,=“ statt ,—“ richtig sind. Da aber das Produkt 
der rechten Seiten aller Gleichungen (14) gleich der rechten Seite der eben 
bewiesenen Gleichung (12) ist, so ersieht man hieraus auf einmal, dali die 
Elemente (13) sogar eine Basis von R, bilden und alle Gleichungen (14) 
richtig sind. 

Wird e0—oo von links oder rechts mit o oder o multipliziert, so 
entsteht nach (3) stets O. Hieraus und wieder aus (3) folgt die Richtigkeit 
von (15). ; 

Um (11) zu beweisen beachte man, dafi wegen (3) der Modul (Ri)* 
des Ringes Ri im Fall k =3 durch die Elemente 


g' 0! (+j24 
erzeugt wird. Diese verschwinden aber wegen (2;,4) stets, wenn kK =r+s—l 
ist. Da nach (52,3) auch r+s—1=3 gilt, so folgt 

Ras geet 0, 


Andererseits enthalt Ri* ° das Element 9’ 'o ’. Dieses ist nach (13) ein 
Basiselement, also jedenfalls von O verschieden. Hieraus folgt 

Ri” = 0. 
Somit haben wir (11) bewiesen. 


Zum iibrigen Beweis brauchen wir den folgenden 


HILFSSATZ 1. Wenn fiir einen Ring R und einen Unterring S von ihm 


(34) R=R-+S 
gilt, so gilt sogar 
(35) R=R+S (K== 2,3, 00 


Insbesondere fiir einen nilpotenten Ring R kann also (34) nur mit S—R 
erfiillt werden. 


Denn nehmen wir (35) fiir ein k (= 2) an. Hieraus und aus (34) folgt 
R=(R+S)+SCR"+S'4+S5=R45, 


Dies hat die Richtigkeit von (35) fiir #41 statt 4, also auch allgemein zur 
Folge. 
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Fiir die spateren Zwecke beweisen wir noch 


HILFSSATZ 2. /n einem minimalen Erzeugendensystem ,,@s,... eines 
nilpotenten Ringes R lapt sich kein ; durch ein «, m; oder mm; ersetzen 
(j =i oder j + i). 

Denn bezeichne S den (echten) Unterring {w1, ..., @:-1, m1, ...) von R. 
Ist die Behauptung falsch, d.h. ist 


R={S,@:o,;} oder R={S, w;«,}, 


so enthalt der Unterring R°+S von R ein Erzeugendensystem von R, woraus 
(34) folgt. Nach Hilfssatz 1 miiBte also S—-R sein. Dieser Widerspruch 
beweist Hilfssatz 2. 

-Nunmehr wollen wir beweisen, dal R, einstufig nichtkommutativ ist. 
Da e¢—oe nach (13) ein Basiselement von R,, also jedenfalls von O ver- 
schieden ist, so ist R, nicht kommutativ. Deshalb geniigt es zu beweisen, daf 
R, durch seine irgend zwei nichtvertauschbaren Elemente c, @ erzeugt wird. 

Wir driicken @, 6 mit Hilfe der Basis (14) aus und bezeichnen die 
dabei auftretenden Koeffizienten mit a,a;; bzw. b,b;;, genau so wie in den 
beiden Faktoren auf der linken Seite von (15). Aus (15) folgt dann 

[¢, S] = «P—Sa= i ‘ [eo—oo]. 

Wegen (14,) und der Annahme ist die Determinante auf der rechten Seite 
durch p nicht teilbar. Wenn man also das Elementepaar @, ° einer passenden 
ganzzahligen homogen Jinearen (mod p reguladren) Substitution unterwirft und 
fiir das so erhaltene ,neue“* Elementepaar die alten Bezeichnungen beibehalt, 
so gilt fiir die ,,neuen“ Koeffizienten die Matrizenkongruenz 


ie Ue a | . 
= mod p"). 
on on) =Lo 1) (mod) 
.Da die ausgefiihrte Substitution mod” invertierbar ist, so gentigt es zu 
zeigen, dai R, durch die ,neuen“ 0,0 erzeugt wird. 
Die eben ausgefiihrte Reduktion hat (wegen R; = (2, 0}) 


o=a (modR), o= (mod R)) 


zur Folge. Nach der letzten Aussage vom Hilfssatz 1 angewendet auf den 
(nilpotenten) Ring R—R, = {o, 0} und seinen Unterring S= {e@, 6; gilt also 
S—R,. Das besagt, daf «, @ tatsachlich Erzeugende von R, sind, d. h. R, ein- 
stufig nichtkommutativ ist. 

Endlich haben wir von Satz 1 nur noch zu beweisen, da die Zahlen 
(10) ein vollstandiges Invariantensystem von R, bilden. Da R, durch diese 
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Zahlen bis auf Isomorphie bestimmt ist, so geniigt es zu zeigen, daB sie 
lauter Invarianten von R, sind. 

Da (13) eine Basis aus R, ist, so bilden die rechten Seiten der 
Gleichungen (14) ein System von Invarianten von R,. Dieses System besteht 
aus den folgenden Elementen : 

Pp, (r—1)s-mal p”, s—1-mal p". 

Im Fall m<n folgt hieraus sofort, dafi selbst p,m,n,r,s Invarianten 
von R, sind. 

Im iibriggebliebenen Fall m-==n folgt auf diesem Wege nur, dab 
p,m,rs Invarianten von R, sind. Da aber in diesem Fall vor allem r=s 
gilt, ferner nach (11) stets auch r+-s eine Invariante von R, ist, so kommt 
man auch jetzt zum vorigen Resultat. Somit haben wir Satz 1 bewiesen. 


§ 5. Beweis vom Satz 2 
Im hier folgenden Beweis vom Satz 2 wird das mit Hilfe des bei (7) 
eingefiihrten mod p irreduziblen Hauptpolynoms F(x) gebildete Primideal 


(36) (P, F(x)) 


von [x] eine fiihrende Rolle spielen. Da F(x) vom Grad g’(>1) ist, so ist 
der Faktorring 


(37) K= 3[x]/(p, F(x)) 

ein (endlicher) Kérper mit 

(38) O(K) = p" (> p). 

Wegen (37) gibt es in K ein erzeugendes Element x mit 
(39) K={x}, F(x)=0. 


(Fir % laBt sich wegen (37) die Restklasse x-+-(p, F(x)) nehmen; jedoch 
wird K in unseren Betrachtungen nur als abstrakter Korper in Frage kommen, 
und dann wird es blo auf die Existenz von x ankommen.) 

Wir benétigen auch den (endlichen) Faktorring 


(40) A = I [X]o/(p"x, F(x)x). 
Hierfiir gilt offenbar 
(41) O(A) =p”. 


Vor allem wollen wir einen Ring R effektiv konstruieren, von dem wir 
dann zeigen werden, dafi er zum Ring R, isomorph ist. Nachdem dies 
geschehen ist, werden wir die im Satz 2 behaupteten Eigenschaften von R, 
ausweisen kénnen. 
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Zu unserem Zweck bezeichnen wir mit R zundchst die Menge aller 
(geordneten) Paare 


(42) <a;6> (@e€A, SEK) 
und verabreden uns unter 

(43) <a(x), b(x)>’ (a(x) € I[x], O(x) € S[x]) 
das aus den Restklassen 

(44) = a(x) +(p"x, F(x)x), 2=b(x) +(p, F(X) 


gebildete Element (42) von R zu verstehen. Es ist klar, dai umgekehrt alle 
Elemente von R sich in der Form (43) schreiben lassen. Dann definieren wir 
in R die Addition und Multiplikation durch 


(45) <a(x), B(x)>' + <e(x), d(x)’ = <a(x) +e(x), O(x) +(x)’, 

(46) <a(x), B(x)>’ <e(x), d(x)” = <a(x) c(x), a(x) d(x) + b(x) c(x) pr”, 
wobei a(x), c(x) und b(x), d(x) in [x], bzw. S[x] liegende Polynome sind. 
Es ist wegen (37) und (40) klar, da beide Verkniipfungen (45), (46) ein- 
deutig sind. Wir zeigen zundachst, dai R ein Ring ist. 

Wegen (45) bildet R offenbar einen Modul. Um die Assoziativitat der 
Multiplikation auszuweisen, bezeichnen wir mit A und B& den ersten bzw. 
zweiten Faktor auf der linken Seite von (46), ferner nehmen wir ein drittes 
Element C= </f(x), g(x)>’ von R (f(x) € S[x},, g(x) € d[x]). Der Kiirze halber 
setzen wir 
(47) nee 
mod.a(x)——d, ..:, 2(%)=—zg. Dann gelten nach (46): 

Ab=-<0c dd--or >, BC=<cy, cod’, 
(AB) C= <acf, acg+adf’+ bc’ f’>’ =A(BC). 
Das beweist die gesagte Assoziativitat. Da stets 
u(x)?" + v(x)” = (u(x) + r(x)" (mod p) — (u(), v(x) € Sfx]; i= 1, 2, ..) 
gilt, so ersieht man aus (45), (46) die Distributivitat von R sofort. Hiernach 


ist R tatsaéchlich ein Ring. 
Wir zeigen, daB R durch die zwei Elemente 


(48) Q =KX, o>’ o= <0, ie 
erzeugt wird > 
(49) R= {0', oF. 


Es geniigt zu beweisen, dafi das beliebige Element (43) von R in der 
rechten Seite von (49) enthalten ist. Wir zeigen sogar 


(50) a(o') + b(0')o’ = <a(x), b(X)>’ (a(x) € S[x]o, 6) € SI [X])- 
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Wenn namlich 6(x) insbesondere in S[x], gehdrt, so ist die rechte Seite 

von (50) nach (45), (46) gleich 

<a(x), OY’ + <b(x), 0>’ <0, 1’. 
Wieder nach (45), (46) und nach (48,) gilt stets 

<f(x), OY = f(x, OO) =f) (F(x) € S[x],). 
Hiernach und nach (48,) geht der vorige Ausdruck in die linke Seite von 
(50) iiber. Somit ist (50) in diesem Fall richtig. Im allgemeinen Fall laft sich 

b(x) = k+b,(x) (K€ 3, B(x) €S[x],) 

setzen. Nach dem. vorangeschickten Spezialfall von (50) und nach (45), 
(48.) gilt 
a(o’)+6(0’) 0’ =a(o’)+ko’ + b,(0’) 0’ =<a(x), b)(x) >’ + k<0, 1>’=<a(x), b(x)>’. 
Das beendet den Beweis von (50). 

Wir beweisen die Homomorphie 
(51) Ro ~ R. 

Da R, der durch (6) und (7) definierte Ring ist und (49) gilt, so geniigt 
es zu beweisen, daB die Gleichungen (7) auch mit 0’, 0’ (statt 9,0) erfiillt 
sind. Das ist in der Tat der Fall, da nach (50) und der Definition von (43) 
(teils auch wegen (45), (46), (47), (48)), 

po Cp" x, Os ==. 
po==<0, py =U, 
F(0’) 0 =<F(x) x, OY =0, 
ee CORALS 0,0) ==0;, 
F(o’) o' =<0, F(x)’ =0, 
00 =<0, 1px, OF = <0, x8 =e 0 
gelten. Somit ist (51) bewiesen. 

Andererseits ersieht man aus (7) sofort, da& alle Elemente von R, sich 
in der Form (18) schreiben lassen. Indem wir ferner beachten, daB die in 
(20) figurierenden Polynome a(x), c(x) in S[x], liegen, d.h. durch x teilbar 
sind, so sehen wir aus (7j,2,3,5), da& aus der rechten Seite von (20) die linke 
Seite folgt. Wegen (37), (40) ergibt sich also 
(52) O(R.) = O(A) O(K). 

Nun gilt aber nach (42) 

O(R) = O(A) O(K). 


Hieraus und aus (52) folgt in der Tat, da& die Homomorphie (51) auch als 
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{somorphie 

(53) (R,) =R 
gelten und (52) mit ,—*“ bestehen muB: 

(54) O(R.) = O(A) O(K). 


Diese Gleichheit hat, wie wir nunmehr es obigem Beweis der Ungleichung 
(52) entnehmen, auch die Richtigkeit der Regel (20) zur Folge. 

Aus (38), (41), (54) folgt (17). 

Die Regel (21) folgt aus (7s, 4,6). 

Aus der Regel (20) folgt, dai (18) die samtlichen verschiedenen Elemente 
von Rk, liefert, wenn a(x) die Polynome aus S[x], vom (formalen) Grad gq’ mit 
Koeffizienten 0, ..., p”—1 und b(x) die Polynome aus S[x] vom (formalen) 
Grad g’'—1 mit Koeffizienten O,..., »—1 durchlauft. Das beweist die 
Behauptungen tiber (22), (23). Es ist nur noch iibrig die vor (17) ausge- 
sprochenen Behauptungen vom Satz 2 zu beweisen. 

Da F(x) mod p irreduzibel und nicht linear ist, so enthalt das Ideal 
{p™, F(x)) keine Potenz x' (i= 1, 2,...). Dies hat wegen der Regel (20) zur 
Folge, da& das Element 0 von R, nicht nilpotent ist. Das beweist, dai selbst 
R nicht nilpotent ist. 

Wir zeigen, daB R, keine einseitigen Nullteiler enthalt. Statt dessen 
zeigen wir sogar, dafi fiir irgend zwei Elemente uw, 7 von R, aus der Annahme 
uyv=O stets yu=O folgt. Zu diesem Zweck nehmen wir uw, 7 in der Form 
(19) an. Die Bedingung wy —0 ist dann nach (21) und (20) gleichbedeutend 
mit 
(55) a(x)c(x)=0 (mod p”, F(x)), a(x) d(x) +0) c(x)’=0 (mod p, F(x)), 


wobei wieder die kurze Bezeichnung (47) verwendet wurde. Ist (55,) erfiillt, 
so liegt a(x)c(x) noch mehr im Primideal (p, F(x)), woraus das gleiche fiir 
a(x) oder c(x) folgt. Also laBt sich (55.) durch a(x) d(x), b(x) c(x) € (p, F(x)) 
-ersetzen. Da hiernach (55) gegen die Vertauschung von « mit » invariant ist, 
so sind die beiden Aussagen «v0, yu—O aquivalent, was wir zeigen 
wollten. 

Jetzt nehmen wir die Behauptung an die Reihe, da kR, einstufig nicht- 
kommutativ ist. 

Hiervon. zeigen wir zuerst, dafi R, nicht kommutativ ist. Da F(x) mod p 
irreduzibel und. vom Grad q’ ist, so gilt die bekannte Regel 
(56) xf=ex (mod p, F(X) <> Gk 
Da nun nach (7,) 
tan 


coe—o0=(0”* —e)a 
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gilt und n wegen O< <q durch q nicht teilbar ist, so folgt aus den Regeln 
(20), (56), daB oo—oo=-0 ist. Somit ist R, tatsachlich nicht kommutativ. 

Hiernach geniigt es noch zu zeigen, daB R, durch seine irgend zwei 
nichtvertauschbaren Elemente erzeugt wird. Zu diesem Zweck betrachten wir 
zwei Elemente 


(57) w—=a(e) +5(0) 0, vce) +d) o (a(x), cx) € Sfxhs HC), dQ) € SLX) 


genau so wie in (19)) und nehmen «v==7e an, was nach der Regel 
(21) mit 


(58) (a(e) d(e) + 6(2) c(0)’) = (avy de) + b@)c(e))o (P= p*"*) 
gleichbedeutend ist. Wir haben 
(59) Ra tu V5 


auszuweisen. Das wird nach einigen ziemlich miihsamen_,,Reduktionsschritten“ 
ermdéglicht. 
Wegen (58) ist mindestens das eine der Elemente 


(a(e)"—ae)) 9, (c(e)'—e(e))o 
von 0 verschieden. Da beide Ausdriicke bei Vertauschung von « mit yr 
ineinander iibergehen, so diirfen wir 


(60) (a(e)’—a(g)) o=-0 
voraussetzen. Dies besagt nach der Regel (20) 
a(x)’ ==a(x) (mod p, F(x)). 
Wegen der Bedeutung von P gilt dann noch mehr 
a(x) ==a(x) (mod p, F(x)). 
Dies ist wegen (39) gleichbedeutend mit 
a(x)" = (xz). 


Hieraus folgt nach (38) und der Galoisschen Theorie, dali a(x) ein erzeugendes 
Element von K ist: 


(61) K = {a(x)}. 
Wir zeigen, dali es ein Polynom f(x) mit 
(62) fla(x)) = e(x) (mod p, F(x), f(x) € 3[x} 


7 


gibt (und bemerken der spateren halber, da anhliches fiir jedes Polynom aus 
Sfx] statt c(x) gilt, wie wir das aus dem Beweis sehen werden). 

Wegen (61) gibt es namlich ein Polynom f(x) (€ S[x],) mit f(a(z)) = e(x). 
Dies ist wegen (39) gleichbedeutend mit (62). 
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Als erster Reduktionsschritt wollen wir zeigen, daS man im Beweis der 
Behauptung (59) sich auf den Fall 
(63) c(x)—=0 (mod p, F(x)) 
beschranken darf. 

Um das zu zeigen, betrachten wir das Element 


(64) Vv, = v—f(u) 

von Rs, das wir ((57,) ahniich) auch in der Form 

(65) = (0)+a(0)0  (c:(x) € I[x}, a,(x) € J[x]) 
ansetzen. Da nach (64) {u, }—({u, 7} gilt, also die Behauptung (59) mit 


R= {u,v} gleichbedeutend ist, so gentigt es, wenn wir zeigen, daB® das 
Paar u,v; den iiber «, » gemachten Annahmen geniigt und dabei (63) fiir c, 
statt c erfiillt ist. 
Da wegen (64) [u, ”,]=[«, 7] ist, so folgt aus obiger Annahme wy =— vu 
die entsprechende Ungleichung «7, ==7,u. Deswegen bleibt (58) fiir 7, statt 7 
ebenfalls erhalten. 
Da a(x) nach (57,) von 7, gar nicht abhangt, so erleiden (60), (61) 
beim Ubergehen von y auf 7, gar keine Anderung. 
Um endlich die Erfiilltheit von (63) fiir c, statt c zu zeigen, beriick- 
sichtigen wir, dafi aus (57,) die Kongruenz (in R,) 
fl) =f(a(e)) (mod 0), 
ferner aus (62) (wegen x|a(x), f(x), c(x)) die Kongruenz 
F(a(e))—e(g) (mod po, F(9)e) 
folgt. Wegen (57.) und (64) gilt also 
v,=0 (mod po, F(e)o, 0). 
Hiernach und nach (74,6), (65) ist 
¢:(0) = pu(e) + F(e)v(e) + we) 
mit u(x), (x) aus J[x]}, und w(x) aus J[x]. Wegen (72,3,5) ist also 
6.(0)o=0. 
Dies ist nach der Regel (20) gleichbedeutend mit 
c,(x)=0 (mod p, F(x)), 
-weshalb wir uns in der Tat auf den Fall (63) beschranken diirfen. 
Wegen (72,5), (63) und x|c(x) ist c(e)o—0. Hiernach folgt aus (58) 
d(9)o+-0. 
Dies ist nach der Regel (20) gleichbedeutend mit 
(66) a(x)==0 (mod p, F(Xx)). 
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Als eine weitere Reduktion zeigen wir, da& wir (iiber (66) hinaus) sogar 
(67) d(x)—1 
annehmen diirfen. 

Zu diesem Zweck setzen wir 
(68) J, = ad(eo)o. 
Wegen (66) gibt es ein Polynom d(x) (€ J[x]) mit 

d,(x) d(x)=1 (mod p, F(x)). 
Nach (72,5) ist dann 
d,(o) d(e)o— 0. 

Nach (68) gilt also 
(69) O2=(,(0)0,, 
Wegen (6), (68), (69) ist R, = {0, 6} = {o, o,}. Auch ist es klar, dafi wegen (68) 
die Bedingungen (72,4,5,6) fiir o, statt o erfiillt sind. Da ferner sich (57) nach 
(68), (69) als 


u=a(o)+b(e)d(e)o,, v=c(e)+o, 
schreiben lat, so bedeutet das (nach dem Vergleich mit (57)), dai man sich 
tatsachlich auf den Fall (67) beschranken darf. Entsprechend verwandelt sich 
also (57) (mit unveranderten a(x), c(x) aber mit neuem 6(x)) in 


(70) «= a(e)+-b(0) 6, cle) +0. 
Als letzter Reduktionsschritt zeigen wir, da& man auch noch 
(71) b(x) —0 


annehmen kann. 
Zu diesem Zweck setzen wir 
ie = u— g(r 
mit einem bald naher zu bestimmenden Polynom g(x) aus S[x],. Da aus (72) 
(bei beliebigem (x)) 
(2, Vi 1h, V} 
folgt, so wird es geniigen, wenn wir unsere Behauptung (59) fiir «, statt « 
beweisen werden. 
Um g(x) passend zu wahlen, formen wir (72) zunachst um. Nach (70,) ist 
g() = (ae) + 6() 0). 
Hieraus folgt nach (74, 4) 
(73) 8(“) = g(ae)) +ue)o 
mit einem Polynom w(x) aus S[x]. Aus (72,5), (63) folgt c(e)¢—0, oc(e) = 0. 
Also gilt nach (21), (70,) und (73) 


S(t) = g(a(e)) ce) + g(ae)) o. 
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Hieraus und aus (70,), (72) entsteht 
p74) ts = a(0)—£(a(9)) c(0) + (6(@)—g(a(o))) 0. 


Wir wenden nunmehr (62) mit 6(x) statt c(x) an. Es folgt, dafi man 
2(x) gemaB 
2(a(x)) = b(x) (mod p, F(x)) 
wahlen kann. Nach (72,;) ist dann g(a(e))o— b(0)o. Bei dieser Wahl von 
2(x) geht (74) in 


(75) (4, = a,(e) 
iiber mit einem Polynom a,(x) aus S[x],, wofiir nach (63) 
(76) a(x) ==a(x) (mod p, F(x)) 


gilt. Der Vergleich von (75) mit (70,) zeigt, da man sich im Beweis von 
(59) tatsachlich auf den Fall (71) beschraénken kann. Da ferner aus (76) wegen 
(72,5) a,(e)6 =a(o)o folgt, so bleiben (60), (61) beim Ubergehen von « auf «, 
erhalten. 

Somit haben wir den Fall (70) weiter auf den Fall 
(77) u=ale), v=c(eo)+o 
reduziert, wobei (60), (61), (63) unveradndert gelten. Fiir diese «, ” werden wir 
aber (59) direkt beweisen kénnen. (Freilich folgt hieraus wegen der Nicht- 
kommutativitat von R,, da& unsere urspriingliche Annahme wy == 1 auch fiir 
(77) gilt. Diese Ungleichung wv=- vu folgt tibrigens auch aus (20), (21), 
(60), (77). Jedoch wird wyv=-yvu im folgenden Beweis von (59) gar nicht 
ben6tigt.) 

Auf Grund von (62) (angewendet mit x statt c(x)) bestimmen wir ein 
Polynom A(x) mit 


(78) x=h(a(x)) (mod p, F(x)), A(x) € Sfx] 
und wollen beweisen, dafi es sogar fiir jedes /(=1) ein Polynom k(x) mit. 
(79) x=k(a(x)) (mod p’, F(x)), k(x) € I [x] 


gibt. Fiir 1 stimmt das wegen (78). Wir nehmen (79) fiir ein festes Paar 
,k(x) an und wollen einen Induktionsschluf machen. 
Da x|a(x), k(x) gelten, so gilt auch x|k(a(x)). Hieraus und aus (79) folgt 
(80) x=k(a(x))+p' u(x) (mod F(x)) 
mit einem Polynom u(x) aus J[x],. Hiernach ist 
u(x) =u(k(a(x)) + p'u(x)) (mod F(x), 


also (wegen /= 1) 
u(x) =u(k(a(x))) (mod p, F(x)). 
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Dies und (80) ergeben 

x= k(a(x))+p' u(k(a(x))) (mod eT ee): 
Dies beweist die Behauptung tiber (79) fiir /-++-1 statt /, also schlieflich 
allgemein. 

Insbesondere betrachte man die Kongruenz (79) fiir den Fall /—m, 
Diese ist nach der Regel (20) gleichbedeutend mit 9 = k(a(o)). Wegen (77,) 
geht diese Gleichung in 9=k(«) iiber. Hieraus und aus (77,) folgt noch 
o = yv—c(k(w)). Da hiernach beide Erzeugenden 0,0 in {u, 7} gehdren, so ist 
hiermit (59) bewiesen. Das besagt, dafi R, tatsachlich einstufig nichtkommu- 
tativ ist. 

Aus Satz 2 ist nur noch die einzige Behauptung zu beweisen, dafi die 
fiinf Zahlen (16) ein vollstandiges Invariantensystem von Rk, bilden. Zuerst 
zeigen wir, dafi sie lauter Invarianten von R, sind. 

Vor allem sind die in (23) angegebenen Ordnungen der Basiselemente 
(22) (bis auf die Reihenfolge) invariant durch R, bestimmt. Diese Ordnungen 
sind: 

g’-malp” und = q’-mal p. 
Hieraus folgt, dah p,m,g,e Invarianten von R, sind. 

Etwas miihsam wird der Beweis fiir die Invarianz von n. In Anbetracht 
von (6) und (7) geniigt es folgendes zu beweisen: Sind 0’, 0’ zwei Elemente 
von R, und ¢ eine natiirliche Zahl mit 


(81) R= {0', o'}, 
(82) peat ——3 8 | 
(83) de =0" 0, 
(84) Ooo. 
so gilt 

(85) ing 


Zum Beweis setzen wir an: 


(86) ¢ —=a(o)+6(0) 9, 0’=c(e)+d(e)o (a(x), c(x) € S[x]o; O(x), d(x) ES [x]). 
Wegen (21) gilt 
0” = c(0)’+a,(0) 0 

mit einem Polynom d,(x) aus S[x]. Wegen (82) folgt hieraus c(o)?—0, also 
nach der Regel (20) 

c(x)’=0° (mod p”, F(x)). 
Da (p, F(x)) ein Primideal ist, so ergibt sich aus letzterem c(x)=0 (mod p, F(x)), 
d.h. nach (20) 


(87) c(o)o==0. 
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Wegen (81) ist [0’,@’]=-0. Dies bedeutet nach (86) das Bestehen von 
(58), wofiir wir jetzt wegen (87) einfach 
(88) (a(e)"—a(o)) d(e) 00 (Pp) 
schreiben diirten. 

Wegen (21) und (86,) gilt 

o” ms a(o)!" +-b,(e)o 
mit einem Polynom 6,(x) aus 3[x]. Da andererseits R, keine einseitigen Null- 
teiler hat, so ist nach (87) oc(e)—0. Folglich ist wegen (7,) und (86.) 

"0 ae)" e(e) + ao)" dio) 0. 
Ahnlich aber leichter entsteht aus (21) und (86) 
00’ = c(e)a(e) + de) alo)’ 0. 

Folglich gilt nach (83) insbesondere 
(89) (a(o)*" —a(0)") d(e)o=0. 

Aus (88) sieht man, dali (60) auch jetzt gilt. Wie wir gesehen haben, 

folgt hieraus auch (61): 
(90) K= {a(x)}. 
Aus (88) folgt noch d(e)o==0. Wegen (89) ergibt sich also aus der Regel 
(20) (in Anbetracht der Primeigenschaft des Ideals (p, F(x))): 
a(x)" —a(x)’=0 (mod p, F(x)). 
Dies ist wegen (39) gleichbedeutend mit 
a(x)” =a(z)’. 
Da a(z) nach (90) ein Erzeugendes von K ist, so ergibt sich hieraus nach 
(38) (s. die Bedeutung von P bei (88)): 
t==ng (mod qg*). 
Dies und (84) besagen (85). Somit ist bewiesen, dafi die Zahlen (16) 
Invarianten von R, sind. 

Umgekehrt, nach (6) und (7) wird R, durch die Zahlen (16) und durch 
das Polynom F(x) eindeutig bestimmt. Wenn wir also zeigen, dafi dabei R, 
von der speziellen Wahl von F(x) (bis auf [somorphie) unabhangig ist, so 
werden wir unsere Behauptung bewiesen haben. 

Zu diesem Zweck nehmen wir ein weiteres mod p irreduzibles Polynom 
F,(x)(€ S[x]) vom Grad q’. Es geniigt in R, die Existenz eines Elementes 9, 
auszuweisen derart, dafi 
(91) Ro = {015 OF 
gilt und die Gleichungen (7i,3,5,6) mit o,, F(x) statt 9, F(x) erflillt sind. 
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Da F(x), F(x) mod p irreduzibel und von gleichem Grad sind, so gibt 
es ein Polynom f(x) (€ 5[x}]) mit 
(92) F,(f(x))=0 (mod p, F(x)). 
Dabei aft sich f(x) sogar aus 3[x], nehmen. Wir zeigen, dafi fiir jedes 
k(=1) sich ein Polynom g(x) (€ &[x])) mit 
(93) F,(g(x))=0 (mod p*, F(x)) 
angeben 1Jabt. 

Das stimmt namlich nach (92) fir k—1. Wir nehmen (93) fiir ein 
festes k an und zeigen die Existenz eines Polynoms d(x) (€ S[x]},) mit 
(94) F.(g(x)+p'd(x))=0 (mod p*!, F(x), 
wodurch die Behauptung tiber (93) allgemein bewiesen wird. 

Wegen k=1 ist (94) gleichbedeutend mit 


(95) F,(g(x))-+ p* Fi(g(x)) d(x) =0 (mod p'*', F(x)), 
wobei Fi den Differentialquotienten von F; bezeichnet. Hierfiir gilt 
(96) Fi(g(x))=90 (mod p, F(x)), 


da andernfalls F,(x) wegen (92) die mehrfache Nullstelle g(x) mod (p, F(x)) 
hatte, was aber wegen der mod p Irreduzibilitat von F,(x) unmdglich ist. 
Aus (93) und (96) folgt, daB (95) eine passende Lésung d(x) hat. Somit ist 
die Behauptung iiber (93) bewiesen. | 
Aus dem Fall km von (93) folgt noch mehr 
F,(g(x)) (x) =O (mod p”, F(x)). 
Da die linke Seite durch x teilbar ist, so folgt hieraus nach der Regel (20) 


(97) F,(g(¢)) g(e) =0. 

Da ferner nach (93) 

(98) F,(g(x))=0 (mod p, F(x)) 

gilt, so folgt ebenfalls nach (20) 

(99) F,(g(@))o=0. 

Nach (21) ist 

(100) 02(0)—= glo) o. 

Aus (7,) folgt auch 

(101) pb" g(e)=0. 
Endlich zeigen wir 

(102) 2, — { g(0), 0}. 


Wenn dies falsch ist, so gilt [g(e), 6] —0, weil R, einstufig nichtkommu- 
tativ ist. Wegen (100) gilt also 
(g(e)' —2(e)) 0=0. 
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® Dies besagt nach (20): 
g(x)’ —g(x)=0 (mod p, F)). 
Hieraus und aus (39), (98) folgen 
g(x)’ = gz), Fi(g@))=0, K={g()}. 


Das erste und dritte hiervon stehen mit (38) in einem Widerspruch, womit 
wir (102) bewiesen haben. 

Die Gleichungen (97), (99), (100), (101), (102) besagen eben, daf 
0; — g(e) allen bei (91) gestellten Anforderungen geniigt. Das beendet den 
Beweis vom Satz 2. 


§ 6. Beweis vom Satz 3 


Um Satz 3 zu beweisen stellen wir fest, dafii wegen (8), (9) 


(103) Ry = Rry/a 

gilt, wobei 

(104) a= (p”x, py, X*—x, y’, Xy—Y, yx) 
ist. 


Es ist klar, dafi die Elemente 
(105) ax-by (a=0,..,., p2—1; b—0,..., p—1) 
mod a alle Restklassen von ‘i,, reprasentieren. Um zu beweisen, dafi dabet 
jede Klasse nur einmal reprdsentiert wird, geniigt es zu zeigen, dafi (105) 


nur dann in a liegt, wenn a—b=—0 ist. 
Zu diesem Zweck nehmen wir an, dafi eins der Elemente (105) in a liegt: 


(106) ax+by€a. 
Bei der Ersetzung x1, y—O entsteht hieraus 
a€(p"), 


’wobei rechts ein Ideal von 3 gemeint wird. Dies ergibt a—O. Ferner gilt 
dann nach (106) 
(107) by €a. 


Wir machen hier die Ersetzung x > F,,,y— Ey, wobei 


't20 01 
Ex iia ‘0 me Ex» =e 0 | 


Matrizen tiber dem Primkorper von der Charakteristik p sind. So entsteht aus 
(107) bE,, 0, also 6-0. Somit haben wir bewiesen, dafi durch (105) jede 
Restklasse moda von §,, genau einmal reprasentiert wird. 


Lt 
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Da die Anzahl dieser Reprasentanten (105) gleich p”~' ist, so folgt aus 
(103) die Behauptung (25). . 
Indem wir die Restklassen x-+-a,y+6 mit o bzw. o bezeichnen, so ~ 

geht die Isomdrphie (103) (wegen (8), (9)) in die Gleichheit Rs = §,/a tiber.§ 
Aus (105) entstehen also alle verschiedenen Elemente von R, in der Form 
aot+bo (a=0,...,p"—1;6=0,...,p—1).] 


Dies besagt, dai 0,0 eine Basis von R, bilden und (26) besteht. 

Die Regel (27) folgt unmittelbar aus (9). 

Da nach (9,) 0? =o (==0) ist, so ist R, nicht nilpotent. 

Wegen (9;,5) enthalt R, einseitige Nullteiler. 

Um zu zeigen, dafi R, einstufig nichtkommutativ ist, betrachten wir 
irgend zwei nichtvertauschbare Elemente 


a=aot+bo, @=co+do (a,b,c,d€é39) 
von ihm. Zu zeigen ist, daf R, durch @,% erzeugt wird. 
Nach (27) ist 
[a, 8] = (ad— bc) o=0. 
Hieraus und aus (26,) folgt pyad—bc. Dies und (26) ergeben 


oo i | > yh faa 
{a@, By” = (0, OF". 


Da die rechte Seite gleich R; ist, so folgt hieraus R,— fe, 8}. Somit ist 
bewiesen, dafi R, einstufig nichtkommiutativ ist. 

Wir sehen aus (8) und (9), dab R, durch p und m eindeutig bestimmt 
ist. Da ferner diese Zahlen wegen (25) Invarianten von R, sind, so bilden sie 
ein vollstandiges Invariantensystem von R;. Das beendet den Beweis vom 
Satz 3. 


§ 7. Beweis vom Satz 1’ 


Da nach dem schon bewiesenen Satz 1 jeder Ring R, nilpotent und 
einstufig nichtkommutativ ist, so haben wir zum vollstandigen Beweis nur 
folgendes zu zeigen: Ist R ein nilpotenter einstufig nichtkommutativer endlicher 
Ring, so ist R das homomorphe Bild eines Ringes R,. 

Wie oben bemerkt, ist R notwendig ein p-Ring, ferner gibt es in ihm 
zwei Elemente 0,0 mit 


(108) Re=to.a},. od. hy [o, o] = 0. 
Wir setzen 
(109) o*() =p", 0*(0) =p", o(@)=r, o(a)=s, 


wobei also notwendig m=1,n=1,r=2,s = 2 gelten. 
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Unter allen méglichen Paaren 0,0 wahlen wir ein solches, wofiir das 
(geordnete) Quadrupel m,n, r,s lexikographisch minimal ausfiallt, d. h. erstens 
m, zweitens n, drittens r und viertens s minimal ist. Hieraus folet das 
Bestehen von (5), da man sonst mit dem Vertauschen von 0 und o zum 
Ziele kommt. 

Da 0,0 nach (108) ein minimales Erzeugendensystem von R ist, so folgt 
aus Hilfssatz 2, dali keins der Elemente 0°, 90, 00, o? mit o oder o zusammen 
den Ring R erzeugt. Also sind 0°, 090, 00,0? sowohl mit o als auch mit 0 
vertauschbar : 

(110) oe O==000— 00 ,. 66 = 06000. 

Auch mufi 
ray t) DQO— poo 
gelten, denn sonst ware [pe, 0] = ple, o] ==0, also R= {po, o} im Gegensatz 
zur Minimaleigenschaft von m. 

Da o,o nilpotent sind, so haben (109; 1) die Gleichungen 0” = 0, o° 0 
zur Folge. Hiernach besagen (109), (110), (111), daB die Gleichungen (2), (3), 
(4) erfiillt sind, dai also R wegen (108) ein homomorphes Bild von R, ist. 
Das beweist Satz 1’. 


§ 8. Beweis der Satze 2’, 3’ 


Nach den schon bewiesenen Satzen 2,3 sind alle Ringe Rs, R; nicht- 
nilpotent und einstufig nichtkommutativ, ferner unterscheiden sich diese von- 
einander darin, dali R, keine einseitigen Nullteiler, bzw. R, auch einseitige 
Nullteiler enthalt. Letztere Eigenschaft hat auch der zu R, antiisomorphe Ring, 
der freilich auch einstufig nichtkommutativ ist. Wir legen uns jetzt umgekehrt 
einen beliebigen nichtnilpotenten einstufig nichtkommutativen endlichen Ring R 
vor und beweisen, dafi R entweder ein R, oder ein R, oder antiisomorph zu 
einem R, ist. Nach dem gesagten werden wir hierdurch beide Satzer2 +3 
bewiesen haben. 

Wir wissen, dafi R ein p-Ring sein mufhi. 

Mit n bezeichnen wir das Radikal von R. Da R nicht nilpotent ist, so 
ist n=ER. 

Bekanntlich ist R/n radikalfrei, also wegen der Endlichkeit von R sogar 
halbeinfach. Nach dem Struktursatz von WEDDERBURN—ARTIN gilt also eine 
direkte Summenzerlegung 
(112) Ru—=K, B--> OK, 


wobei die K; volle Matrizenringe tiber (endlichen) Kérpern sind. Da die kK; 
homomorphe Bilder von R sind, so sind sie entweder kommutativ oder ein- 
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stufig nichtkommutativ. Da aber ein voller Matrizenring vom Rang >1 uber 
einem Korper stets auch nichtkommutative echte Unterringe enthalt, so miissen 
K,,..., Kx (vom Rang 1, d.h.) lauter Kérper sein. 

Wir zeigen K—1. Denn nehmen wir k=2 an und bezeichnen mit 
S., +--+) S, diejenigen Unterringe von R, fiir die 


(113) Sit Ke (f= 1) See 
gilt. Fiir jedes 7 nehmen wir ein Element o; aus S, derart, daf die Restklasse 
(114) 4%=0;+N 


ein Erzeugendes des K6rpers K; ist. Es sei f(x) das Minimalpolynom von ~%;, 
d.h. das irreduzible Hauptpolynom iiber dem Primkérper von K; mit der 
Eigenschaft f;(%;)=0. (Wir nehmen dabei die Koeffizienten von /;({x) 
als ganze Zahlen an, die nur modp in Betracht kommen, aber wir wahlen 
sie irgendwie fest.) Mit c; bezeichnen wir das konstante Glied von /;(x). 
Bei passender Wahl von o; wird z;=-0, d.h. pyc;. Wir setzen 
(115) 2i(x) = fi (x) xX =hi(x) +c:x (i=l. ee 
wobei also die f;(x) durch x° teilbare Polynome aus S[x] sind. Wegen 
gi(%) —filni)m=0 gilt 
(116) GG) En (i=1, ..., & 
Da die S,,...,S; wegen k=2 echte Unterringe von R sind, so sind sie 
kommutativ. Da sie wegen (113) n enthalten, so folgt aus (116) 
(117) [o;, g(0;)| =—0 (ig Bn eg 
Ferner folgt aus (112) z;z;—0 ((--/), d.h. wegen (114) 0,0;€n. Da n ein 
Ideal von R ist, so folgt hieraus 
O16) En G+j;ij—1,..., aba 
Hieraus, aus nS, und der Kommutativitét von S; folgt 
0; 0; O; 0,0; = 0; O70; anen 0; 0, Oo; 0:0; (ene ay. J ee IA of i k). 
Dies, (115), (117) und x*\A,(x) ergeben: 
0=[9,, g:(o,)] = [9;, Ai(a,) +-c:0,] = [0;, c:0,] = c.[9;, o1, 
also [0;, 0] 0 (i,/—1,..., k). Da andererseits nach (112), (113), (114) 
R= (91, nea On At, Si ={Oi, ny ee 1% ere) 
gelten und S,,..., S, kommutativ sind, so folgt letzteres auch fiir R. Dieser 
Widerspruch beweist die Behauptung k— 1. 


Hiernach und nach (112) ist Rn ein (endlicher) Kérper, den wir fortan 
mit K bezeichnen: 


(118) R/ti==K: 
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Mit @ bezeichnen wir ein Element von R, wofiir die Restklasse o--n ein 
Erzeugendes der Gruppe k* ist 
(119) K*={o-+n}", also K={e-+n}. 
Wir zeigen, dafi der Grad von K eine Primzahipotenz (=1) ist. 
Im anderen Fall enthielte namlich K zwei echte Unterkorper K,, K, mit 
K== {Ka, Ko}. 
Fiir die Unterringe S,,S, von R definiert durch 
Syn, Sjn—K, 
gilt dann 
R= {S45 So}: 
(Diese K,, K.,S,,S, haben mit den obigen bei (112), (113) nichts zu tun!) 
Zwei beliebige Elemente o,, 0, von S, bzw. S, lassen sich in der Form 
0; =fi(o) +9; (i= 1, 2) 
annehmen, wobei f,(x), f(x) Polynome aus 3[x], sind und 7,, 7”, in n gehéren. 
Wegen ncS,,$.(CR) und der Kommutativitat von he gelten 
[fi.(@), %J=9, [A(e), mJ] = 
Da noch mehr [”,, 7,]==O und trivial [f,(¢), pe = 0 gelten, so folgt 
[o,, Oo] =0. 
Hiernach ware R kommutativ, ein Widerspruch, durch den wir bewiesen 
haben, dafi K vom Primzahlpotenzgrad ist. 
Dementsprechend setzen wir 
(120) O(K) =p" 
mit einer Primzahl gq und einer nichtnegativen ganzen Zahl e. Aus (119), 
(120) folgt 


(121) oe =0 (modn). 
Wegen (118), (119) ist R= {o, nj. Also gibt es ein Element o von n mit 
(122) [e, a] == 0 
woraus 
(123) R= {0,9} 
folgt. 


Wir definieren rekursiv 
(124) G,=1e,0|; | 041==Ie,.0;| (f251, 2 tae). 
Da n ein Ideal von R ist, so gelten mit o€n zusammen alle 
(125) DO, Oxpav con 
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Wir beweisen 
(126) O;0re oe 

Nach (122), (124,) ist naémlich o,==0. Um zunachst o,=-0 zu beweisen, 
nehmen wir o,—0O an. Dies bedeutet nach (124) 

0(00— 00) —(06— 00) 0—0, 
d.h. 
00° = 2000— 00. 
Hieraus folgt allgemein 
(127) 00 —=10' !oo—(i—1)o'o (i= 25325 
wie man das aus dem Induktionsschlub 
ao’! = go0'9 = io’ !o9*—(i—1)0'00 = 2i0'09 —io"10—(i—1) 0'00 = 
= (i+ 1)o'00—io0"'!o 

sieht. Andererseits bezeichne man den Exponenten in (121) mit p,; dann 
gilt 0”: =o (modn), also allgemeiner 


o’’ =o (mod n) (j=1, 2, ...). 
Wegen der Kommutativitét von n und wegen (122) ist also 
(128) for’, a] = 0 (j=1,2,...). 


Wendet man aber (127) fiir ein i—p{ mit 0*(0) p{ an, so hat man 

oor! —— ol Oe 
Wir sind mit (128) in einen Widerspruch geraten und haben hierdurch o, +0 
bewiesen. Dies driicken wir auch in der Form [o, [o, o]}==0 aus. 

Um den Beweis von (126) zu beenden, nehmen wir an, da& 0; = 0 fiir 
ein /(= 2) schon bewiesen ist. Wegen [9, 0; ,] = 0; == 0 und wegen (125) ist 0-1 
ein mit o gleichberechtigtes Element, somit laB8t sich das vorige auf o;; 
statt o anwenden. Es entsteht 

lo, lo, 0; il] O, 
d.h. 0,.,>=0. Somit ist (126) allgemein bewiesen. 

Von jetzt an spezialisieren wir 0 so, da vor allem der Nilpotenzgrad 
0(0) (= 2), aufierdem auch noch die additive Ordnung 0* (0) (= p) méglichst 
klein ist, und zeigen, dali dann 
(129) o—0; poz 
gelten. 

Nach (125), (126) gelten namlich 0, €n und [o, o,])==0. Folglich geniigt 
es wegen der eben gemachten Minimalannahmen, wenn wir (129) fiir 0, statt 
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0 zeigen. Da nun n kommutativ ist und die Elemente 0,00, 00, po enthalt, 
so gelten: 
060, = 0(000—0'0) = 0(000—o"0) — 0, 
000, = 0000— 0000 = 0000— 0000 — 0, 
0; = 000,— 000, = 0, 
PO, = ple, o] —[pe, o] = 0. 
Mit den letzten zwei Gleichungen ist die Behauptung (129) bewiesen. 

Wir zeigen, da fiir das Hauptideal (0) (Cn) von R 
(130) ig) ==). pio) 0 
gelten. 

Aus der Kommutativitét von (0) folgt namlich (0)? —(o*). Hiernach ist 
(130,) wegen (129,) richtig. Aus (129,) folgt (130,) trivial. 

Wir bemerken folgendes. Obiges Element o werden wir mehrmals durch 
ein anderes, mit @ nichtvertauschbares Element von (0) ersetzen miissen. 
Das ist erlaubt, da dabei (129) wegen (130) erhalten bleibt. 

Hier machen wir eine Fallunterscheidung, indem wir jetzt den (leichteren) 
Fall voranschicken, dafi es unter allen mdglichen Paaren 0,0 auch eins mit 
eao—O oder oe —0 gibt. Da in diesem Fall wegen (108,) entweder eo —0O, 
oe=-0 oder og9—0, eo=-0 gilt und diese zwei MOglichkeiten ineinander 
iibergehen, wenn man R durch den zu ihm antiisomorphen Ring ersetzt, so 
darf jetzt angenommen werden, dafi eben 
(131) eo=-U, oo 0 


gilt. Wir werden zeigen, dai dann R ein R, ist. 
Nach (121) gilt’ 
4132) o—orEn 
mit einem k(=2), auf dessen genauen Wert es jetzt nicht ankommen wird. 
Da n nilpotent ist, so folgt hieraus 


aes Ue eae 
mit einem /(=1). Jedenfalls gilt also eine Gleichung von der Form 

o = o' f(@) 
mit einer nattirlichen Zahl c und einem Polynom f(x) aus d[x],. Hieraus. 
folgt sofort 

C= ofl oF (Past 2), he 
Wendet man dies mit /=c-+1 an, so folgt 
(133) e =o g(e) 


6 Den oben folgenden Schluf verdanke ich zum Teil Herrn G. Pottak. 
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mit einem Polynom g(x) aus d[x],. Da hiernach 

0° o' = 0 g(a)o (i=0,1,...) 
ist, so ergibt sich leicht 

ef £(e) = & g(oy. 
Setzt man also 


(134) “=o (0), 

so gilt 

(135) eae. 

Wegen (131,), (134) gilt auch 

(136) ga), 
Wir zeigen 

(137) ao=+0. 


Ware namlich ¢co=0O, so folgte aus (133), (134) 
C0=o 7(0)0= C¢a0=0. 


Es sei d die kleinste nattirliche Zahl mit 


(138) oto = 0. 
Wegen (131,) ist gewifi’ d = 2. Andererseits folgt aus (131,) 
o(o—o"')— 0. 


Nach (125), (132) gehéren beide Faktoren in n. Da ferner n kommutativy ist, 
so folgt 
(o—o")o=0. 
Dieses ergibt 
(o! 1 — pt+k-2) =. 
Wegen (138) und k= 2 gilt also eo !'o=0. Da dies der Minimaleigenschaft 
von d@ widerspricht, so ist hiermit (137) bewiesen. 
Wir setzen noch 


2 


p= cao, 
Nach (129,), (131.), (135), (136), (137) gelten dann 
(139) ps=0, ¢=a, &=0, aP— (+0), Pa=0. 
Da hiernach insbesondere @3== Se ist, so gilt auch 
(140) R={a, 6}. 
Endlich setzen wir 
(141) o* (e) =p” 


mit einer natiirlichen Zahl m. Aus (139), (140), (141) folgt, dab 

aa+6s (a=0,..., p"—1; b=0,..., p—1) 
die sdmtlichen verschiedenen Elemente von R sind, also 
(142) OR) = 
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gilt. Da andererseits nach (141) 
et SSO) 
ist, so sehen wir hieraus und aus (139), (140), da R ein homomorphes Bild 
des (durch (8) und (9) definierten) Ringes R, ist: 
R, ~ R. 
Da aber nach (25), (142) O(R,)=O(R) ist, so folgt sogar, dai R (bis auf 
Isomorphie) mit R, iibereinstimmt, wie wir es behauptet haben. 
Es ist noch der andere Fall iibrig, dal namlich fiir alle moglichen 
Paare 0, 0 beide Ungleichungen 
(143) g¢== 0, 100=20 
gelten. Es wird sich zeigen, da dann unser Ring R ein R, ist. 
Vor allem zeigen wir, dah jetzt sogar 
(144) o'd0/ ==0 (Giyp =O, oe) 
gilt. 
Dann nehmen wir an, daf (144) fiir ein Paar i,/ falsch ist: 
o'd0/ —0, 
wobei freilich i+-7>0O sein muf. Ist dabei 7 > 0, so mu auch 
C0 =] 
sein, da sonst 0o—o0''oo/ ein Element von n mit a0 =0, 09 ==0 ware, was 
wegen der Annahme bei (143) unméglich ist. Ahnlich zeigt man, daBi im 
Fail 7 >0O auch 
oloe!! =) 
gelten muff. Mit Induktion folgt, dafi alle 
p* a0 * —0 (gO; >. 4 (4-9) 
_gelten, woraus wegen der Definition (124) offenbar 0;.;—-0 folgt. Da dies 
nach (126) unméglich ist, so ist (144) richtig. 
Da o, (wegen (126)) ein mit o gleichberechtigtes Element ist, so folgt 


aus (144) auch noch bindlie 
e' 0,0 == 0, 


d. h. 

(145) [a, e'00/] 0 (ij 26. 
Mit F(x) bezeichnen wir das Minimalpolynom des Elementes @ +n 

von K, wobei also F(x) ein mod p irreduzibles Hauptpolynom aus 3[x] vom 

Grad gq’ ist, wofiir (vgl. (119), (120)) 


(146) F(e+n)=0 
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gilt. Wir setzen 


(147) GG) == Fixe 
Aus (146) folgt dann offenbar 
(148) G(@) €n. 
Wegen der Nilpotenz von n gibt es also eine natiirliche Zahl r mit 
(149) G(o)" = 
Wir beweisen, dal bei passender Wahl von o 
(150) G(e)o—0 
ist. 


Wegen (149) gibt es namlich ein /(=1) mit 
G(eytos=02 OG) t0e-0: 
Im Fall i= 1 folgt hieraus (150). Wir betrachten den Fall i= 2 und setzen 
unsere Behauptung fiir die kleineren 7 voraus. Ist 
[o, G(ey! a] +0, 
so ist 0= G(o)' 'o ein mit o gleichberechtigtes Element; da dabei G(e)o— 0 


ist, so ist jetzt die Behauptung iiber (150) richtig. Im anderen Fall ist 
(nach (124,)) 


O=[0, G(o)*a)2—Gle) |e, 0) == (0) Sau. 
Nach (125), (126) ist 0, ein mit o gleichberechtigtes Element. Ersetzen wir 
also o durch 0,, so tritt an Stelle von 7 eine kleinere Zahl ein, womit wegen 
der Annahme die Behauptung tiber (150) bewiesen ist. 
Aus (148), (150) und der Kommutativitat von n folgt 


(151) 0 G(o) = 0. 

Ferner ergibt sich aus (147), (150), (151): 

F(o)o0e—-0, e00 F(o)—0. 

Ersetzt man also o durch e909, was wegen (des Falls i=-j/—1 von) (145) 
erlaubt ist, so gelten sogar : 
(152) F(e)ao=0, oF(e)=0, 
was wir fortan ebenfalls annehmen wollen. 

Als eine Verscharfung von (152) beweisen wir fiir Elemente o(==0) aus 
dem Ideal (0) und Polynome f(x) aus S[x] die Regel: 
(153) f(e)o=0 <=> of(e)=0. <=> f(x)=0 (mod p, F(x)). 

Es geniigt hiervon 

f(e) G=0 <=> f(x)=0 (mod p, F(x)) 


zu beweisen. Besteht die rechte Seite, so besteht wegen (130,) und (152,) die 
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linke Seite. Besteht die rechte Seite nicht, so gibt es — da F(x) mod p 
irreduzibel ist — drei Polynome a(x), 6(x), c(x) aus 3 [x] mit 

f(x) a(x) + pb(x) + Fa) e(x) = 1. 
Da nach (130,) und (152,) po=0, F(v)o-—0 gelten, so folgt hieraus 
f(g) a(e)o—= 0, f(o)o +0. Somit ist (153) bewiesen. 

Wir zeigen 
(154) e>O0 
(was nach (120) und (146) bedeutet, dafi der gemeinsame Grad g’ von K 
und F(x) mindestens q ist). 

Im Fall e—O ist namlich nach (120) O(K)—p, also nach (146) 
F(x)—x-+c mit einer ganzen Zahl c (die tibrigens zu p prim ist). Hieraus 
und aus (152) folgt 

(oe+c)o=—0, a(o+c)=—0, 
also eG oo. Dieser Widerspruch beweist (154). 
Wir setzen zur Abkiirzung 


(155) Q=¢". 
Nach der Definition von F(x) (bei (146)) ist dann 
(156) FAX) Xe POX oo 9 


mit Koeffizienten aus 3. 
Wir nehmen die zu F(x) gehérenden Hornerschen Polynome 


Fi(x)=X'+a,x1+---+a; ((=0,..., Q; Fo(x)=1, Fo(x) = F(x)) 
zu Hilfe und setzen 
(157) = 0° + Fo") a2 + FoiQM)o — i=1,..., Q—1). 
Die 7,,..., To-1 sind lauter Elemente des Ideals (0). 
Wegen xF;(x) = Fix1(X)—dies (= 0, ..., Q—1) folgt aus (157) 


o” +; = (F,(o?”)—a,) go?! 4. ++» + (Fo(o »/) ago, 
dh. 
(158) om 1; 0-0 Fe) +Fe")o (j= 1, ..., Q—I. 
Da F(x2!) = F(x)?" (mod p) ist, so folgt aus (129,) und (152) das 
Verschwinden der letzten zwei Glieder in (158). Folglich ist 


(159) 10 = 0! t; (j=1,..., Q—1). 
Wir beweisen, daf nicht alle 7,,..., To. verschwinden. 
Denn nehmen wit t,—---—te-1—O an und setzen zur Abkiirzung 
(160) 0, =o? (fae og, =); 


(161) E, == go?! (k=O, ..., Q—1). 
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Wegen (157) lautet dann die Annahme so: 
(162) E+ F,(0:) § + ++: 4-Fo-1(91) §0 1=0 (i= 1,..57 Q2-1), 
Die Koeffizientenmatrix dieses homogen linearen Gleichungssystems ist 


] F, (0,) Io Fo-1(0;) 


1 od (00-1):+:Fo-1(@0-1) 
Nach Streichen der k-ten Spalte entsteht eine quadratische Matrix; ihre 
Determinante bezeichnen wir mit D, (K==1,..., Q). Aus (162) folgt dann 
(163) Doéo-2 a Do-160- i= 0. 
Werden in Dy passende Vielfache von Spalten aus spateren Spalten sub- 
trahiert, so gewinnen wir eine Vandermondesche Determinante bestehend aus 


den Zeilen 
lone one ((=1,..., Q—}), 
weshalb 


(164) Do= LT (ej-2)) 
1Si<j=o-1 


ist. Nach dhnlicher Behandlung von Dy; gewinnen wir eine Determinante 
bestehend aus den Zeilen 


1, Og pee ie (i=1,..., Q—I) 
Leicht bekommen wir hieraus 

Do-1 == Do (0, heii on (27 + a,). 
Wegen (161), (163) gilt also 
(165) De (Go + (+++: + 90-1+a) 0)=0. 


Nun ist nach (160), (164) 
De=A(o) mit A4(x)= LT: 
1 j j 1 


=i=j=o- 
Da F(x) mod p irreduzibel und vom Grad Q ist, so ist bekanntlich 
I(x) =O (mod p, F(x)). 

Hieraus und aus (165) folgt nach der Regel (153) 
(166) G0+(@,+:+++091,+a,)o=0. 

Wieder wegen der gesagten Eigenschaft.von F(x) und wegen (156) gilt 
fiir das Polynom 
(167) S(x) =x + xP x... bet eg 


die Kongruenz 
S(X)==0°> (mod pF (x), 


Ot 
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Wegen (129,) und (152,) folgt hieraus 
slo} o =. 
Andererseits ist nach (160), (167) 


S{o) = 09+ 0:4 +++ +09-1+G,, 
also 
(0; i ae 1S a,)0 = — 00. 
Hieraus und aus (166) folgt ooa—oo—0. Dieser Widerspruch beweist die 
Behauptung, dafi nicht alle 7,,..., Ty. Verschwinden. 
Wir nehmen also ein beliebiges nichtverschwindendes 1 (0 <t< Q) 
und bezeichnen es mit +. Nach (157), (159) gelten dann 


(168). to=o"r, té(a), 0<t<Q. 

Fiir dieses + zeigen wir 
(169) lar] ==0, 

Da namlich wegen (155), (168;) 

x? =—x==0° (mod p, F(x)) 
ist, so folgt aus (153), (168,) 
(0) r=0. 
Dies besagt wegen (168,) die Richtigkeit von (169). 

Wegen (168,) und (169) ist + ein mit o gleichberechtigtes Element. 
Deshalb diirfen wir das bisherige o durch dieses + ersetzen, das wir dann 
wieder mit o bezeichnen. Nach (168) haben wir dann 
(170) Go=o0%0, 0<t<Q. 

(Freilich behalten (129), (152) und sogar (153) fiir dieses neue o ihre 
Giiltigkeit.) 

Wir beweisen 

(171) qe. 

‘ Als Vorbereitung zeigen wir die Regel 

(172) fo®, nt} =R <=> {e*, 0} = 

giiltig fiir jede natiirliche Zahl s. Aus der rechten Seite folgt namlich die 
linke Seite trivial. Wir nehmen dann an, dafi die rechte Seite falsch ist. 
Dann sind o0°,o miteinander vertauschbar. Wegen (123) folgt hieraus, daf 


o° im Zentrum von R liegt. Da ferner n ein kommutativer Unterring von R 
ist, so ist auch fo, n} kommutativ, d.h. ungleich R. Somit haben wir (172) 


bewiesen. Set 
Wir wollen die Regel (172) umformen. Ihre linke Seite ist wegen (118) 


gleichbedeutend mit (0°, 1}/n =K. Dies ist wieder gleichbedeutend damit, dah 
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die Restklasse 

oe +n=(o+n) 
ein Erzeugendes von K ist. Dies ist wegen (119,), (120) bekanntlich gleich- 
bedeutend mit 


Andererseits gilt fiir die rechte Seite von (172) wegen (153), (170): 


{o°, o} =R <=> [9°, o] = 0 <=> (0° — 0) 0-0 <> 


<=> x*— x" 0 (mod p, F(x) <=> x") —1 +0 (mod p, F(x)) <=> 


i 
merce aT Sag Sree Je 
wobei beriicksichtigt wurde, daf F(x) mod p irreduzibel und vom Grad q’, 
daB ferner stets (p'—1, p’—1)= p“:)—1 ist (a, 6 natiirliche Zahlen). Hier- 
nach ist (172) gleichbedeutend mit g’-!—(q’,¢), woraus (171) folgt. 
Um das spatere nicht unterbrechen zu brauchen, beweisen wir hier den 
folgenden 


HILFSSATZ 3. Die sdmtlichen Ideale von 3{x], sind die 

ly = Xa, 
wobei a alle Ideale von S{x] durchlduft. 

Es ist namlich klar, da jedes xa ein Ideal von S[x], ist. Umgekehrt, 
betrachten wir ein Ideal a) von S[x],. Dieses laBt sich in der Form xa 
schreiben, wobei jetzt a eine Teilmenge von 3[x] bezeichnet. Wir haben zu 
zeigen, dafi a sogar ein Ideal von d[x] ist. Aus der Moduleigenschatt von a 
folgt sofort die von a. Wir betrachten zwei Polynome 

F(x)(Ea), g(x) (€ S[x]). 
Wenn uns gelingt f(x) g(x) € a auszuweisen, so werden wir Hilfssatz 3 bewiesen 
haben. Das ist leicht. Denn setzen wir 
2(x)=c+xh(x) 
mit einem c(€ 5) und A(x)(€ S[x]) an. Es gelten 
P(X) £(X) = cf(X) + xf(x) A(x), 

c f(x) € a, xf(x) € a). Wegen letzteres ist x f(x) A(x) € a). Noch mehr gilt dann 
x f(x) A(x) €a, woraus die Behauptung folgt. 

Fortan bezeichnen wir mit a, das Ideal von S[x], bestehend aus 


denjenigen Polynomen f(x) (€ S[x],), fiir die f(e2)—O0 gilt. Wir wollen a, 
erforschen. 
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Bevor wir das tun, machen wir einige Bemerkungen. Wegen (123), 
(129,), (170,) lassen sich alle Elemente von R in der Form 
(173) a(e) + (0) 0 (a(x) € S[x},, (x) € 3[x}) 
angeben. Hierfiir beweisen wir die Regel 
(174) a(o) + b(0)9=0 <=> a(x)=0 (mod a), 6(x)=0 (mod p, F(x)). 
Wegen der Definition von a, und der Regel (153) geniigt es zu zeigen, 
dai aus der linken Seite von (174) das Verschwinden beider Glieder 
a(o), b(e) o folgt. 
Zu diesem Zweck nehmen wir 
a(e) + b@)o—0, b(g)o==0 
an. Aus dem zweiten folgt nach (153) 
b(x)==0 (mod p, F(x)). 
Also gibt es ein Polynom c(x)(€ d[x]) mit 
c(x) b(x)=1 (mod p, F(x)). 
Dann ist wieder nach (153) c(e) b(e) 00, also folgt 
c(e) a(e)-+-o=0. 
Dies ist aber wegen [o, o]==0 unméglich, also ist (174) richtig. 
Eine weitere Bemerkung ist die unmittelbar aus (170,) folgende Ver- 
tauschungsregel : 


of(e) =f(e")o (F(x) € J [x],), 
wofiir man wegen (129,) auch 
(175) of(0.) =fo)" « 


schreiben kann. 
Unsere letzte vorbereitende Bemerkung ist, dafi aus der Annahme 


(176) f(x)" = f(x) (mod p, FQ) (F(x) € Sfx.) 
die Existenz eines Polynoms g(x) mit 

(177) g(f(x)) =x (mod a) (g(x) € 3 [x],) 
folgt. 


Aus (176) folgt namlich nach (174) und (175) of(e)—f(@) a=-90, also 
R=({f(o), 0}, o€{f(e), o}. Wegen letzteres kommt man mit ahniicher 
Begriindung wie bei (173) zu einer Gleichung 

e=gZ(fe))+40)¢ 
mit zwei Polynomen g(x) (€ [x}), 6(x)(€ J[x]). Das zweite Glied der rechten 
Seite verschwindet wegen (174), woraus (177) folgt. 
Nunmehr wollen wir das Ideal a, bestimmen. Wir setzen 


(178) o* (0) =p” 
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mit einer natiirlichen Zahl m. Wegen p”o—O ist dann p”x in a enthalten. 
Wegen (148) und der Nilpotenz von n gibt es ferner eine natiirliche Zahl r 
mitcG(e) ==0,-d-h: 

(179) G(x)’ € a. 

Bezeichnen wir einen Augenblick mit a das nach Hilfssatz 3 durch My 
bestimmte Ideal von S[x], so folgt p”,G(x) €a. Da G(x) (also auch G(x)’) 
ein Hauptpolynom ist, gilt nach einem Kronecker—Henselschen Satz (vgl. 
REDE! [9]), daBi a, von der Form 


(180) Mo = (X Ap (x), p''x Ar(x), ..-, P'*1xAs-1(X), P*X) 
ist, wobei 
(181) O<h<-:-<k, 
gilt, A;(x) ((=0,..., s—1) ein Hauptpolynom vom Grad n; aus S[x] ist mit 
(182) Qype n> ++ >n-1>0 
und die Kongruenzen 
(183) Ai(x)=0 (mod p, Ai-1(x)) ({—0, ..., s—2) 
gelten. 
Wegen (180) gilt 
(184) (do, DX) = (xAo(x), px). 


Hieraus und aus (179) ergibt sich 
G(x)’ =0 (mod xA,(x), px). 
Wegen (147) gilt also 
(185) xX Ay (X) == x" F(x)’ (mod px) 
mit zwei nattirlichen Zahlen a, b. 
Wir beweisen 


(186) u=y= 1, 
Zu diesen Zweck beachten wir, dab offenbar 
x2(7'-1) == 1 (mod p, F(x)) 
gilt, weshalb (176) mit f(x)—x° erfiillt ist. Nach (177) gibt es also ein 
Polynom g(x) (€ S[x],) mit 
2(x’)=x (mod a,). 
Nach (184), (185) gilt dann noch mehr 
&(x)=x (mod x*, px). 


Dies ist ftir uw = 2 unmdglich, also muf u—1 gelten. 
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Um den Beweis von (186) zu beenden, nehmen wir v=2 an. Wir 
nehmen ferner ein Polynom a(x) mit 


(187) a(x)!" ==a(x) (mod p, F(x)), a(x) € dS [x]. 

Auferdem bestimmen wir ein Polynom 6(x) mit 

(188) a’(x) + F’(x) b(x)=0 (mod p, F(x)), 6(x) € S[x}, 

wobei ,“ den Differentialquotienten bezeichnet. Wir setzen 

(189) F(x) = a(x) + F(x) 6(x). 

Hierfiir ist wegen (187) die Bedingung (176) erfiillt, also gibt es ein Polynom 

g(x) mit (177). Wegen (184), (185) und v= 2 gilt dann noch mehr 
g(f(x))=x (mod x F(x), px), g(x) € F[x]p. 

Hieraus folgt nach Differenzieren 

(190) f(x) gf) =1 (mod F(x), p). 

Andererseits ist aber nach (188), (189) 
I (x) =a (x) + F’ (x) b(x)=0 (mod pg, F(x)). 

Wir sind mit (190) in einen Widerspruch geraten, womit v1, also auch 


(186) bewiesen ist. 
Hiernach lautet (185) so: 


xA,(x)==xF(x) (mod px). 
Da aber F(x) nur modp in Betracht kommt, so laft sich 
A, (x) = F(x) 

annehmen. Da ferner F(x) mod p irreduzibel und A,(x) von kleinerem Grad 
als A,(x) ist, so folgt aus (183) notwendig A,(x) 1. Also gilt in (180) s—1. 
Hiernach und nach (178) haben wir also 
(191) ay == (x (x),p"x): 

Hieraus und aus der Definition von a, folgt F(e)o —0, p"e —0. Wegen 
(123), (129), (152;), (170), (171) ist also R das homomorphe Bild eines durch 
(6) und (7) definierten Ringes R,: 


(192) R, ~R. 
Aus (173), (174), (191) folgt sofort 
(193) OR) pens. 


wobei beriicksichtigt wurde, daf F(x) vom Grad Q-q’ ist. Wegen (17), 
(193) gilt (192) sogar als Isomorphie. Das beendet den Beweis der 


Satze 2, 3. 


12* 
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§ 9. Bemerkungen 


Das Problem der Bestimmung der untereinander nichtisomorphen homo- 
morphen Bilder einer Struktur S nennen wir das Homomorphieproblem von a 
Dann besagt Satz 1’, dab die effektive Aufstellung aller verschiedenen nilpotenten 
einstufig nichtkommutativen endlichen Ringe auf das Homomorphieproblem 
der Ringe R, hinauslauft. Die allgemeine Losung dieses speziellen Homomorphie- 
problems scheint uns eine interessante aber schwierige Aufgabe zu sein. 

Z.B. betrachten wir den Ring R, fiir den einfachsten Fall m—n—1, 
r—s=—2. Nach (1) bis (4) ist jetzt R, durch R, = {g, o} 


(194) po=po=0 =0' =000—000—-0, poo—poo 
definiert. Nach (12) ist 


OR )==p:. 
Nach (13) und (14) bilden 0, o,00,00 eine Basis von R* mit 


0* (0) = 0* (a) =0* (90) — 0* (09) =p. 
Mit S bezeichnen wir ein nichtkommutatives homomorphes Bild von R,, das 
nicht isomorph zu R, ist. Man darf annehmen, dafi S aus R, so entsteht, dab 
man den Definitionsgleichungen (194) mindestens eine Gleichung von der Form 


(195) ao+ bo+coo+doo0=—0 : (a,'b,c,d=0, ..., p—1) 


hinzufiigt, in der nicht a—6—c—d-=—-0O ist. Wir zeigen, da notwendig 
a—b—O ist. Multipliziert man namlich (195) mit o von rechts oder von 
links, so entsteht nach (194) aao—O0 bzw. aog=—O0. Im Fall a+ 0 folgt 
hieraus e0 =O, o0 =0. Dies ist falsch, da S nicht kommutativ ist. Also ist 
a==0. Genau so bekommt man b=0. Im verbliebenen (195) darf aus 
Symmetriegriinden d=-0 angenommen werden und dann hat man es mit 
einer Gleichung | 


(196) 00=koo 


zu tun. Eine weitere Gleichung kommt nicht in Frage, da S nicht kommutatiy 
ist. Um die Abhangigkeit von & zum Ausdruck zu bringen, schreiben wir S, 
statt S. Dann ist S, durch S,—= {0,0} und die Gleichungen (194), (195) 
definiert. Es gilt O(S,)—p*. Setzt man +00, so folgt aus (196), dab 


0,0,v eine Basis von S, ist und fiir diese Basiselemente die Multiplikations- 
tafel gilt: 


= 
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Es werde der leichte Beweis dem Leser tiberlassen, dafi S,, S,-1 nicht isomorph, 
dagegen S,,..., S,-1 isomorph sind. Die sdmtlichen, als homomorphe Bilder 
von R, entstehenden, untereinander nichtisomorphen einstufig nichtkommuta- 
tiven Ringe sind somit R,,S),S,-1. Man sieht auch, daf S, und S,-; die 
einzigen nilpotenten einstufig nichtkommutativen Ringe p’-ter Ordnung sind. 

Die Ringe R, verhalten sich im Fall m==1 besonders einfach. Man 
nehme den endlichen Kérper K von der Ordnung p*’, bilde die Menge aller 
Paare (¢, °) («, ®€K) und definiere in ihr die beiden Verkniipfungen 


(2, ®)+(y,0)=(e4+y, 8+9), (a, @) (y, 0) =(ey,a0+6y’) (P=p"* ye 


So entsteht ein zu R, isomorpher Ring, wie man das sofort sieht. Es ist 
interessant, dafi die endlichen Kérper auch in die einstufig nichtkommutativen 
endlichen Gruppen stark hineinspielen (vgl. REDE! [5] oder [6]). 

Eine A-Struktur nennen wir k-stufig nichtkommutativ (* = 2), wenn alle 
echten A-Unterstrukturen von ihr kommutativ oder héchstens k—1-stufig nicht- 
kommutativ sind und mindestens eine von diesen A — 1-stufig nichtkommutativ ist. 
Die 2-stufig nichtkommutativen endlichen Gruppen lassen sich restlos bestimmen, 
worauf ich ein andermal zurtickkommen will. Leicht lait sich zeigen, daf alle 
2-stufig nichtkommutativen endlichen Ringe nichteinfach sind; jedoch scheint 
ihre Bestimmung mit grofien Schwierigkeiten verbunden zu sein, wohl aus dem 
Grunde, dai die Lésung des Homomorphieproblems der Ringe R, aussteht. 


(Eingegangen am 29. Juli 1957.) 
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SUR LA DECOMPOSITION DE L’ESPACE EUCLIDIEN 
EN ENSEMBLES HOMOGENES 


Par 
P. ERDOS (Budapest), correspondant de l’Académie, et S. MARCUS (Bucarest) 


1. Selon EMILE BoreEL, un ensemble E de espace euclidien an di- 
mensions &" est dit homogéne si, X et Y étant deux points quelconques de 
E, la translation XY transforme E en lui-méme. 

Le continu et ensemble des nombres rationnels sont des exemples 
triviaux d’ensembdles homogénes linéaires. EMILE BOREL construit [1] deux 
exemples d’ensembles linéaires, homogénes, non dénombrables, autres que 
le continu et conclut: ,Les ensembles que nous avons définis sont de mesure 
nulle; la question reste ouverte de savoir si le continu peut étre décomposé 
en un nombre fini ou en une infinité dénombrable d’ensembles homogénes 
égaux, qui ne pourraient étre de mesure nulle si leur nombre est fini et ne 
seraient pas mesurables si leur infinité est dénombrable“. 

En ce qui concerne la décomposition de la droite en une infinité de 
puissance mm (N,=m=2) d’ensembles homogénes superposables par trans- 
lation, le probléme est résolu par l’affirmative (bien que non explicitement), 
par S. RuziEwicz [2] et I. HALPERIN [3]. 

I. HALPERIN démontre qu'il existe une décomposition de la droite en m 
(S) = m= 2%) ensembles £, superposables par translation et saturément non 
mesurables (c’est-a-dire pour tout FE mesurable on a w(E,NE)—u(E), 
u(E.nE)=0, «*,u et uw, étant, respectivement, la mesure extérieure, la mesure, 
la mesure intérieure). On peut montrer que les ensembles £, sont homogénes. 

Les résultats contenus dans la présente Note peuvent ¢tre résumés 
comme il suit: 

Il n’existe aucune décomposition de &”" en un nombre fini > 1 d’ensembles 
homogénes non vides. Le caractére saturé de la non mesurabilité (voir, par 
exemple, la décomposition de I. HALPERIN) est inévitable pour les ensembles 
de toute décomposition de &" en une infinité de puissance < 2* d’ensembles 
homogénes, non mesurables et superposables par translation (en particulier, 
pour la décomposition de S. Ruziewicz de [2], si m<2%). Il existe une de- 
composition de &” en m (N,=m=2™) ensembles homogénes, saturement 
non mesurables, superposables par translation et chacun d’eux contenant un 
ensemble parfait. On donne une démonstration du théoreme de I. HALPERIN 
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de [3]. On donne les analogues descriptifs (dans les termes de la catégorie 
de Baire) de certains de ces résultats. 


2. Par ensemble homogéne non trivial on comprendra dans la suite un 
ensemble linéaire, homogéne, non dénombrable et autre que le continu linéaire. 


LEMME 1. Un ensemble homogéne non trivial est un ensemble frontiére 
partout dense. (La démonstration est évidente.) 


THEOREME 1. /I n’existe aucune décomposition du continu linéaire en un 
nombre fini > 1 d’ensembles disjoints homogénes et superposables par trans- 
lation. 


DEMONSTRATION. Soit, par absurde, U F; une telle décomposition. On 
—" 


sait que la famille de tous les ensembles linéaires distincts, superposables 
par translation avec E;, est infinie (théoreme 1 de [4]). Il existe donc un 
ensemble F distinct de tout EF; ({—1,2,...,m) et superposable par trans- 


i 


lation avec tout E;. Mais, parce que J E&; épuise la droite, il existe un &; 
—al 


(lis zen) Heli ques £71 hea ORet F—E, +0. D’autre part, du fait que F; 
est homogene, il résulte ou bien E;7 F—O ou bien F= £;. , 
La contradiction obtenue achéve la démonstration. 


REMARQUE. Le cas particulier suivant du théoreme | est démontré en 
[5]: /l nexiste aucune décomposition du continu linéaire en deux ensembles 
non vides, disjoints et homogénes.* Nous en donnons ici deux autres démon- 
strations. 


PREMIERE DEMONSTRATION. Admettons qu’une telle décomposition existe. 
Un au moins des deux ensembles E et F dela décomposition est non trivial. 
D’aprés le lemme 1, £ et F sont partout denses, done f(x), la fonction carac- 
téristique de £, est discontinue en chaque point. D’autre part, on voit aisé- 
ment que f(x) est symétriquement continue en chaque point, c’est-a-dire, 
pour un x quelconque, on a 


lim (f(x + h)—f(x—h)) = 0. 


Mais cela contredit le théoreme de [6], qui affirme que, si une fonction 
est symétriquement continue en chaque point, ses points de discontinuité 
forment un ensemble de premiére catégorie. 


DEUXIEME DEMONSTRATION. En désignant par D(A) l’ensemble des dis- 
tances de l'ensemble A, on a, en tenant compte que E et F devraient étre 


* Il est aisé de voir que, s'il existait une telle décomposition, les deux ensembles. 
de la décomposition seraient superposables par translation. 
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Superposables par translation, 


(1) D(E) = D(F) 
D’autre part on a l’implication 
(2) 0 € D(E)=> 20 € D(F). 


Supposons que 0€ E; on a donc D(E)—E et, d’aprés le lemme 1, il 
existe un mo €D(E). Si lon a w/2 € D(E), alors, vu ’homogénéité de E, on 
a aussi » €D(E), ce qui est contradictoire. Si l’on a m/2@D(E), alors, 
d’aprés (2), on a wm € D(F) et, en tenant compte de (1), on a m € D(E), donc de 
nouveau la méme contradiction est établie. 

Le theoréme 1 donne la réponse négative a la question posée par BOREL 
sur l’existence d’une décomposition finie de la droite en ensembles homogénes 
superposables par translation. Mais il est intéressant de savoir si la réponse 
est aussi négative méme quand on renonce a la restriction que les ensembles 
soient superposables par translation. Nous allons résoudre ce probléme, en 
utilisant le théoréme 1. 


3. S. BANACH a démontré [7] qu’il existe une fonction d’ensemble non 
hégative, simplement additive, définie pour tout ensemble borné de la droite, 
telle que pour deux ensembles congruents la fonction prend la méme valeur 
et telle encore que la valeur de la fonction, pour tout ensemble borné me- 
surable au sens de Lebesgue, est justement la mesure de Lebesgue de cet 
ensemble. 

Nous appelons cette fonction mesure de Banach et nous la designons par 1 


LEMME 2. Si A est un ensemble homogéne non trivial, alors on a 
P(A 1) (0, 1)) = 0. 

DEMONSTRATION. On peut admettre que 0 € A. Il existe, en tenant compte 
du lemme 1, un nombre réel positif k, tel que 1 >, €A. Désignons par A, 
lensemble des points de la forme x-+k, ot. x€A. A, est homogene et 
AnA,—0O. En vertu du théoréme 1, AUA, n’épuise pas la droite. Si 
k,€ AUA,, alors l'ensemble A, des points de la forme x+h,, ot x €A, est 
homogéne non trivial. En vertu du lemme 1, on peut supposer que 
0<k,<1. Maintenant nous répétons le méme raisonnement. S’il existait un 
nombre entier positif n, tel que AUA,U... UA, épuise la droite, alors il 
serait contradictoire au théoréme 1. Donc il existe une suite k,, k,... telle que 
les ensembles A,, A,,... sont disjoints et superposables par translation avec A. 

Posons A* = An (0, 1) et désignons par A; l’ensemble des points x+-k 
ou x €A*. Si l’on avait 7(A*) = >0, alors pour tout n 


vw 


y | jat)— Lr(A)=20 


— 
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et puisque pour tout n on a Aj, (0,2) et en tenant compte que la mesure de 
Banach est non négative, il résulte, pour tout n, nm <2, ce qui est absurde. 


Donec v(A*) = 


REMARQUE. Du lemme 2 il résulte que tout ensemble homogéne non 
trivial, mesurable au sens de Lebesgue, est de mesure nulle (ce qui explique 
pourquoi était il nécessaire que les ensembles homogénes construits par 
BOREL, sans l’axiome du choix, soient de mesure nulle). On peut établir un 
résultat plus général: Tout ensemble E homogéne non trivial est de mesure 
intérieure nulle. En effet, s’il n’était ainsi, l'ensemble D(E) contiendrait un 
intervalle [8], donc, vu ’homogénéité de £, E aussi contiendrait un intervalle 
chose impossible a cause du lemme 1. 


On a aussi: Tout ensemble jouissant de la propriété de Baire, contenu 
dans un ensemble homogeéne non trivial, est de premiére catégorie. 


THEOREME 2. // n’existe aucune décomposition de la droite en un nombre 
fini > 1 @ensembles homogeénes disjoints et non vides. 


DEMONSTRATION. Supposons, par réduction a l’absurde, qu’une telle 
décomposition £,U FLU ...UE, existe. Pour tout 1=i=n tel que &; est 
non trivial on a, d’aprés le lemme 2, 7 (E; 7 (0, 1)) 0 0. D’autre part, un E; 
trivial est dénombrable, donc de mesure nulle au sens de Lebesgue, donc aussi 
de mesure nulle au sens de Banach. On a donc aussi (EF; (0,1))—0O 
En vertu de l’additivité simple de 7, on a 7 ((0,1))—0, ce qui est contra- 
dictoire. 

REMARQUE. Le théoreme sur l’existence de la mesure de Banach, utilisé 
dans Ja démonstration du théoréme 2, cesse d’étre vrai dans un espace euc- 
lidien de dimension supérieure a deux [9]. Cependant, il est remarquable que 
le theoreme 2 est vrai pour un espace euclidien de dimension quelconque, 
comme le montre le suivant 


COROLLAIRE. /l n’existe aucune décomposition de &" en un nombre fini 
p>1 @ensembles homogenes, disjoints et non vides. 


DEMONSTRATION. Supposons le contraire et soit S"—F,UFL,U...UE, 
(p> 1) une telle décomposition. Il est facile de voir qu’il existe une droite 
Dc8&" telle que, quel que soit / (1 =i=p),E;nD n’épuise pas D. 

En effet, dans le cas contraire on auirait pour toute droite D, un certain 
ensemble EF; (1 =/ =n) tel que DCE,. Mais alors, P étant un point quel- 
conque et £&, (l= k=p) étant tel que Pé€ E,, on aurait, pour toute droite 
D passant par P, DC E,, done &" serait épuisé par E;,, contrairement a 
’hypothése p> 1 
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Remarquons maintenant que chaque E;nD (1 =i =p) est aussi un 
ensemble homogéne. On obtient donc une décomposition de D en un nombre 
fini >1 d’ensembles homogénes disjoints et non vides, chose interdite par le 
théoréme 2. 


REMARQUE. Il serait intéressant de trouver, pour le théoréme 2 et son 
corollaire, une démonstration directe (donc qui n’utilise pas la mesure de 
Banach). 


4. Il est aisé de voir que les niveaux d’une fonction additive sont des 
ensembles homogénes superposables par translation. En tenant compte alors 
d’un théoréme de I. HALPERIN [3], on a la 


PROPOSITION H. Quel que soit le nombre cardinal m tel que S, = m =2”», 
il existe une décomposition de la droite en m ensembles homogénes, non tri- 
vials, disjoints, superposables par translation et chacun deux rencontrant tout 
ensemble mesurable E suivant un ensemble de mesure extérieure égale a la 
mesure de E. } 

S. Ruziewicz a démontré le théoreme suivant [2]: Quel que soit le 
cardinal m tel que N) = m = 2%», il existe une décomposition de la droite en m 
ensembles disjoints, non mesurables et superposables par translation. 

Ce théoreme est plus faible que celui de I. HALPERIN, qui affirme en plus 
que chaque ensemble de la décomposition rencontre tout ensemble mesurable 
E suivant un ensemble de mesure extérieure égale a la mesure de E. La 
Proposition H contient comme cas particuliers non seulement le théoreme de 
S. RUZIEWICZ, mais aussi ceux de N. LUSIN et W. SIERPINSKI [10], H. HAHN 
et A. ROSENTHAL [11], C. BursTIN [12], [13] et O. RinDuNG [14]. 

Nous allons donner un théoreéme qui montre, entre autres, que pour 
N,) = m< 2% la décomposition de S. RUZIEWICZ posséde toutes les propriétés 
de la décomposition de I. HALPERIN. 


THEOREME 3. Si % = m< 2® et si UE, est une décomposition de la 
droite en m ensembles disjoints, homogeénes, superposables par translation et non 
mesurables au sens de Lebesgue (resp. dépourvus de la propriété de Baire), 
alors pour tout ensemble mesurable (resp. jouissant de la propriété de Baire) 
E, on a w*(E,n E)—«(E) (resp. chaque ensemble F jouissant de la propriete 
de Baire et contenu dans E—E, est de premiére catégorie), quel que soit t. 

DEMONSTRATION. En vertu de l’homogénéité des ensembles £,, il 
existent seulement m ensembles distincts superposables par translation avec 
un certain E,. Si E, est non mesurable, alors un théoreme de W. SIERPINSKI 
(théoreme 3 de [4]) affirme que pour tout intervalle / on a (By) 
Cela étant vrai pour tout £,, on a pour tout £, et pour tout E mesurable 
As) = Be). 
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Si E, est dépourvu de la propriété de Baire, alors, en désignant par 
E,(t) l'ensemble qui s’obtient de £, par une translation égale a ¢t, on remarque 
que, pour une suite {f,} (n=1,2,...) dense sur la droite, l'ensemble 


U E(t) est de deuxiéme catégorie de Baire dans chaque intervalle. On 
1 r 


uM 


parvient ainsi a un analogue descriptif du théoreme 3 de [4], analogue qui per- 
met d’accomplir la démonstration de notre théoreme dans le cas descriptif aussi. 

Un ensemble homogéne de la décomposition de I. HALPERIN ne contient 
aucun ensemble parfait non vide. Il se montre intéressant alors le 


THEOREME 4. Si N, = m= 2™, il existe une décomposition de la droite 
en wm ensembles homogénes, disjoints, superposables par translation et tels que 
chacun deux contient un ensemble parfait non vide. 


DEMONSTRATION. Soit B une base de Hamel qui contient un ensemble 
parfait P. (L’existence d’une telle base a été démontré par F. B. JONES [15].) 
Soient P, et R, deux sousensembles parfaits et disjoints de P. Soit B= 
= M,UN, ou Ppo My, RroN,, MiNi; =0) Ona done, 
Il existe donc MCM, avec M—. ’ 

Posons N= N,U(M,—M). On a B=MUN. Considérons la fonction 


' (este es 
FO 10 si xEN, 
et définie par le procédé de HAMEL pour x¢ B. 


Il est aisé de voir que les ensembles de niveau de f(x) fournissent la 
décomposition cherchée. 


REMARQUE. Pour m——W,, on a, pour chaque ensemble F, de la décom- 
position et pour chaque ensemble mesurable EF, «"(E, 9 E)—=«(E). Peut-on 
satisfaire a cette condition, dans le théoreme 4, pour m>W,? Une réponse 
affirmative a cette question est donnée par le théoréme 5 ci-dessous. Mais 
d’abord un lemme. 

On dit qu’un ensemble A est rationnellement indépendant si, pour chaque 


partie finie {a,,a,...,a,} de A, Pégalité S’r,a;—0, ot r; sont rationnels, 
entraine r, —=7r,—---—=r, =0. ras 


LEMME 3. /l existe un ensemble T parfait, non vide, rationnellement inde- 
’ » \) s 
pendant, tel que l'ensemble de tous les nombres de la forme 2 ri X; (somme 
finie), ott r;, sont rationnels et x; € T, est de mesure nulle. 


Nous allons donner deux démonstrations de ce lemme. La_premiére 
fournit une construction explicite, tandis que la deuxiéme prouve seulement 
l’existence de l’ensemble en cause. 
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PREMIERE DEMONSTRATION. Soit A; la suite dont le n-ieme terme est 
2"+[n'] (O=t< ~) ou [x] désigne la partie entiére de x. Il est aisé de 
voir que, pour 4,==f, l'ensemble A; A;, est fini. Posons 


ou &—=1 si KEA; et # —O si KE A. L’ensemble formé de tous les @, pour 
O=t<~», satisfait les conditions du lemme 3. 


DEUXIEME DEMONSTRATION. Désignons, pour chaque ensemble X, par 

R(X) ensemble de tous les nombres de la forme >» Xi. (Somme finie) ott 
I 

r, sont rationnels et x;¢ X. D’aprés un résultat de W. SIERPINSKI [16], pour 

chaque X analytique au sens de LUSIN—SOUuSLIN, R(X) est aussi un ensemble 

analytique, donc mesurable. 

Soit maintenant un ensemble parfait // contenu dans une base de 
Hamel H. // est rationnellement indépendant. D’autre part, // contient une 
famille indénombrable {//,} d’ensembles parfaits, disjoints et non vides [17]. 
Si /7, et //, sont deux ensembles parfaits et disjoints contenus dans //, 
alors, en tenant compte que // CH, les ensembles R(//,) et R(//,) sont aussi 
disjoints. 

En vertu du résultat de W. SIERPINSkKI, chaque ensemble R(//,) est 
mesurable. La famille {R(//,)} étant indénombrable et formée d’ensembles 
disjoints et mesurables, contient au moins un ensemble R(//;) de mesure 
nulle. L’ensemble 7==//; répond aux conditions du lemme. 


THEOREME 5. Si N, = m= 2”, alors il existe une décomposition U E, 
t 


de la droite en m ensembles homogenes, disjoints, superposables par translation, 
tels que chaque E, contient un ensemble parfait non vide et pour chaque 
ensemble mesurable E on a w'(E, 0 E) = (E). 


: 


DEMONSTRATION. Soit £2, le plus petit ordinal qui correspond a la 
puissance du continu. Soit 


Pradlianc cgtl ten (E< §2,) 
une suite du type 2,, formée par tous les ensembles parfaits linéaires, de 


mesure positive. 
En vertu des propriétés de l’ensemble 7 du lemme 3, il existe une base 


de Hamel 3 telle que 

[o> Ts | 

2° 3¢ contient, de chaque Pe, au moins deux points qui n’appartiennent 
pas a7: 
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‘i peut étre écrite sous la forme S,US,US; ott S;:AS;=0 si i==j 
(i, 7— 1, 2,3) et o1 S,— 7, S, rencontre tout ensemble parfait de mesure posi- 
tive et S, a la puissance m. Il est visible que pour tout ensemble mesurable 
E on a w*(S,n E)=#(£). 

Désignons par ./ l’ensemble de tous les nombres de la forme > TeX 


- 
(somme finie) ot! r, sont rationnels et x,€S,US.. Désignons par 1+k 
ensemble qui s’obtient de ./ par la translation de longueur &. Si z, parcourt 
ensemble des nombres de la forme “’r;, x, (somme finie), ot! 7, sont rati- 


Ie 
onnels et x, €S,, alors UE,, ob E,==.1-+2,, est une décomposition de la 


droite qui satisfait toutes les conditions du théoreme. 

Nous avons remarqué ci-dessus que la Proposition H est plus forte que 
le théoréme de S. Ruziewicz. Mais du théoréme 3 il résulte, au moins dans 
le cas m< 2%, que cela n’est qu’une apparence. Nous allons montrer main- 
tenant qu’une certaine modification du procédé de S. RuziEwicz fournit pour 
la Proposition H une démonstration semblable a celle donnée par I. HALPERIN. 


DEMONSTRATION DE LA PROPOSITION H. Soit B une base de Hamel qui 
rencontre tout ensemble parfait. (L’existence d’une telle base a été démontré 
par C. BURSTIN [13].) On sait [17] qu'un ensemble parfait non vide contient 
une infinité de puissance 2%» d’ensembles parfaits disjoints et non vides. Il 
en résulte que B a en commun avec tout ensemble parfait un ensemble de 
puissance 2%. 

Soit 2, le plus petit ordinal qui correspond a la puissance 2%. Ran- 
geons les ensembles parfaits de la droite dans une suite {P.} du type 2). 
Définissons, par induction, pour chaque «@ (1 = « < &,) deux éléments ae € Pe, 
ba€ Pa tels que as€B, ba€ B et Au== ag, b3, ba== ag, bs pour tout B<e. 
Désignons par M, l'ensemble des éléments a. (1 = @ < 24) et posons N, = 
— B—M.,. llest visible que M, et N, rencontrent tout ensemble parfait, donc, 
pour tout £ mesurable, on a «(M,N E)=u"*(N,NE)—u(E). Soit m tel 
que N,=m= 2% et soit MCM, tel que M= nm. Considérons la fonction 

ie si xE M, 
f(x)=(40 si x€N,U(M,—M), 
>> rf(xi) si xEB, 
oll xX == r;x; est la représentation de x a l’aide de la base B (r; sont rati- 
onnels, x; € B). 
Les ensembles de niveau de f(x) fournissent la décomposition cherchée. 


L’extension @ espace &". Pour l’extension de la Proposition H et des 
theoremes 4 et 5 a l’espace &" (n> 1), il suffit de remarquer que toute fonc- 
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tion additive, de n variables, est une somme de n fonctions additives d’une 
seule variable et que les ensembles de niveau d’une fonction additive de n 
variables sont homogénes et superposables par translation. 

Quant au théoréme 3, il est aussi vrai dans 8", car tout ensemble ho- 


mogene, non mesurable de 5" est dense partout dans 8". Du reste, la dé- 
monstration se réduit au cas linéaire. 

Remarquons enfin qu’il est facile de voir, en partant d’une base de 
Hamel dépourvue de la propriété de Baire (la base de Burstin est une telle 
base), que la démonstration ci-dessus de la Proposition H conduit aussi a une 
proposition analogue de nature descriptive que nous nous dispensons de 
formuler. 


(Recu le 29 juillet 1957.) 
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ON A DIRECTLY INDECOMPOSABLE ABELIAN GROUP 
OF POWER GREATER THAN CONTINUUM 


By 
L. FUCHS (Budapest) 
(Presented by G. Hajos) 


The aim of this note is to give an example for a torsion free abelian group 
which is directly indecomposable and whose power exceeds the power N of 
the continuum. Up to now the existence of such groups has been an open 
question.' The recent works of BOGNAR [1] and DE Groor [2] contain exam- 
ples for directly indecomposable abelian groups until the power of the conti- 
nuum. The idea of the next example has sprung from a simple combination 
of a result of DE GROOT with the method of BOGNArR. 

DE GRooT has namely shown [2] that there are 2% directly indecom- 
posable groups G, such that none of them can be mapped homomorphically 
onto a non-zero subgroup of another of them. An obvious alteration of his 
proof shows that there is no loss of generality in assuming that no G, con- 
tains elements which are divisible by all powers of a fixed prime p. 

In each G, we pick out an element g, not divisible by p and define 
G as the group generated by the direct sum H of all these G, and by all 
P(1.48u), 2== u. 

Now if G, is mapped by some homomorphism 7 into G, then pG,, is 
mapped into H and (pG,)7 is a subdirect sum of certain subgroups H,, of 
G,. By a known property of subdirect sums the components are homomor- 
phic images and therefore in our case all H, with the exception of H, are 
zero, i. e. (9G,)n GG, and hence the image of G, under 7 is a subgroup 
‘of G,. We conclude that the G, are fully invariant subgroups of G, i. e. 
they are mapped into themselves by every endomorphism of G. 

If G—A-+-B is a direct decomposition of G, then the fully invariant 
subgroups G, are the direct sums of the meets G, A and GB, and hence 
we obtain that any G, belongs to either A or B, since the G, are directly 
indecomposable. If G, belongs to A and G, belongs to 5, then consider 
the element p“(g,+g,)—at+6 (a¢€A,6€5). It follows that pa—g, and 
pb—g,, in contradiction to the fact that g, and g, are not divisible by p. 


1 Added in proof, 20 December 1957. In the meantime E. Sasiapa has published an 
example, in spirit different from ours; see Bull. Acad. Pol. Sci. Cl. HI, 5 (1957), pp. 701—703. 
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We arrive at the result that the group G defined above is directly indecom- 
posable and, clearly, it is of power 2%. 

Let us note that the above method yields 2% non-isomorphic — directly 
indecomposable groups of power 2%. In fact, we can construct 22% different 
subsets, of power 2%, of the set of all G, and for each subset of the G, we 
may apply the above construction in order to obtain groups G. These will 
be non-isomorphic. 

As an application we mention that the group H constructed above dis- 
proves a conjecture made by SZELE and SZENDRE!I [3]. According to this con- 
jecture there exist no groups of power greater than N whose endomorphism 
ring is commutative. The endomorphism ring of H is the direct sum of the 
endomorphism rings of the fully invariant subgroups G, and it is easily seen 
that a G, admits only multiplications by rationals as endomorphisms, i.e. 
the endomorphism rings of the G, are subrings of the rational number field, 
and therefore they are commutative. 


(Received 26 August 1957) 
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ON A PROBLEM OF M. H. STONE 


By 
G. GRATZER and E. T. SCHMIDT (Budapest) 
(Presented by L. Répe) 


Pseudo-complemented lattices form an important class of (distribu- 
tive) lattices. Topological distributive lattices, the lattice of all ideals of a 
distributive lattice with zero element, the lattice of all congruence relations 
of an arbitrary lattice are all pseudo-complemented. It is clear that the Boolean 
algebras have the same property. 

Thus we might consider the distributive pseudo-complemented lattices 
in which a*Ua™=1 holds for all a as an immediate generalization of the 
Boolean algebras. The investigation of this type of lattices was proposed 
by M. H. STONE (it is G. BIRKHOFF’s problem 70, see’ [1], p. 149): 

What is the most general pseudo-complemented distributive lattice in 
which a* Ua™ == 1 identically? 

In this paper we get two solutions of STONE’s problem. After this we 
deal with a related question. 


§ 1. Preliminaries 


We begin by giving some definitions. 


DEFINITION 1. The (distributive) lattice L is called pseudo-complemented 
if it has a zero element and for any element a of L there exists an element 
a* of L such that anx—O if and only if x =a". The element a” is called 


’ the pseudo-complement of a. 


DEFINITION 2. A lattice L is said to be a Stone lattice if it is a pseudo- 
complemented distributive lattice with unit element in which a* Ua™ —1 for 
each element a of L. 


DEFINITION 3. We shall call the lattice L relative Stone lattice if every 
closed interval of L is a Stone lattice. 


REMARK. We mention the fact that a relative Stone lattice is a Stone 
lattice if and only if it has zero and unit elements. A Stone lattice is not a 


1 Numbers in brackets refer to the Bibliography given at the end of the paper. 
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relative Stone lattice in general, e.g. if we define a new zero and unit 
element for an arbitrary Boolean algebra, then this lattice is a Stone lattice 
which is not a relative Stone lattice. 

DEFINITION 4. Let L be a lattice with zero element. The element 6 is 
said to be a semi-complement* of the element a if an b—O. The lattice is 
called dense if an b—O implies that a or 6 is O. 

Now we recall a few facts on which the sequel depends. 


LEMMA 1 (M.H. STone’s theorem). Let L be a distributive lattice, 1 an 
ideal and D a dual ideal of L such that I and D are disjoint. Any maximal 
ideal P, for which P>I further P and D are disjoint, is prime. 


The proof is well known (see [3] too). 
LEMMA 2. Let L be a distributive lattice with zero element and P a prime 
ideal of L. There exists a minimal prime ideal Q with QCP. 


Proor. If P is a prime ideal, then® L—P is a dual prime ideal (see 
[1], p. 141). A maximal dual ideal Q whiclrcontains L—PandO€Q isa dual 
prime ideal (Lemma 1), that is, L—Q is a minimal prime ideal in P. 


LEMMA 3. /f in a distributive lattice the meet and the join of two ideals 
are principal ideals, then the given ideals are also principal ideals. 

This was proved in [3]. 

LEMMA 4. Under any lattice homomorphism, the complete inverse image 
of a prime ideal is again a prime ideal. 

This result may be found in [3]. 

LEMMA 5. Let L be a distributive lattice and D a dual ideal of L. There 
exists a minimal congruence relation on L under which D is a congruence 


class. Under this congruence relation a=b and a=b are equivalent to the 
condition that there exists an element d€ D with bnd=—a. 


This is equivalent to Corollary 4 of Theorem 2 of [2]. 


§ 2. Characterizations of Stone lattices 


The main result of this paper is 


THEOREM 1. Let L be a distributive pseudo-complemented lattice with 
unit element. Then L its a Stone lattice if and only if the lattice-theoretical 
join of any two distinct minimal prime ideals of L is L. 


2 This notion is due to G. SzAsz [4]. 
% P—Q denotes the set-theoretical difference and later on P +- Q the set-theoretical sum. 
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Proor. Let L be a distributive lattice with zero and unit elements in 
which the join of any two distinct minimal prime ideals is L. We must 
prove that a*Ua™—1 for all a€L. (We have supposed that a* exists.) 


We suppose that there exists an element a for which a* Ua™ = 1, By 
Lemma 1 there exists a dual prime ideal P with a*ua™¢P. Let us consi- 
der the minimal congruence relation @ on L under which P is a congruence 
class. We assert that in the factor lattice L/O the join of any two distinct 
minimal prime ideals is the whole lattice. 


Let Q and R be minimal prime ideals of L/O and Q, RP their complete 
inverse images. By Lemma 4, Q and R are prime ideals; we prove that 
they are minimal ones. Indeed, if Q,<cQ (Q, is a prime ideal), then the 
homomorphic image of Q, and Q coincide, hence for arbitrary g, € Q, and for some 
gq € Q—Q, the relation g==q,(O) is valid. We may suppose g,<q so that by 
Lemma 5 there exists a p¢€ P which satisfies gn p—q,. But p¢Q,, for in 
case p€Q,, p would be an element common to Q, and to P—1 which is a 
contradiction. Thus we get that p and g are not elements of the prime ideal 


Q,, nevertheless png €Q,. This contradiction proves our assertion. 

We get that in L/© the join of any two distinct minimal prime ideals 
is the whole lattice. Now we intend to show that in L/@ there exists only 
one minimal prime ideal: (O]. 

The unit element of LO is join-irreducible, for in case x Uy—=1 and 
x, V==1, x UVEP but x, y€P which is absurd, because P is a dual prime ideal. 
Consequently, L contains only one minimal prime ideal, for ifin L there were 
two minimal prime ideals, then the join of these would be the whole lattice, i. e 
1 would be join-reducible which is impossible. Finally, let S beany minimal prime 
ideal of L/O and S==(0]. We choose an a€S. By the Duality Principle and 
by Lemma 1 there exists a prime ideal which does not contain [a). This 
prime ideal, by Lemma 2, contains a minimal one which is obviously differ- 
_ent from S. 

We have supposed that a* Ua*™ <1, consequently 0 <a". We assert that 
a==0(Q). Indeed, in case a—0(Q) it follows the existence of a pe P 
(Lemma 5) such that anp=O0, i.e. p =a", hence p is an element common 
to P and to (a*Ua™], which is a contradiction. Similarly, a* ==0(Q). 

We get that in L/O 0<a@ and 0< a", yet @na*—0, in contradiction 
to the fact that (O] is a prime ideal. 

Thus we have proved that in a pseudo-complemented lattice with unit 
element, if the join of any two distinct minimal prime ideals is the whole 
lattice, then a* Ua™*—1 for all elements a of the lattice, i.e. it is a Stone 
lattice. 
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Conversely, let L be a Stone lattice, 7 and U distinct minimal prime ide- 
als of L. L—T and L—U are maximal dual prime ideals, consequently, 
there exist a€L—U and b€L—T with anb=—O. Obviously ae T—U 
and b€ U—T is valid too, since otherwise a and } would be in the same 
dual prime ideal L—T or L—U which is impossible in view of anb=—0. 
a€T, so a*€U—T and a™*é€ T—U, hence from a*ua™=—1 it follows 
Tint 1}, 

Another — almost obvious — characterization of Stone lattices is the 
following 


THEOREM 2. A distributive lattice L with 0 and 1 is a Stone lattice if 
and only if for all a€ L the ideal formed by the semi-complements of a is a 
direct factor of L. 


Proor. Let L be a Stone lattice. The ideal formed by the semi-comple- 
ments of a is clearly (a*], hence (a*}n (a™] = (O0] and (a*] U (a™"] = (J; thus 
- (a*] is indeed* a direct factor of L. 

Conversely, let / be the ideal formed by the semi-complements of an 
element a. If / is a direct factor, then there exists an ideal / with /n_/=—(O| 
and /U/—(1]. By Lemma 3, it follows that / and / are principal ideals, 
moreover the generating elements are a* and a™. Thus the proof of Theorem 2 
is complete. 

If L is a Stone lattice, then it is either dense or there exists an element 
a (O<a<1) such: that a*=-0. But in the latter case, by Theorem 2, L is 
directly factorisable. Thus, an immediate consequence of Theorem 2 is the 
following 


COROLLARY. A finite distributive lattice L is a Stone lattice if and only 
if it is the direct product of dense lattices. 


§ 3. Relative Stone lattices 


The following theorem is analogous to Theorem 1 in case of relative 
Stone lattices: 


THEOREM 3. Let L be a distributive lattice in which every closed inter- 
val (as a sublattice) is a pseudo-complemented lattice. L is a relative Stone 
lattice if and only if in L for any pair of prime ideals P and Q, of which neither 
contains the other, PU Q=L is valid. 


1 It is well known that / is a direct factor of the distributive lattice L with zero 
and unit elements if and only if there exists an element a such that / = (a] and a has a 
complement. 


ON A PROBLEM OF M. H. STONE 459 


Proor. Let us suppose that although L is a relative Stone lattice, there 
exists a pair of prime ideals P and Q such that PUQcL, but neither 
'PSQ nor QC&P. We choose a€ L—(PU Q), 6€ P—Q and cé Q—P. By 
the hypothesis the interval [bNc,aU6Uc] as a sublattice is a Stone lattice. 
Hence, in this interval 6 has a pseudo-complement 6". 6” is necessarily 
in Q—P, and 6 € P—Q; in consequence of this fact b* Ub"*=auUbuc, i.e. 
aubuceEPUQ, but we have supposed a¢ PUQ. Thus the proof of the 
necessity of the conditions is completed. 

On the other hand, assume that for any pair of prime ideals P and Q 
of this lattice L, none of them containing the other, PUQ = L is valid. Now, 
let us consider an interval [a,b] of L and two minimal prime ideals P’ and 
Q’ of [a, 6]. There exists a pair of prime ideals P,Q of L with the property 
that Pn [a, b] = P’ and Qn [a, b] = Q’. Indeed (see Lemma 1), let P be a maxi- 
mal: ideal which contains the ideal of L generated by P’ and is disjoint 
from the dual ideal of L generated by [a,6|—P’; Q may be defined in a 
similar way. Obviously, none of P and Q contains the other, hence, by our 
assumption PUQ=L. It follows that P’ U Q’ —[a, db]. Appiying Theorem 1, 
we get that the interval [a, b] is a Stone lattice, consequently, L is a rela- 
tive Stone lattice. 

It is easy to characterize the relative Stone lattices if we apply the 
following 


THEOREM 4. /f every closed interval of a distributive lattice L is pseudo- 
complemented and if L has no homomorphic image isomorphic to the lattice of 
Fig. 1, then L is a relative Stone lattice. 


O 


rs 
No” 


O 
Fig. 1 


Proor. We must prove that if the distributive lattice L, in which every closed 
interval is as a sublattice pseudo-complemented, is nota relative Stone lattice, 
then it has a homomorphic image isomorphic to the lattice of Fig. 1. By 
Theorem 3, if L is not a relative Stone lattice, then it has a pair of prime 
ideals P, Q such that PGE Q, P=P Q and PUQCL. By Lemma 1, there exists 
in L a prime ideal R with PUQCR. We define a congruence relation Y 
on ZL as follows:. let H,—=PnQ, A,—=P—Q, H=Q—P, H.=L—R, 
H;—=R—(P-+Q) and let x=y (O) if and only if for some 7(—1, 2,...,5) 
x and y are both in H;. It is routine to check that ( is a congruence rela- 
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tion. It is obvious that L/@ is isomorphic to the lattice of Fig. 1, what was 
to be proved. 

Finally, we mention the problem whether Theorem 1 is valid if pseudo- 
complementedness is not assumed. 

The interest of this problem lies in the fact that if every minimal prime 
ideal is a maximal one, then the assertion is true, see e.g. [3]. 


(Received 2 September 1957) 
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ON THE. THEORY OF DIOPHANTINE APPROXIMATIONS. I? 
(ON A PROBLEM OF A. OSTROWSKI) 
By 
VERA T. SOS (Budapest) 
(Presented by A. Rény1) 


In what follows we denote by <x> the fractional part of the positive x, 
and by @ any number with O<«@<1. As well known, 


lim > Tey = 

oedipal 
We put for an «@ 

= N 

_ ee a Caliv ). 


As A. OsTROWSKI [1]* has shown, for any irrational @ the quantity 
C.(N) is unbounded. In the same paper he raised the question whether or 
not C,(N) can for an appropriate «@ be onesidedly bounded. In this paper 
we are going to give to this question an affirmative answer, i. e. to prove 
the following 


THEOREM. There is an irrational « and a constant C such that for 

N=1,2,... the inequality 
CoUN 2G 
holds. 

A slight modification of our construction gives at the same time the 
existence of a set of such @’s having the power of the continuum. 

As A. RENyI remarked, the constant C of our theorem cannot be =0; 
a slight modification of our construction would show that for C we could 
‘prescribe any negative number. We shall omit this modification. 

In the proof we start from a geometrical interpretation of continued 
fractions which is applicable also to other questions of diophantine approxi- 
mations. So I intend to return in this sequence of papers to a theorem of 
A. KHINTCHINE, i. e. to the lower estimation of 

sup inf x/ex+-6—y/, 
Ys enteeerd 
1 The results of this sequence of papers were contained in my dissertation, defended 


in June 1957, and I lectured on some parts of it in Lublin and Lodz in September 1956. 
2 The numbers in brackets refer to the Bibliography given at the end of the paper. 
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investigated previously by A. KHINTCHINE [2], S. FUKASAWA [3], H. DAVEN- 
port [4] and A. V. PrasaD [5], and to the upper estimation of 
inf inf xjex+e—yl, 


ad 7 
v, y integers 


investigated by J. W. S. Cassets [6]. Further applications I shall publish 
elsewhere. 

In $1 of this paper we give this geometrical interpretation of continued 
fractions and announce some lemmas whose proof will be postponed owing 
to their general character to the Appendix. In §2 we deduce from it an 


N 
"exact formula for » <n@> (Main Lemma). In §3 we prove the announced 
—] 


u 


theorem. 


§ 1 


Starting from a fixed point O of the periphery of a circle E with unity 
periphery we put up in positive direction the arc with the length ¢ (Q<@<1) 
once, twice,..., m-times,.... The endpoints of these arcs we shall call the 
*na-points (n 1, 2,...). We need the following 


DEFINITION. We call the s@-point adjacent to O“, and the corresponding 
s an adjacent multiplum of O“, if no ne-point with O<n<s is contained 
in one of the two closed arcs determined by O and the s@-point. 

So we obtained to our fixed @ a sequence 


Oh) 0 == Sq, 1 == Si Sa Spaces 


of adjacent multipla; we shall denote the empty“ open arc corresponding to the 
s,a-point by 4,, the length of this arc by 0,. We shall use also the direct- 
ed "empty arc between O and the s,«-point, the sign of its length being 
positive and negative, respectively, according to the direction in which the 
arc 4, starts from O. This length with sign we shall denote by 0,. 

Particularly important are those s,-multipla from (1. 1) for which 0, and 
O,.; have different signs. We shall call these Syj)' Spgs vo" Soy oes y OTM 
ebsequence Or thé sequente<s;, Sy..9.n50) oe, the ”jumping-multipla’ and 
denote them by 


Ohe)| Gi) Ja) «+ +5 Gk=Smy,.0s- 


] By Fie pe 
In the case when D <@<l, the definition needs an additional remark, it is 


suitable to define q,—q,:—1. If k>1, then qisi>g:. The corresponding 
quantities 0,, and 0,, we shall denote simply by d, and d,, respectively. 
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We define d-—1. Next we define 


a 3 3) Q);, = 


ax] 
——~ pea eS Di 
_ ( ) 


LemMa I. /f the s,a-point is adjacent to O and from the opposite side 
of O the nearest to O among the «-, 2c-,..., 8,¢-points is the s, ,«-point (1 po- 
sitive integer), then we have 


oe 4) Sy+1 == Sy + Spl; 
a 5) Onis = 0, + Ont: 

The geometrical meaning of Lemma | is that one obtains the arc 4,,; 
from the arcs 4, and 4,, in the following way: considering the larger of 
A, and 4,;, from its endpoint different from the point O we draw back the 
smaller of the arcs 4, and 4,). This remark will be often used explicitly 
or implicitly. 

LEMMA Il. We have for the above-defined quantities the recursive for- 
mre jor haa), 2 26: 


(1. 6) Fit = Qe-1 + AQk, 

(1.7) Ais1 = Ay + ands, it = dy 1— Aid, 

(1. 8) Sy tr = Qk-1 FTO; , om 
(1.9) eer oat Cfep = ty geeriy tO Ss 
(1. 10) geri di + grdiii =. 


Lemna Ill. /f the positive integer n is not an s from (1.1), then there 
exists an Ss, with s,<n and 
R11 1) SpOp = Nt 
where 

ft, = min (<ne@>, 1—<ne)>). 
' Further, if s, is not a gq. from (1.2), then there is a@ qx<S, such that 
Qik < Sy < Quest 
and 
Cl. 12) Gnsi di+1 <SyOy. 

The proof of these lemmas will follow in the Appendix. This shows 
that the s,-multipla in (1.1) are identical with the set of all denominators 
and by-denominators (Neben-Nenner) of the convergents of the continued 
fraction of @, whereas the g-multipla in (1.2) are the denominators of its 
convergents and the a,’s its digits.” 


3 In this paper we use the term "digit instead of the usual partial quotient™. 
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Moreover we shall need the following special 
Lemma IV. An arbitrary positive integer N can be represented in the form 
Ge 13) N= Si, Stet Nd Sic, 


where the s,-numbers are the adjacent multipla of an arbitrarily prescribed 
irrational « in the sense of (1.1), further 


and' 


(1. 14) n; = N— =, Su; < Suj-1 (=l 2. eee 


tack 


Proor. Is N one of our s,-numbers, we have nothing to prove. If not, 
then there is an index «, with 


Su, < N< Suj4l . 
Owing to (1.4) we have 


ny, = N—Su, < Su41— Su, = Sp,-1S Su,-1- 
Next there is an index w, with w.<«, and 
See = Sues 
Again we have, using (1. 4), 
fg = My — Spy < Sgt — Sp, S Suy-1 


and this process is obviously finished after a finite number of steps. 


Se 


Let N be a positive integer, @ a positive irrational number and we 
represent N in the form (1.13). Then we assert the following 


MAIN LEMMA.” With the notation of § 1 and the representation (1. 13) 
the formula 


t 
a N oe Si) 
C.(N) = 2 o@— > 2 Ke cer “= Z sign 0... + 
(2. 1) 1 
—\ a, +1 
ae On Te Stag ee Su,] — 3 sign Oi. 


holds. 


; In the case when «1, the last inequality for n, must be dropped. 
® An exact formula occurs also in Ostrowski’s paper [1]. His formula contains only 
the denominators of the convergents of the continued fraction of «. 
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For the proof we shall need the following lemmas: 


LEMMA V. The Main Lemma is true in case of k=1, i. e. 


Sitl 7 


Su Si, \ 
~~ eas , SUE ee ep eae 
at LG an a 2 | 


n==1 


sign 0O,,. 


Proor. The ne-points (20,1, 2,...,s,) divide the periphery of the 
circle E into (s,+-1) disjunct arcs; starting from the point O in positive 
direction we denote the length of these arcs by log e-, ta TeSpectively. 
Since the arcs with the length <n@> put up on E from O in positive direc- 
tion (2 =O, 1,...;s,) cover the arc with the length 4 (/=0,1,...,5,) ob- 
viously (s,—/)-times, we have on the one hand 


es 2) > <n a> — ha (Si, — l)t, . 


On the other hand, we can determine the sum on the left side putting up 
the arcs @, 2¢,...,S8,@ in the negative direction, starting from the s,,@-point. 
These points in their totality coincide obviously with the ne-points 
(n=O, 1,...,S,). Thus now the s,e@-point plays the role of O and we have 
to sum the distances of our points from the s,,@-point. 


Case I. 0, >0 (i. e. 0, =f). Then expressing our sum again by means 
of the ¢’s we obviously get 


Pay > <ncy s+ G1), + Ge — 2), + Oh +h. 


n= 


Adding (2.2) and (2.3) we obtain 


Si— 1 


(2. 4) Ss Cna>= Spt 


R1 
Since 
Ott — eee + ha, ==1, 
(2.4) gives 


Send =F (w=14 (+ Ih) = 

m1 
Sb lsici cs mech ee 12 ley Seth Later aa 
ee Wee Pa Peachy 


Case IJ. 0,<O (i. €. 0. = —ts,). Then the identity corresponding to 
(273) 18 


(2.5) Sng = Spt, + Gu —M) ty et 1 FE be 


m1 
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Adding (2.2) and (2.5) we obtain 


Su Sel | ut 
Nina) = tS (hbo + ty) = 5 — (It) = 
oe, o 1 1 \ + 1 1 | 
Sut ; Su | ae Su . q 
= - : 0, * ee a x = EG gt SiR Sie 


Further we need the simpler 


Lemma VI. Let m, S be positive integers and let us consider the (m+-j)«- 
points (j=1,2,...,S). If one of the arcs determined by O and the me-point 
is empty and the directed length of this empty arc is d(m), then we have 


> (mn+pea= pa <je>+Sd(m). 
j=l J= 
Proor. The directed distance from the /«@-point to the (m--/)¢-point 
on the circle is the same as between O and the me-point, i. e. 
<(m+j)a>—< ja>=d(m) 


from which summation for j—1, 2,...,S already proves the lemma. 
Finally we prove the 


LEMMA VII. Using the representation (1.13) it holds for j—=1, 2,...,k 


that one of the two arcs of the circle E determined by O and the (Su, +++ + Su,)@- 
point does not contain any ne-point whenever 
(yeas 7) Su, oa Bae + > Suj <=. N = Su, “ be aaeliaes jes Sui . 

Proor. From the point O we can reach the (s,,-+-S,,-+ +++ +S,,)@-point 


starting from O going first to the s,,¢-point along the arc 4,,, then from 
the s,,@-point to the (S,,-+-S.,)¢-point along the arc with the directed length 
0,,, and so forth, and finally from the (s.,-+--+++ Su, ,)@-point to the 
(S.,-+ +++ +-S,,)@-point along the arc with the directed length 0,.. We shall 
prove our lemma a fortiori by showing that for the n’s in (2.7) no ne-points 
tie in these arcs with the directed length 0,,, 0u,,...,0,.. First of all from — 
(2.7) it follows that for i—1,2,...,/ ; 


(2. 8) A> Subse Sy, 


If for an n the ne@-point would lie on the above-mentioned are with the 
directed length 0,,.,, then the ordering of the points 


(Sues +Sy,)@, Na, (Su,++-++Sy,,,)@ 
would be the same as the ordering of the points 


O, (N= Sp, ++ —S$u,)@, Siz, @ 
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Taking into account (2.8) and the definition of Su;,, It would follow 


(a Se ae 5 eae = Spits 


= Spl Sy Sasi iat- 
But owing to Lemma IV 
Sygigtt > Spy °° Suz, 
i. e. n>N would follow, which is a contradiction. 
From the above lemmas the proof of the Main Lemma can be com- 
pleted as follows. We write 


Ss 1a . > cna + > <na>+.-- — oe _ cna. 
Owing to Lemma VII, Lemma VI See sinie using he neath V we obtain 
Scna—% 3 a. st — | sign db 
(2. 9) | “ss es L 5 sign bu, + Su,4(Su,) + 


Te She 8 ee | ee 
Ec + On, 3 2 Sign Oy, + Suj,4(Su, + *** Su). 


From what has been said in the proof of Lemma VII it follows 
(Su, “i bid + Sy) ae On, —- a ae + On;+ 
Putting it into (2.9) the proof of the Main Lemma is complete. 


§ 3 


We shall prove the announced theorem. We use again the representation 
(1.13) of N and divide the s,s into two classes according to the sign of 
the corresponding 0,,. Let 

Su; = Si, Ou; = On; for- du,> 0, 
el Fr ~ ” Seen ale 
AR ) Su; = Su Ou; =9n, for Ou, <9. 
Introducing this notation in the Main Lemma we get 
(2 oe) 
2 


me 


=, Siu) \-4| 


Shi 


CAN => 5, 
(3. 2) 
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Omitting from +, the positive terms MS S,, and taking into account that 


Sty af 


from Lemma IV 


ps Su Si, 4 
Su Su, 
we obtain from (3. 2) 
(3: 3) Cu(N) Po (Gj.,5,,—1 es SD, Gi, Sig = Si + Sp- 
"4 =e 


This suggests as a guide for the choice of ¢ that for the sj, -multipla 
we accra have $100, ~1 and, on the other hand, the products sj, at should 
be small, i. e. O should be approached ’’badly“ trom the positive side and 
well from ie negative one. 

The actual construction of such an @ can be performed as follows. 
Denoting the digits of the continued fraction of an « by a, a, 


1 ] ] 
C= * 
Q, —- Qe + Qs 
we define 
(3. 4) Qx-1 = 1, | 
(3. 5) Q>;, = ke \ (k = I Za ) 


: 1 cr 
owing to a,—1 we have aS @ <1 and owing to the additional remark on p. 462 


(3. 6) On — =—§b 

The formulae (1.6) and (1.7) give 

(3.51) Gon = Q2n-1 + Qex-2, 

(3. 8) J2K-+1 = Qar-1 + Kar, 

(3. 9) Ay, = Ay, 1 Bi Ay, +2» 

(3. 10) Oby 1 = Keds; rm) -- do), iB. 

From (1.10) and (3.8) we obtain 

(3. ] 1) Qo2K do, — reas = < F : 
Q2k-+1 davai exw 
Sore Biase 
Q2i Qs 

Again (1.10) gives 

(3. 12) ons drn.1 = gies aS ; 

ene 


2h ais +H 
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(3.10) gives at once 
dons ‘ ] 
ce er 
A141 k’ 


and from (3.7) and (3. 8) 
Gant2 Jan+i + Q2x Aa 1 


Qon+1 2K k° 
putting this into (3.12) 
= ] 
o3313) Jers Aeox.1 > >1— @! ; 
He es i 
k? 


In order to extend the estimations (3.11) and (3.13) to all s,,0,’s we 
remark first that owing to (3. 4) all si’s are at the same time q’s, i. e. also 
with some k 


(3. 14) Sa On = Gon Ax << o - 
As to the sj’s (3.13) and Lemma III give for all s/’s with 
153.15) Jar: < Si <Qon+i 
the estimation 
os 5 2 
S105 > Gori Aons1 >1 Te 
fe, 
, 2 
(3. 16) S10, —1>—-se. 
Now (3.14) and (3.3) give at once 
Kae ant 
Nie 
(3. 17) 23> ae — 3. 


To obtain a lower bound for 3; by the aid of (3.16) we have to con- 
sider how many terms belong to the same & for any fixed k. The number 
of the s,-“Neben-Nenner”’ satisfying (3.15) is owing to ax,—k’ obviously k’*; 
we need only an upper bound for the number of those which beside fulfil- 
ling (3.15) also occur in the representation (1.13) of N. Let these sj’s be 

Si, ky Sis, i>) =peniy Si,., k 
where 
(3. 18) Suz, = J2K-1 F Mien (4 <a <0 <r). 
We have to find an upper bound for r. Owing to the representation (1. 13) 
we have q 
Su, k Se OG Shine 4, k= Sp,,k = Ger = Q2k-1 =e Kon. 


14 Acta Mathematica VIII/3—4 
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Using (3.18) this gives a fortiori 
tie te back. 
Since 
Fe bigest oy E+ 2+ +--+ (1) = : 
we get 
ke> eet ; r<3k. 


Hence, by (3.3) and (3.16), we obtain 


ee 3 1 
eo ken 
k=1 
This and (3.17) complete the proof. 
Appendix 


As told in the introduction, we shall prove here the first three lemmas. 


PROOF OF LEMMA I. We denote by 4, the arc with the endpoints O 
and the s,@-point; then owing to the definition of /, 4, and 4,; have no. 
common point except O. Let the me-point fall into 4,-+4,., then we have 

Nt Son 
Since the length of the arc /,+ 4, is 0,-+-0,, there are two possibilities. 

Case /. The length of the are with the endpoints s,«-point and me- 
point (within 4,+ 4,) is Sd). 

Case II. The length of the arc with the endpoints s,.«@-point and me- 
point (within 4,-+ 4,-)) is <0,. 

In Case I the directed distance from the s,@-point to the m«-point on 
the circle is the same as that from O to the (m—s,)e@-point and this last 
point lies on 4, or in the s,..¢-endpoint. Owing to the definition of s,-» 
we have in this case m—s,=S,-, i. e. . 


(4. 1) M=Sy+Sy-1. 
In Case II the analogous reasoning gives 
(4. 2) M>Sy+Sy-1. 


The smallest m for which the me-point falls into J,-+ 4, is, according 
to the definition, s,.1; from (4.1) and (4. 2) it follows that 


Spit == Sy + Sy l- 


On the other hand, the (s,-}-s,..)@-point lies on the arc 4,+ 4,-;, indeed, 
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since the directed are length on the circle from the s,@-point to the (s, + sy))e- 


point is the same as that from O to the s,.«-point. This proves (1.4) and 
(1.5) consequently. 


PROOF OF LEMMA II. It follows from the definition of the g;’s that the 
arc of the circle E which is bordered by O and the g,-1¢-point, contains 
none of the @-, 2¢-,...,g,«@-points. Hence, according to Lemma I, 


Spt = Qr-1 + Yk 
4.3 e 
(4. 3) Ont = d+ dh. 


The remark after Lemma | in § 1 and the definition (1.3) of the digits a, 
give that on the one hand the s,,.1@-,..., Sy,+«,@-points lie on the same side 
of O as the q,;-1.¢-point, and on the other hand the s,,.....1@-point on the 
opposite side, i. e. 

(4. 4) Qie+1 == Si) 4a). A 


(4. 3) and the repeated use of Lemma I give already (1.3) and, as easy to 
see, also (1.9). Owing to (4.4) the special case r—a, gives already (1.6) | 
and (1.7). 

Sitee 0 ==040,e=1, do—1,0,--@ and from (6) and.(1.7) g.==a,, 
d,=1—a,a, we have 


qi d, a god, =1 
and (1.10) follows from (1.6) and (1.7) by an easy induction. 
PROOF OF LEMMA III. (1.11) follows clearly from the definition of the 
s,’s, since if the ne-point is not adjacent to O, this gives the existence of 
an integer 1=s,<n for which the s,@-point is nearer to O than the ne- 


point. 
(1.12) follows from (1.8) and (1.9) in the following way: 


Sy Oy = Srytr ees at (Gist aa (a, Ma, r) gi) ( d, +1 ar (a as r) ds) = 


dh; | 
dig) 


= qr dress F (ins) | | De (Qe —7) 
\ Git : 


ape os 1 A 
On account of dy > Gest, 9k< a wit and O<a,—r<q 
hk 


SyOy > Qrridiut, 
indeed. 


(Received 9 September 1957) 
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SAMEYAHME O MEXAHVUYECKOM KBAJIPATYPE 


O. KML (Byzanemr) 
(IIpegcranneno I]. Ty panom) 


I]. Ty pak name B 1950-om rogy c.iegytouryto Teopemy: * Ec r s11060e 
HEOTPHUAaTeIbHOe WetOe YUCIO, a Q(X) PaUMOHAbHbIM MHOTOWIeH He Goee 
yem 2(r-+-1)n—Il-o creneHu, TO C COOTBETCTBYIOUIMMM, He3aBHCAlMMn OT 

(Kk) 
&(x) Koapuunertamu 4,” umMeeT MecTO KBaspatypHaa dopmy.ta 
x e F k i 
(1) _&{ O) ax = SS pedawa Boyt " 
Vi—x 4 2n 


“4 
Orcioja caenyet, ro, ecau f(t) ecTb YeTHbIii tTpuroHomerpwyeckuii 
MHOrOWIeH He Ooee Yem 2(r+4-1)n—I1-oro nopayKa, TO uMeeT MECTO KBaspa- 
TYpHad topmy.ia Bua 
n 
(2) FO d= > Yuh f(a), 
0 
Il. Typau noctapus ClelyioulMa BOMpOC: HeIb3A JIM NpeACTaBUTb 
(purypupyroulMe 3feCb KOapPuMeHTHI uw B mpocToi 3amKHyTOH opme ? 
Hwoxecseqyroulad TeOpeMa jlaeT NONOAKUTEIbHbIM OTBET Ha 9TOT BOMIpPOC. 
O6o3HauuM Yepes Ss,» (V= , f) aueMeHTapHble CHMMeTpH4ecKHe 


MHOrouseHbI “nce 1,4,..., f°, TO-e€CTb MyCTb 
© S-=1, S--7=1+44+---4+P7, s2=1-441-9+4---+ 
+(r—1)Pr, ..., S= 1-4: > 


Vimeer mecto cu1efyrouad 
Teopema. Ecau f(t) ecrb 4eTHbIM TpHroHOMeTpu4ecKMM MHOPO4IeH 
He Bblule 4emM 2(r-+-1)n—1-oro nopasKka, TO 


m7 


f es IC ~ So y m0 |< DW) | 
(3) Fae GN Aer? sad? ne pent 24) One 


0) 
Ecum r—O, TO mOsy4aeTca TOT XOPOUIO M3BeCTHbIM qakT, COrlacHo 
KoTopomy, ecm f(f) eCTb YeTHBIi TpHrOHOMETPH4eCKHM MHOFOWIEH HE BbILLIC 


* P, TurAn, On the theory of the mechanical quadrature, Acta Sci. Math. Szeged, 
12 (1950), crp. 30—37. 
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yem 2n—l1l-oro nmopayka, TO 
He ~ 
fi w wow ,| 2v—1 
ide ao 
. 1 vl } 
0 
B cayyae r= 1 peub ufeT O TOM, 4TO JIA BCAKOTO YeTHOFO TPHFOHO- 
MeTpuyecKkoro MHOrOWIeHa He Goslee 4em 42—I1-oro NopsyKa UMeeT MECTO 
PaBeHCTBO 


HOdtn | 3 a) tae eT eae 


0 

Us TeopemMbl MOXKHO Ci@/laTb BbIBOA M B CBA38M C (popmMyzon (1). Ecan 
@(X) eCTh pallMOHabHbIM MHOrOWIeH He BbIUIe 4eM 2(7-+- 1) m—1-on cTeneHn, 
TO g(cos?f) eCTb 4YeTHbIM TPNrOHOMeTpHYeCKHM MHOrOWIeH He Oomee 4eM 
2(r + 1)n—1-oro eee 


ge 
ec aS g(cos t) dt 
i) 
M MOSTOMY, COrsacHo Teopeme, 

1 

g(x JED 8 oe. So rR Oe 

EO) y dx — S'—*_ S" | — g (cost) 
V1—x° ner? a An =| dt jetete 


a =n 


Orcioja, Mpousnesa AMddpepenunpoBanue uM neperpynnMpoBaB WieHbI CyMMBI, 
nouy4um (bopmysly Bua (1). 

Tak B cyyae r—-O fat BCeX MHOrOUIEHOB He BhIIe 22—1-o cTreneHu 
NOoJy4aeM XOPOIO UBsBeECTHYyIO (bopMy.ly Opmuta: 


B Cilyyae ¢— 1 Jit MHOPOUeEHOR He BbIe 42—1-o CreneHu MMeeM PaBeHCTBO 


JVi—x n\o* 2n 

1 

=. esa x 2v—1_ ale —l _ 
an yy ee [cos | 
| Sale = ee ee pas | 

Tae — a Pte 2 | TCs ah 


>t 
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Teopemy MO}JKHO CcpOpMy.IMpOBaTb M B TaKOM BUe: eCiIHK 
2(r+1)n-1 


= ma a; cos Kt, 


k=0 


TO 


a,= ss al > fo| 2 1, 


WT Pay AC ye ao 


TO-€CTb @) MOKET ObITh MpeACTaBEHO C MOMOLIbIO 3HAYeHMH (pyHKUMM HM ee 


, 


Ne€pBbIxX 2/7 MpOusBOMHbIX B TOUKAX -t. Ho, NpumMenad Teopemy Kk byHK- 


2n 
uuu f(t) cos kt, cpasy nosysaem, 4TO, ecm 
(v+1) n-1 
fo= > a; cos Kt, 
k=0 
TO 
‘ae Sees Pp YL) cos kf}, (254, 2, os (re i)n—1). 


nr Sy an - 

Teopema, aHaslOrM4Had BBbIIMeNpMBeseHHOM, HMeeT MeCTO HM B cay4ae 

OOWMX TPMrOHOMeTpHyeCcKHX MHOrOUWteHOR: ecu f(t) ecTb TpHrOHOMeTpuYecKui 
MHOrowleH He BbIWe 4Yem (r+ 1)n—1-on cTeneHH, TO 


2n 


n—1 


; Iter 55 sf eae 
a MOUS n- TE nee >, we ee ). 


0 

VB 9sTOM cHyYae MOXKHO GObIIO Obl HANNCaTh AIA KOSpuUNeHTOB opMy.IbI, 
AHaJOPM4Hble COOTHOLIeHUMAM (4). 

K csayy4ato HeYeTHbIX TPHrOHOMETPUYeCKUX MHOFOYWICHOB MU K jpyrHM, 
NIpUMbIKaIOULMM K CKa3aHHOMY, BOMpOCaM MbI BePHEMCA B pyro 3aMeTKe. 

Ilepexoqa kK fOKazaTebCTByY TeOpeMbI, OOO3HAYMM Epes st#O)] nmpaByto 
4aCTb paBeHCcTBa (3). 

Tak Kak BCTpeyarolimeca Onepaluu JIMHeMHbI, OCTATOYHO fOKa3aTb 
Teopemy gua dyHKunn f(f)—cospt (p=0,1,..., 2(r+1)n—l), To-ecTb B 
BMy TOTO, 4TO 


Jat—a, s[l]—=, ee (ee (pes ee 


JOCTaTOUHO OKazaTb, 4TO S[cos pt]—O (p= .-, (r+ 1) n—1). 
ITM PaBeHCTBA MMEIOT MECTO, Tak Kak 
eS Re Ane 
Bret a, Pon 
uM B Cayyae p= 2n,4n,..., 27n neppaa, a B ciyyae 2N 7p Bropat cyMMa 
paBua Hy.INO. 


sid De yf 


s-[cos pt] = re 
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Jlga nocsieqHux yTBepyKeHHA MOryT ObITb JOKA3aHbI CeAyIOUMM OOPasom. 
Iyctb p = “a (G=ls27ee Tt): 


(HM) ay ag Pe te LY Ae 


o= n= 
a 9TO UM eCTb Halle NepBoe yTBeprKTeHne. 
Tenepb Mbl OK@KEM BTOPOe, ATO UM 3aBePLUINT JOKABATEIbCTBO TEOPeMBI. 
Hyctb 2n yp. Tora 


0, eCcJIM P 4eTHO, 
ips 
; 2 exp 
Al== 2 
ys exp ee t—expip- - sia A» eCiM 
yal pao ip | ee este p HeyeTHO. 
n 
AHaJIOPHYHbIM OOPa30M MOKHO NOKa3aTb, 4TO 
| QO, ecm p 4eTHO, 
ips ipiv 
So int eee ee ee 
DT eXD | — 1p st} = 4 . - —— == — ———___——.,, ecu 
yal 2n ip ips 
| I— exp |— me 1— exp p HeyeTHO. 
Ilostomy, evCTBUTebHO, 
Soe a cis bere Lily 1 Ss (= 29-1 ee 
— p 5 5 | —, &xP iP 9 7 oT cy EXD Ip EP pri (or 


B 3akoyenne BbIpaKato CBOIO OslarofapHocTb akayemuKy 1. Typany 
3a WeHHY!O MOMOLIb. 


(octrynuao 11. IX. 1957.) 


REPRESENTATIONS FOR REAL NUMBERS 
AND THEIR ERGODIC PROPERTIES 


By 
A. RENYI (Budapest), member of the Academy 


Introduction 


We shall consider representations of a real number x by infinite iteration 
of a positive function y— f(x) in the form of the “f-expansion” 


(1) X= hy TG I eat fee +--).-.) 
where the “digits” ¢,—e,(x) (a=0,1,...) and the “remainders” 
(2) r{%) 9 ke + f(En+2 + fenis +t... =). 3 ) (n =— 0, iI. one M 


are defined by the following recursive relations: 


(3) & (x) = [x], r(x) = (x), 

Eni (X)=[PTH(X))], rr = (G(X) (2 = 0,1...) 
where [z] denotes the integral part and (z) the fractional part of the real 
number z and x— (jy) is the inverse function of y= f(x). In § 1 we shall 
investigate what conditions imposed on the function f(x) are sufficient to 
ensure that every real number x should have a representation in the form of 
the f-expansion (1).' 


The representation (1) reduces for f(x) = (gi=—=2,3; 2) tothe g-adic 


ioe) 
Secs ] F . 
expansion x= > and for F(x) ES to the continued fraction repre- 


a 


n=O 


sentation of x. The case when f(x) is a general decreasing function has been 
considered previously by B. H. BISSINGER [1]. Our treatment is still more 
general than his, since we do not suppose the unnecessary condition that 
f(x) is positive for any x = 1 (i. e. that p()—-+- ~%). The case when /(x) 
is a general increasing function has been considered previously by C. I. Eve- 
RETT [2]. He supposed the unnecessary condition that y(1) is an integer. 
We shall not need this restriction. The principal aim of the present paper, 
however, is not this generalization of the conditions ensuring the validity of 


1 If for some n we have r,(x)—0, then r,,.(x) and «,.,(x) are not defined for 
k—1,2,..., and x has the finite representation x — 29+ f(@ +f(é2+ °-° te) (E. Nota) 
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the representation (1), but to prove some theorems on the ergodic properties 
of the digits «,(x) and the remainders r(x) which contain as special cases 
the well-known theorems on g-adic expansions and on continued fractions, 
respectively (see [5]—[15]). To obtain such theorems we have to impose 
some additional restrictions on f(x). 

The mentioned ergodic properties of an ‘‘f-expansion (1) with indepen- 
dent digits” will be investigated in § 2. In § 3 we consider some examples 
in which our general theorem is applicable; g-adic expansions, continued 
fractions and the algorithm of W. Botyat (see [2], [3], [4]). In § 4 we con- 
sider a class of f-expansions, called -adic expansions (¢> 1 not an inte- 
ger), to which our theorem can not be applied, but another method leads to 
the same conclusion. ° 


§ 1. Representation theorems 


A) We consider first the case when f(x) is a decreasing function. We 
suppose 

Allyl (lye: 

We suppose further 

A2) f(t) is positive, continuous and strictly decreasing for 1 =t=T 
and f(tj))=0 for t= T where 2<T=+ oo (in case T=-+ occ, this means 
that lim 7()=—0): 

+>+0 


We distinguish three subcases: 

A2,) T=-+ 0; A2,)2< T<+ . and Tis an integer; A2,)2<T<+c 
and 7 is not an integer. 

Let us mention that B. H. BIssINGER considered only the case A2,). 

Following BISSINGER, we suppose further that the following condition 
is also satisfied: ’ 

A3) |f(t)—f(4)| = |th—#t,| for 1 = t, <t and there is aconstant 2 such 
that 0<i<1 and 


\f)—fG)| S4|h—4| ff 14+f(2)<h<h. 
We shall prove that conditions Al), A2) and A3) imply that the repre- 


sentation (1) is valid for any real x. (Clearly, it suffices to prove this for 
O<x <1. In what follows we shall always suppose therefore that 0 < x < 1.) 


* The assertions of Theorem 1 have been proved under somewhat more restrictive 
suppositions and Theorem 2 has been announced without proof in a previous paper (in 
Hungarian language) [16] of the author. 

’ This condition could be replaced by a less restrictive one as will be pointed out 
below. 
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Before proving this, we introduce some notations. Let us define 


fia) = fla), 


11 
oe Valeieets vgn Zam) ee (ay Say nciay Snu2) Sana f (Zn) 
for n==2,3,... . Let us put further 
eg) Ci (x) = fn (@(X), #(X), ..., @n(x)) 


where the digits (x), ¢,(x),... are defined by the recursion (3). We shall 
call C,(x) the n-th convergent of x. The validity of (1) means that either we 
have r,(x)==0O for some n, in which case x = f(s, +f(@-+---+f(e)...), or 
le 3) Hii Gay) x 


N—> @ 


We have to consider only the latter case when r,(x) +0 (n=1,2,...). We 
have clearly (for O< x <1) 


(1. 4) K =e fal Si(X), i X), «« «5 fn-1(X); Sal X) + 1 (X)). 
Thus it follows 
(1.5) MX) = fable), -. 2, Oni X) 4-7, (X))—Ja(2,(), . «-; én(X)), 
and therefore putting 
(1.6) Uj, = &j41(X) + fn—w-1 (842(X), «- -, &n(X) + Fn(X)) 
and 
Ue = &xrs(X) + fn—n-1 (Sn42(X), - - -, &n(X)) 
for k=O, 1....,n2—1, we have 


a : 7) x—C,,(x) =e (x) II \ (ui) —f(v) | 


th — 25 


Now each factor on the right of (1.7) has an absolute value not exceeding 1. 
We shall prove that from any two numbers 


fun) —F(r) 
Uj, — Ui 
at least one does not exceed 4. As a matter of fact, we have 

Uj, = Epp + f(&+2 + f(Un+2)), 


oa &42 + f(Uns2), 


Hays te) Vp 0-1, 8) 


Upp — Vr -| 


, 


and similarly 


Ce = bret tf(Ese + FU), 
Ur = Sia tf (vrs): 
Three cases are possible. If @ 122, then m= 2 >1+/(2) and 
ort 


Uj, — Up | 


If E+ a ] 


ry, = 2>1-+/(2) and thus by condition A3) | mat 
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| fe) —f(ess) | = Finally, if 


and #2 = 2, then similarly we obtain eit 


it, =14+f(1+f(e2)) 2 14+F(2) 
re =14+F0 +f (vers) = 1 +F(). 


Thus our assertion is proved. It follows from (1.7) that 


$412 eee == 1, then 


and 


(1.8) | x—C,(x) < le] 


and (1.8) clearly implies (1. 3). 
The above proof is essentially that of BISSINGER. By the same method 


t,) | 

it can be shown that it suffices to suppose that Ze I a ) | }=2<1 holds 
| rae 

fOr fs S325. 4 foe Us ty cele On some r (r= 1,2, 3,...), because in 


this case from 2r consecutive numbers at least one does 


| f(u)—Frx)_ | 
| Uj Be | 
not exceed 4. 

B) Now we consider the case when f(x) is increasing. We suppose 
first of all 


Bl) f(0)=0. 
We suppose further that the following condition is satisfied: 


B2) f(t) is continuous and strictly increasing for 0 =t=T and f(t)=—1 
if t=T where 1<TS-+ 00. (In case T=—-+ co, this means lim f(t)—1.) 


t»+o 
We distinguish again three subcases: B2,), B2.), B2;) accordingly as 
T=-+ oc, T<-+o and 7 is an integer, T<-+ c and 7 is not an integer, 
respectively. EVERETT considered only the case B2,). 


We need here also a condition on the slope fe) —, =) . For example, 


ty —- 
the following condition considered already by EVERETT is Ser, 
t, ft; : 
p3) A ee ) 1 fore She te, 
a by 


If B1); B2) and B3) are satisfied, then the f-expansion (1) is valid for 
any real x. (We may suppose again 0<x< 1.) Following EVERETT, this can 
be shown as follows: 

Clearly, the sequence C,(x) (n—1,2,...) defined by (1.2) is non- 
decreasing and the sequence D,,(x), where D,,(x) is defined as the least value 
of C,(x’) which is greater than C,(x) (or 1 if such an x’ does not exist), is 


4 This condition can be replaced by a weaker one, cf. [2]. 
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non-increasing and 


(1. 9) C(x) = x <= D(X). 
Thus 

(1. 10) x= =him.C,,(x) 
and ae 

ay t i) x == lim D,(x) 


always exist and x=x= x. We have to prove that x—xX—x for any x 
(O<x <1). If this would not hold for all x in (0,1), then there would exist 
a finite or denumerable sequence of non-overlapping ,,gaps” (x,x) in the 
unit interval, and thus there would exist an x for which x—x is maximal. 
For this value of x we would have by condition B3) putting r(x) =y 
a) gx = (TOOtY) Flee) +)) fi. pee 

iy © s 
which contradicts our assumption that x—x is maximal. Thus we have 
% eX. x for.all, x.,? 

Pie adilissibles Values stor pe,{x) (n= 1; 2).<>.)) are, 2,... yin . case 
A2,),1,2,..., 7—1 in case A2,) and 1, 2,...,[7] in case A2;), similarly 
Oi in cases B2,), further<0,1,2....7—1 in case-B2;) and 0, 1,...;[F] 
in case B2;). Let us call a finite sequence «,&,...,&, a canonical sequence 
with respect to a given function f(x), which satisfies either conditions A1), 
A2) and A3) or conditions Bl), B2) and B3), if there exists a number x 
(Ore 21), suich that a:(x)—6, (k= 1,2, 2.72). “There. is an‘ essential dif- 
ference for decreasing f(x) between the case when 7 is an integer or 
T=-+t oc (cases A2,) and A2.,)) and, on the other hand, the case with a finite 
non-integral T (case A2;)). This difference consists in that in the case of an 
integer T or T—-+-~ all finite sequences ¢,,#,...,& consisting of admis- 
sible digits, i. e. all sequences of positive integers < 7 are canonical, while 
in the case when 7 is not an integer this is not true. The same difference 


5 J. Czipszer remarked that the above method of the proof, due to Everetr, may be 
combined with the method of Bissincer in the case when f(x) is decreasing, and in this 
way it can be shown that condition A3) can be replaced by the following weaker condition: 


A3*) |f@) -—f(4)|Sla—t| for 1Sth<t 
[f(@)—f(4)|<|4—4,| if r—-e<ci<t 


where 7 is the solution of the equation 1--f(7)—+r and 0<e<z is arbitrary. The only 
essential difference in the proof consists in that x and x are defined as x —lim C,, (x) 


nu» © 


an 


and x—limC,,,,(x), respectively. 
n—> © 
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exists for increasing f(x) between the case when 7 is an integer or T—-- ~ 
(cases B2;) and B2;)) and the case when 7 is finite but not an integer 
(case B2;)). While in cases B2;) and B2,) every finite sequence «, &,..., & of 
non-negative integers <7 is canonical,’ this is not true in case B2;). By 
other words, in both cases A) and B) if 7 is an integer or 7—-+-o%, the 
values of the digits «, of a canonical sequence can be chosen independently, 
but if 7 is finite and not an integer, there exists some dependence between 
the members of a canonical sequence. 

We shall call the f-expansions when one of the conditions A2,), A2.) 
respectively B2,), B2,) is satisfied f-expansions with independent digits, 
and the f-expansions when A2,) respectively B2;) are satisfied /-expan- 
sions with dependent digits. It should be noted that independence is not 
meant here in the sense of probability theory, but only in a weaker sense. 
As a matter of fact, in some cases, (e. g., in the case of the g-adic expan- 
sions) the digits «,(x) considered as random variables (on the interval (0, 1) 
with the Lebesgue measure) are also statistically independent but for most 
f-expansions with independent digits this is not true. (For example, the digits. 
of a continued fraction are not statistically independent.) 

We shall see that the investigation of ergodic properties of f-expan- 
sions is much easier for f-expansions with independent digits than for f-ex- 
pansions with dependent digits. The first case will be considered in § 2; in 
§ 3 the ergodic theory of some special f-expansions with dependent 
digits, called the 8-expansions, and corresponding to f(x) = = for. O2XS— 


iw 


(?>1 non-integral) is investigated. 


§ 2. Ergodic theory of /-expansions with independent digits 


In this § we consider only f-expansions with independent digits. Let 
f(x) satisfy the corresponding conditions of § 1. Then f(x) is derivable 
almost everywhere and absolutely continuous. Clearly the same holds for 
fu(&i; +++) & +2) as a function of ¢ (0=t= 1). 

Let us put 


boy 
(2.1) H,.(x, t) = ; 7 Sul (X)y «+5 Fn-1(X), &n(X) +8). 
Then #/,(x, t) is defined for any x, for which «,(x) is defined,’ and for almost 


* In these cases clearly Dn(x) =fn(e,(x), ..., en-1(X), n(x) + 1). 
‘Le, except for those x which have a finite representation in the form (1) of length 
smaller than n. 
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all t. We shall suppose that f(x) satisfies also the following condition: 
Sup iti, (x, ¢)| 
Ot 1 
“ints fata, 2). 


Oct<—l 


aC 


C) 


where the constant C=1 does not depend neither on x nor on a. 

We prove the following 

THEOREM 1. /f f(x) satisfies the conditions A1), A2,) or A2.,), A3) and 
C); or the conditions B1), B2,) or B2.,), B3) and C), respectively, then for any 
function g(x) which is L-integrable in the interval (0,1) we have for almost 


all x 
n-1 


(2) lim 1 mae g(r;,(x)) — M(g), 


where M(g) is a finite constant which can be represented in the form 
1 


(2. 3) M(g) =| g(x) h(x) dx 


0 


where h(x) is a measurable function, depending only on f(x) and satisfying 
the inequality 


(2. 4) =~ =h(x)=C 
where C is the constant figuring in condition C). The measure 


(2.5) v(E) = | h(x) dx 


is invariant with respect to the transformation 

(2. 6) Tx=—(¢(X)) (Ox <a) 

where y= g(x) is the inverse function of x = f(y). 
Proor. Let &,—(&,,..-,&.) denote a canonical sequence of n terms 

with respect to f(x). The intervals (fi. (&,&,-..5&), fr(&s &,-++,& +1)) do 

not overlap and if &, runs over all canonical sequences of n terms, these 

intervals fill oi the interval (0, 1). Therefore we have 


(2. 7) = La (es, sey En-15 En a 1)—fnl&; vey Eu-1y En 


Sy 


where the summation is to be extended over all canonical sequences &, of 
n terms. 

Let us consider the mapping Tx = (9%) | of the interval (0,1) onto 
itself. For any subset F of (0,1) we denote by 7" ‘E the set of those real num- 
bers x (O<x<1) for which 7x € £. We define further TE by,the recut 
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sion: T’E=T UTC YE) (n=2,3,...). Clearly T"E is measurable if 
E is any measurable subset of (0,1). Let su,» denote the interval (a, 0) 
(0<a<6<1) and let «(E) denote the Lebesgue measure of the set E. Then 
we have clearly 

(2.8) (Te Fay 0) = [Fae «2-9 Out BY faBs -y nF | 

where the summation is to be extended again over all canonical sequences 
&, =(#,...,&) of n terms. Let us denote by x(&,) a number for which 

(2. 9) &(X(En)) = & (k= 1, 2 ee 
such a number x(&,) exists for any canonical sequence &, by definition. 
It follows from (2.7) that 


(2. 10) >, inf |} Ay(x(8,), N\=ls2) sup | H.(x(S,), t) 
&,, 0<t<1 Ss 


and from (2. 8) that 


moe S = WT : fa, 0). to Ns | 2 
(2. 11) ol lan) | = Coe = SUP |An(x(&s), 2). 


vw 


Comparing (2.10) and (2.11) we obtain by condition C) that 
ae W(E) < (TE) = Cu(B), 


provided that E is a subinterval of (0, 1). It follows easily that (2. 12) holds 
for any measurable subset E of the interval (0,1). Thus we have 


n—1 
(2. 13) z nieve ~ STE) < Cu(E) (nal 2 


where C= 1 does not depend on n. According to the theorem of DUNFORD 
and MILLER ([17], [18]), it follows from the upper inequality of (2. 13) that 
for any L-integrable function g(x) the limit 


ve 
(2. 14) lim : > 2(T*x): = 7" (x) 
n> oo k=0 ; 
exists for almost all x. But clearly T'x—=r,(x) (kK—0,1,...) and thus we 


obtain 
n=l 


(2e1D) lim 2 >, £(r(x)) pore (t) 
> k=0 


for almost all x. 
To prove that g*(x) is (almost everywhere) equal to a constant depend- 
ing only on g(x), by a well-known argument it suffices to prove that the 
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transformation 7 is ergodic (indecomposable), or by other words, that if E 
- is a measurable invariant set of positive measure, i. e. T'E—E and 
Hii) > 0; then 2(E)—1 

According to a theorem of K. Knopp [19], if «(£)>0 and there exists 
a class J of subintervals of (0,1) such that a) every open subinterval of 
(0, 1) is the union of a finite or a denumerably infinite sequence of disjoint 
intervals belonging to J and b) for any /€/ we have u(E/) = 4u(/) where 
4>0O does not ens on /, then u(£) 1. We shall show that the class / 
of all intervals /, =i... iyi to a Cee + &n+1)) [ag >be) where 


era (Se. ., 8) iS a ‘canonical sequence (n==1, 2, ...)- has the proper 
required by the mentioned theorem of Knopp. The class J has according to 
the representation theorems of § 1 the property a). As regards b), let us put 


tf REE 
E =| 

io”) ahah 7 CE. 

Then we have ; 

(2.17) u(Elg = | E(x)dx. 


Qe 
On 

Introducing in the integral on the right of (2.17) the new variable ¢ defined 
ie "7, (a, >... 84-42) {i e: putting f==7,(x) == T-x) and taking into ac- 
count that by virtue of the supposition T’E—E we have E(T "x)= E(x), 


further that aA = H,,(x(&,), t) where x(&,,) is a number for which &,(x(&,,)) = é 


{k=—1,2,x..,7), we obtain 
1 
(2. 18) H(El, = | EO|Ha(x(8,), | dt. 
a 0 
It follows by condition C) that 


u(E) 


2.19) w(Elg,) = e(E) ink |Hn(x&.), |= "Esp | An(x(&), | 


On the other hand, 


1 


(2. 20) sup | Ha(x(8x), |= || HG), )|dt—= (ig). 
O<ct< 6 
Thus we obtain from (2.19) and (2. 20) 
E 
(2. 21) K(Elg) =" He) ig)» 


15 Acta Mathematica VIII/3—4 
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i. e. the property b) of KNopp’s theorem holds for the class /. Thus 7 is 
ergodic, and therefore g*(x)—M(g) is constant almost everywhere. It remains - 
to prove the existence of the function A(x) satisfying (2. 3) and (2.4), and 


the invariance of the measure 7(E) = | h(x)dx with respect to the transform- 


ation 7. 
Let us put for any measurable subset E of (0, 1) 
hit for XxX Gk, 
EO) for xe 
and 
1S 15 ; 
(2. 22) V(E)=— 2 eT £)= {(t Seas dx. 


0 


As 0=E(x)=1, it follows from the existence almost everywhere of the 
limit (2.2) proved above for g(x) E(x) and LEBESGUE’s theorem, that 


(2. 23) lim v,(E) = v(E) 
exists for any measurable E. aS by (2713) 
(2. 24) BME) < »(E) <= Cu(E), 


v(E) is a measure which is equivalent to the Lebesgue measure «(E); the 
v-measure of the interval (0, 1) is evidently equal to 1. 
It follows by (2. 22) 


(2. 25) v,(T 'E) = at We (E ee a 


and therefore 
(2. 26) v(T 'E)=v(E), 


i. e. v is invariant with respect to the transformation 7. 
Let us put 


(2. 27) hey= 2 Ha: 


where V(x)=(/o,.); here fo, denotes the interval (0,x) (0=x=<1). 
From the invariance of the measure » with respect to T it follows, as 


well known, that 
1 


(2. 28) M(g)— | g(x) h(x) dx. 


0 


Thus (2.3) is proved. (2. 4) follows evidently from (2. 24). Thus Theorem 1 
is completely proved. 
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Let us define the function e,(x) as follows: If f(x) is decreasing, put 
for te kT 
for ¥({kK-- 1) < x= f(h); 


1 
e;,(x) = 
(x) O otherwise. 


If f(x) is increasing, put for O=k< T 
a.(s)—=} itor wef (4) = x < f(k 4-1), 


O otherwise. 


Applying our theorem to g(x)=e,(x) it follows that the relative frequency of 
every admissible digit converges to a positive limit, for almost all x, and 
these limits depend only on the function f(x) and not on x. The values of 
these limits can be calculated for a given f(x) if we succeed in constructing 
explicitly the corresponding (uniquely determined) invariant measure +. 


§ 3. Some examples 

EXAMPLE 1. Let us put 

x 

— for O0O=x=gq, 

f~=5 49 

IO ASO x o> 9 
where q = 2 is an integer. Clearly conditions Bl), B2,) and B3) are satis- 
fied, further condition C) is also satisfied (with C— 1) because H,,(x, ¢) is 


identically equal to ra Thus we obtain as a special case of our Theorem 1° 


the theorem of RaikorrF [6] and the classical theorem of BOREL [5] on nor- 
mal decimals, respectively. In this special case »(E)—w(E), i. e. the Lebesgue 
measure is invariant with respect to the tranformation 7x = (qx). 


EXAMPLE 2. Let us put fe) = for x=1. Clearly conditions 
Al), A2,) and A3) are satisfied. To show that condition C) is also satisfied, 


Di(X) 
g(x) 


denotes the 


we need the well-known formula according to which if 


k-th convergent of the continued fraction of x, we have 


| Du-1() (8:(X) £8) + Po-2(X) 
Oe hem ONCOL ET ee 


It follows that 


es ‘ 
Ph = Ge) + + 2) 


15* 
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and thus 


re | An t) | Af Gn-1(X) —<— 4. 
inf def (x, t) | Qn (x) ~*~ 
Oat lay 


Consequently, condition C) is satisfied with C—4 and therefore; by (2. 12) 
u(T"E) = 4u(E). Thus we obtain as a special case of Theorem 1 the theo- 
rem of RYLL-NARDZEWSKI [12]. 


EXAMPLE 3. Let us consider the case when f(x)— )/1+x—1 for 
O0=x=2”"—1 where m= 2 is an integer. Conditions B1), B2,) and B3) are 
clearly satisfied and thus every real number x can be represented in the form 


Tene \igtoyeaaes 


where the digits «, are generated by the recursion 
&=[x], m=), 
éa4i—=[(1+r.)"—1], tar = (A +27,)"—1) (n=O7loe) 
and thus the digits «, are capable of the values 0,1,...,2”—2. This algo- 
rithm may be called the algorithm of W. BOLYAI who used it to approximate 
the roots of some equations (in the special case m==2) in his book ‘“Ten- 


tamen...” [3] published in the year 1832. 
Let us verify that condition C) is fulfilled. We have clearly 


1 
m 
Me nm 1- m 


Aoi ACES 2 Mi. TI eit | 27s ea | IE ke mae: Ven +2 
Its Lin (X, 1) eee me 
Eee | m 
ety sit fp sopeee + Vé,+1 
Thus, owing to the inequality fan =— ff 0< b= ceand tie Ore 
follows 
1 1 
sup A(X, t) Ge ge fi 
0: t- 
‘inf. Le t) = IL (1 zs aT = 2, 


0O<t<—0 


i. e. condition C) is satisfied with C—2. 


* It has been shown by Hartman that more is true; we have «(T~"E)=2u(E) 
(see [14] and for another proof [16]). 
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§ 4. The 6-expansion of real numbers 
In this § we consider the case 


x 2 
alee ony OSs, 
L aor ) 6 =X 
where #>1 is not an integer. As conditions B1), B2;) and B3) are clearly 
satisfied, it follows that every real number x can be represented in the form 


(4. 1) Xap Apap... 4 oe 
pdm og 


where the digits «, can be obtained by the recursion formulae 


eo ix to = (x), 


4.2 
( ) eA [Sr], hy = (r,) (n == 0, the a4 2): 
The digits ¢, which for n=1 are capable of the values 0,1,..., [@] can be 
expressed without introducing the remainders r, as 
& —— [X15 
= [2(x)] ’ 
(4. 3) & = [8(2(x))], 


= [2@E@)))1, 


In this case Tx is the transformation 7x— (x) of the interval (0,1) onto 
itself. 
We shall prove 


THEOREM 2. For any function g(x) which is L-integrable in (0,1) we 


have for almost all x 
n-1 


hs 
(4.4) lim 5 2 sri) = M(g) 


where the constant M(g) does not depend on x. There exists further a meas- 
ure v which is equivalent to the Lebesgue measure « and invariant with 
respect to the transformation Tx=(@x), and for any measurable subset E of 
the interval (0,1) we have 


(4. 5) v(E) = | h(x) dx 
E 
where h(x) is a measurable function and 
1 1 
=) 


ote 
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and we have 
(4.7) M(g)— | g(x) h@) dx. 
0 


Proor. The @-expansion is an expansion with dependent digits. As a 
matter of fact, the admissible values for ¢, are 0, 1,...,[@]. But as 


\ [?] Ale. Ou 


ai tamer 


n= 


there exists a value N for which 


This implies that the first N digits can not all be equal to [é]. 

Thus not every sequence &,&,...,é, formed from the numbers 
0,1,...,[@] is canonical. Let S(m) denote the number of canonical sequences 
of order n for n=1 and put S(O) 1. Then S(n)—S(n—1) is the number 
of those canonical sequences of order n for which «,=-0, because if 
(&, &,..-,&-1) iS a canonical sequence of order n—1, then clearly 
(&, &,.+--,&,-1,0) is a canonical sequence of order nm, and conversely. In 
general, if (&, &,...,&-1,&) iS a canonical sequence of order n, then 
(&, &,) -.-) &:-1) 1S a canonical sequence of order n—1. Let us consider all 
canonical sequences 8-1 == (&, &,..-,&-1) Of order n—1. If (é1,..., &:41, 4) 


is canonical for k=ke é but not for k>keg _ then the intervals 


& , & so, BE 8) a le Sa hort 5... Spee 
lS +e ae + grt’ 8 +e S akaiakai rs + 3" ] are clearly disjoint, and 


thus we have 
=~ S@)—-S@—1)) = Ske <1, 


B" 
consequently - 
(4. 8) S(n)— S(n—1) = s" (== 2 aa 
As S(0)== 1, we obtain 
yn+l 
p 
(4. 9) S(n) = fe Ra (n gece | 2 ah 
Let us arrange the S(n) numbers “ + j++. a where &, = (8, 6, 25 oe 


‘ ‘ 
is a canonical sequence, and the number 1 according to their order of mag- 
nitude. Clearly the distance between any two consecutive terms does not 


" 
i 


] 
exceed ie Thus we have 


(4. 10) S(n) 2 8". 


— 
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From (4.10) and (4.9) we obtain incidentally 


(4. 11) lim /S@y— 8 


Now let E denote any measurable subset of the interval (0,1). As T"E 


consists of S(n) sets, each of which has a measure not exceeding Sey. 


we have 
(4.12) ping EE). cet nh), 
8 pel 
On the other hand, S(n)—S(n—1) of the sets mentioned above have the 
measure exactly equal to ae and thus we obtain 
(4. 13) Whe Ey Siete) 
It follows by (4. 10) that 
1S k 1(,, 3 (S®—S(k—1)) ‘ost bons 
= eT tey= (i+ § SOR MED) | ae) 2 [1-4] n@). 
Thus we have 
n-1 
(4. 14) fez BE) a Su) 2 u(E) 
/ k=0 ate 


Applying again the theorem of DUNFORD and MILLER, Theorem 2 follows 
exactly in the same way as Theorem 1 in § 2. As regards the ergodicity of 
, the transformation 7x (x), it can be proved in the same way by using 
Knopp’s theorem as the ergodicity of the transformations 7x —(/(x)) con- 
sidered in § 2. The only difference consists in that we choose now for / the 
se 1 a © Peete se for 
Go Pe Bi eae 
which not only the sequence (é,, &,...,&,) but also (8), Boytaus 2A Le 1S 
canonical. 
Let us consider an example. 


class of those intervals Pep ane 
fe) 


1 [5] 
EXAMPLE 4. Let us take pues —_ | . Then 


and put ¢ = Bite 


we have ¢«+c?=1. This implies that each digit «,—1 is followed by a digit 
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é,.;——0 and there does not exist any other dependence of the digits on 
each other.’ This makes it easy to obtain in this special case a complete 
insight into the set of canonical sequences. It can be shown that in this case 


' 5643/5 V5—1 
Mae for O SPS Gee. ’ 
(x) == e = 
5+)5 /5—1_ 
hee for SeenTy, 2 Ij 
ie 5+ 75 
and thus the limiting frequencies of the digits O and 1 are peak and 
Sea respectivel 
10 ) p y- 


We hope to return to the explicit determination for an arbitrary 8> 1 
of the measure which is invariant with respect to the transformation 7x —(?x) 
and is equivalent to the Lebesgue measure (the proof of the existence of 
which is contained in Theorem 2) at another occasion. 


(Received 15 September 1957) 
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